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[IPEINCJ/IOBUE

[Tarnagnaras Kpeimckas Ocennsis Maremarudeckas 1kosa-Crmmosnym KPOMIII-2004
npoxoauia ¢ 18 mo 29 cenrsopsa 2004r. B mocenike Jlactm, B ogHOM 13 jtydrmmx MecT HOxKHOTO
Bepera Kproima — 3ammBe Baruwauman, Ha Teppuropun 6a3bl orabixa "Haiika".

Kaxk u B mpeapraymme roasl, Oprkomurer KPOMIII Bosriasisii 3aBepytomnuii Kadeapoit Ma-
TeMaTH4IecKoro anam3a Tappudeckoro Harmmonaabuoro Yumsepcurera um. B.M.Bepnajckoro,
npodeccop H.JI.Komagescknit. Opranuzanus u mposejienne [1IKOIbI IPOXOIUIN IPUA YIaCTHH
YJIEHOB JIOKaIbHOrO OprromuTeTa, coTpyaHuKoB Kadeapol b./l.Mapanuna, M.A.Mypatosa,
N.B.Opmnosa, FO.C.Ilamkosoii, C.M1.Cymupnosoit, 11.A.Crapkosa.

B pabore Cummnosunyma npussaan ydactue 6ojee 200 mareMaTnKoOB u3 YKpauHbl, Poccun,
Benopycu, Apmennn, Y3bekucrana, [losbmm, lepmanun, Aaraun, @pannun, Uramuu, Nzpan-
as1, Ascrpanun, Adnornn u CIITA. Cpenu HUX OBLIO MHOTO M3BECTHBIX MATEMATHKOB, MHOIO M
MOJIOJIBIX YUEHBIX, aCIUPAHTOB, CTyAeHToB. Cpean Hux — okoso 80 jgokropor Hayk. KPOMIII-
2004 6nuta mocBameHa 250-1etnio MockoBcKoro rocyiapcTBeHHOro yHuBepcutera um. M. B.
Jlomonocoa. Ha IllkoJsie paboraju cieayromme CeKIuu | MOACeKITUN:

Cexkius 1. CrekTpaJibHble 3a/1a91.

[Monceknmst 1.1. Hecamocoupsxénnbie omepatopbl. Pykosoguresm: Amnrtomesnd A. B.
(Mumnck), Camoitenko 0. C. (Kues), Hyasman B. C. (Bosorma).

[Moncekrust 1.2. CriekTpajibHasi TeOpHUsl ONEPATOPHBIX IIYyYKOB U WHJIE(PUHUTHAT METPHUKA.
Pykosoguremm: kammkos A. A. (Mocksa), Konauesckuit H. /1. (Cumdeponosns), Xpomos A.
I1. (Caparos).

Cexinst 2. DBOJIOIUOHHBIE I KpaeBble 3a,1a9H.

[Toncekmusa 2.1. [Iuddepennuanbuo-oneparopuble ypapaenud. Pykosojauremn: ['opbauayk M.
JI. (Kues), Backakos A. I'.; Hepnsimos K. 1. (Boponex).

[Monceknus 2.2. Kpaesbie 3amaan. Pykosogurenn: Arpanosua M. C. (Mocksa), Ckybates-
ckmit A. JI. (Mockga), Cononnukos B. A. (Cankr-IlerepOypr).

Cekmust 3. Teopust urp m sxoHomuueckoe mnosejerue. Pykopomgurenn: 2Kykosckuit B. .

(Mockga), Yukpuit A. A. (Kues), Kypuna I'. A. (Boponex).

Cekmus 4. ndopmarnka n auckperHass mMaremaruka. Pykoogurenun: CamoxkeHko A. A,
Cypos C. 1. (Mocksa), Touckoit B. 1. (Cumdbepomnon)

[To nmpurnamenuio [Iporpamvuoro Komurera na KPOMIII-2004 6b11n ipounTansl 50 msTu-
JIECATUMUHY THBIX JICKITHI:

1. Aepanosuy M. C. CrekrpajibHbIE 3a1a491 JIJIs1 OIIEPATOPOB THIIA TOTEHIA/IA Ha HE3aMKHY-
TBIX ITOBEpXHOCTSAX. — Poccus.

2. Ananvesckuii M. M. Poincare Rotation Number and Invariant Sets on a Plane. — Poccusi.

3. Anmexapes A. U. Vluterpupyembie peryaspu3aiui runepooInIecKinX CUCTEM U BapHUalll-
OHHBIE cucTeMbl. — Poccnus.

4. Agenduros A. JI. Jlunamudeckne CBONCTBA MPOCTPAHCTBEHHO HEYOBIBAIOIIINX HECTAITNO-
Hapubix pemrennii 2D ypapaenuit HaBbe-Crokca. — [epmanus-Poccus.

5. Backaxos A. I'. Jluneitable muddepeHnnaabHbe OMEPATOPHI, MOJYTPYIIILI OMEPATOPOB,
pa3HOCTHBIE onepaTopbl. — Poccus.

6. Bexaapan JI. A. I'pynna npeobpaszoBanuii, aMeHaOEIbHOCTb, METPUYECKUE U TOIOJIOTHYIe-
CKHe XapaKTepucTuku. — Poccus.

7. Boapcxud B. Riemann-Hilbert problem, Fredholm pairs, biGrassmanian and Cobordism.
— Ilospa.

8. Baacos B. B. O06 omenkax permrennit (hyHKITHOHATBHO- NG MEPEHITHATBHBIX YPaBHEHU
HelTpaJbHoOro THia. — Poccus



9. Baacos B. H. Ilpocrpancrsa Xap/iu, BOIPOCHI AIIIPOKCUMAIIUN W KpaeBble 3aJladl. —
Poccus.

10. Bosesuw JI. P. Muoroyronbauk HboTona B 3aj1agax co ¢cBoboHo# rpanurneit. — Poccus.

11. I'nywax A. B. AbcrpakTable quddepeHnuaabable YPpaBHEHHUS ¢ JPOOHBIMU TPOM3BOIHbI-
mu. — Poccns.

12. Topbauyx M. JI1.1) Hayunsbrit Bkirag Octporpajickoro n ByHSIKOBCKOTO B pasBUTHE MaTe-
marukn. 2)-3) [Ipocrpancrsa riagkux u 000OIMIEHHBIX BEKTOPOB 3aMKHYTOTO OIIEPATOPA U WX
[puMeHeHne. — YKpaunHa.

13. 2Kyxosckxuti B. 1. Puck B 3aj1auax npu HeonpeeaeHHocTu. — Poccust.

14. Beaurxun M. U. Teccnan dyuknun Bevana u pertenus: ypasaennst Pukkatu. — Poccust.

15. Hisao Yashima Fujita, Pozanosa O.C. CrampuoHapHOe peleHne CUCTeMbl YPABHEHUI JTBU-
JKeHUs BO3JlyXa B HUXKHel dactu Taiipyna. — Mramusa, Poccus.

16. Kosiek M. Invariant subspaces and reflexivity of multioperators. — Ilosbma.

17. Kypuna I A. Cunrysnsipabie Bo3MyIenus B 3a1a4dax yupasienus. O63op. — Poccus.

18. Jlebedes A. B., Anwmonesuy A. b. Uto Takoe ckpeleHnHoe mpouspejenne! — begapych.

1) Korga sngomopdusm aarebpsl MOPOXKIEH IaCTUIHON H30MeTpuedi’?

2) CkpellieHHOE TPOU3BEICHNE AJTeOPBl U SHIOMOPhU3MA,

19. Jlobaros A. U., Illempos U. B. Maremarudeckoe MoJIeIMPOBAHNIE OBICTPOIPOTEKAIOIIITX
OMOJIOrUIeCKUX MPOTIECCOB U €r0 MeIUINHCKUE MpuiozKenus. — Poccust.

20. Meauxan A. A. CunryaspHble XapaKTePUCTUKW B T'PAHUYHBIX YCIOBUSX YpPaBHEHUsI
lamunbrona- Axkobu. — Poccust.

21. Mviwkuc A. /I. Cmemannbie hyHKIMOHATLHO- ¢ hepeHInaibable ypaBHeHns. — Poccust

22. Hosoxwenos B. KO. Modulation instabilities of wave interactions. — Poccusi.

23. Osceesun A. U. Dx3orudeckue chepbl Mumnopa. — Poccus.

24. Ilonosuw C. B., Camotinenko FO. C. CuekrpasibHas 1mpobJiieMa U IpejcTaBjienue aareop.
— YKpanHa.

25. Ilewernuos A. C., Kosko A. H. Crnenpl CUHIYJIApHBIX AudDepeHnnaabHbIX OMepaTopoB.
— Poccus.

26. Ptak M. Reflexivity and hyperreflexivity of subspaces of operators. — Ilosbmra.

27. Ilpunenxo A. U. Inverse Problems for Evolution Equations of Mathematical Physics. —
Poccus.

28. Pwxaos B. C. O noaHore coOCTBEHHBIX (DYHKINNH OOBIKHOBEHHBIX MM (MEPEeHITUATBHBIX
onepatopoB. — Poccus.

29. Pabenvrut B. C. llonsarue nmoTeHImaia ¢ IIOTHOCTHIO U3 MIPOCTPAHCTBA YETKUX CJIEJIOB.
— Poccus.

30. Cambopcruti C. H. B3risig Ha HEKOTOpbIE BOIPOCHI (PYHKIIMOHAJIHHOTO aHAJIN3a depe3
pemretky. — Poccus-@pantiusi.

31. Canoorcenro A. A. I'mnoreza Kamepona-Oppemra. — Poccus.

32. Cedneuruti A. M. Muntz-Scasz type approximation in direct products of spaces. — Poc-
cus.

33. Cuavuernxo FO. T. Hekoropsble 3a1a4uu juid TuddepeHiaibHbIX yPaBHEHU ¢ UHTerpaib-
HbIMU ycioBusgmu. — Poccnst.

34. Cropoxodos C. JI. KBazmaBTOMOJEIHLHOCTH COOCTBEHHBIX 3HAYCHUI CGeporIaabHbIX
dyukmuit. — Poccus.

35. Crybavescrutd A. JI. O KOMIAKTHBIX U HEKOMIIAKTHBIX BO3MYIIEHUSIX HEJTOKAJTHHBIX 3JI-
JIMIITHIEeCKUX 3aja4d. — Poccust.

36. Cosonnuros B. A. O HeycToiamBoCcTH (DUTYP PABHOBECHS BPAIIAIOIIECs BI3KOM KaINI-
JIAPHOHN HeCXKNMaeMoil »KuJIKocTu. — Poccusi.

37. Conuc M. MaremaTndecKue acleKThbl COIUAIBHBIX CTPYKTYP. — V3panib.

38. Cmebaosckan B. P. O HEKOTOPBIX JINCKPETHBIX MOJie/sX (puHancoBoro poraka. — CIITA-
YKpaunHna.



39. Cykxoues @. Double Operator Integrals and Differentiability of Operator Valued
Functions. — ABcrpasust.

40. Todopos U. Geometric aspects of compactness in operator algebras. — Anrus.

41. Xanaes M. M. Ilpumenenue CUHTYISPHBIX MHOr0OOOpa3uii B 3ajiadax ylpaBJieHud ¢ da-
30BBIMH OI'paHndeHusMu. — Poccus.

42. Xaykesuw B. OuepaTopHble IMy4YKU 2-I'0 MOPSJIKa U JIPOOHO-TMHEHHBIE OI€PATOPHbIE OT-
HoreHus. — V3panib.

43. Xpomos A. II. JludpdepennnaabHO-pa3sHOCTHBIN OLEPAaTOp ¢ HHTEIPAJIbHBIMU IPAHTIHBI-
Mu ycaoBusMu. — Poccud.

44. Yepnwowos K. U. Tlonyrpytina pacipeieieHuil ¢ CUHTYIIPHOCTBIO B HyJie. — Poccud.

45. Yyewos U. J[. I'mobasibHBIN aTTPaKTOpP JjId MOJYJIUHEHHOIO BOJHOBOTO YpaBHEHUS C
HeJIMHEeWHOW JIuccumianmieii. — YKpaunHa.

46. Ilxanuros A. A. CriekTpasibHbIe TIOPTPETHI HECAMOCOIPSZKEHHBIX 33/1a9 B KBA3UKJIACCH-
JecKoM pubamkenuun. — Poccust.

47. Hlyarvman B. C. OnepaTopHbIil CHHTE3 U €ro IpUJIoKeHue K JuddepeHnuajibHbIM yPaB-
HerusaM. — Poccusd.






AHHOTAITN JIEKITIIA,
mpounTtanabix Ha KPOMIII-2004







Yucno Bpaienus IlyaHkape u MHBapUAHTHbIE MHOXKECTBA HA IJIOCKOCTHU
Ananvescrkut U. M. (Mockea, Poccus)

Yuciio BpallleHUsS KaK XapaKTepPUCTUKA IIOBEJIEHUsT TUHAMUYECKONW CHUCTEMbI Ha TOpPE HOSBUJIOCH B
tpynax Ilyankape B konre XIX B. [jist Tpon3BOIBHOIO COXPAHSIONIETO OPUEHTAIIMIO TOMeOMOpdu3IMa
T e MHUIHON OKPYZKHOCTH B cebst OHO omnpejiersiercs Kak p = lim T"x/x (B 3HAMeHaTesIe CTOUT KOOP-

n—oo

JIMHATA TOYKU HA OKPY’KHOCTHU, & B YUCJIATE]IE — KOOpAWHATA TOUKM 1"z Ha HAKPBIBAIOIIEH IPSIMOIi).
JlaHHBIN TIPeJieJI CYIIECTBYET U HE 3aBUCUT OT &. B 9acTHOCTH, IS JUHAMUYECKON CUCTEMbI HA TOPE B
kadecTBe 1’ MOXKeT BhICTyHaTh IpeobpaszoBanue [lyankape HysieBoro Mmepujnana.

Teopema 1. Yucso BpaieHus (4 ParuoHAJILHO TOTJIA U TOJBKO TOrja, Korja y romeomopdusma T’
CYINECTBYET nepuondieckas Touka. I[Ipu aToM Bee nmeproimdeckne TOYKH UMEIOT MUHUMAJIbHBIN TIEPUOJI,
PaBHBII 3HAMEHATEIIIO .

. Bupkrod pacmupocTpaHnI HOHSITHE YNCJIa BPAIeHNsT Ha 0TOOpasKeHunst 60JIee CIIOXKHBIX MHOXKECTB
caeytommM o6pasoM. Ilycrs T 1 R? — R? — coxpaHsIIouit OpueHTaImo romeoMopdusM, G — orpaHn-
JeHHast OJJHOCBsI3Hast 00j1acTh, TG = G, ' = 0G — rpanuna G. Ilycts C' — KoHPOPMHOE 0TOOparkKeHne
obmactn G na exunmunbii Kpyr D. Okazeiercs, uro orobpaxkenne 17! = CTC~! : D — D nuposos-
JKaeTcst 710 roMeoMopdu3Ma 3aMKHYTOro Kpyra D. Unc/io BpalleHns (i IOy YeHHOI0 roMeoMopbu3Ma
T equHnaHOl OKpyskHOCTH S = 0D 1 Ha3BIBAETCs YUCIOM BpalleHus orobpaxkenus T Ha .

Huzke ucmosib3yercst cyieyronast TEPMUHOJIOIUST: CBSI3HBIN KOMITAKT HA3BIBAETCSI KOHTUHYYMOM; KOH-
TunyyM [ HazbiBaeTcst 6UPKrodoBoil KPUBOIL, €CIU OH JEJIUT IIJIOCKOCTh HAa JBE 00JIACTU U SABJISETCI UX
o0rmeit rpanwutieii. IspectHo, 9To ipu KoHpOpMHOM 0TOOpaxkernuu C : G — D Kax 10l TOUKe OKPYKHO-
ctu S = 0D cooTBeTCTBYET T.H. FpaHUYHBIN s1eMeHT rpanulbl I' = 0G. KontunryywMm, nsobparkaromiuit
KAKOW-/InOO TPAHUIHBIN 3JIEMEHT, OyJIeM HA3bIBATH 3JIEMEHTAPHBIM.

Teopema 2. Ilycts I' — 6upkrodosa kpusas, x € I', T"x = x, MHOKecTBO | He sSIBIsSIeTCS KOHEUHBIM
00'beIMHEHNEM 3JIEMEHTAPHBIX KOHTHHYYMOB, UMEIOIIUX OOy TOUKy x. Tormna p panunoHaJbHO U €ro
3HAMEHATEJIb SIBJISIETCs JEJTUTEJIEM 1.

Teopema 3. Eciu rpanuna I' = G upejcraBuMa B BUJIE KOHEYHOTO OObEIUHEHUS 3JIEMEHTAPHBIX
KOHTHUHYYMOB, TO [ COZEPKUT T.H. HEPA3JIOKUMBIN KOHTUHYYM.

HerpymaHo BuseTh, 9To 1j1si OUPKIodoBO#l KPUBOI MOXKET OBITH OIPEJIEJIEHO JBA YUCJIA BPAIICHUS —
“cHapyXKu“ u "U3HyTpH-.

Teopema 4. FEcnm 6upkrodosa kpuas [ He sB/IseTcsi KOHEYHBIM OOBEIMHEHUEM JIEMEHTAPHBIX
KOHTUHYYMOB HU CHApYy?KH, HU U3HYTPHU, TO BHEIIHEE W BHYTPEHHHUE UNCJIA BPAICHUS COBIIAJIAOT.

CdhopmymupoBaHbl U JIpyrue YTBEPKICHUSA O CBOMCTBAX YUCJIA BPAICHUS.

CkpelreHHoe nmpousBeaenne C*—anaredbpbl n aHgoMopdusmMa
Anmonesuyw A. B., Baxmun B. HU., Jlebedes A.B. (Munck, Beaapyco)

[Tpu uccienoBanuu onepaTopHbix aaredp B 30-x rogax 20-ro Beka k. @on Heiimanom 6blta BBe1eHA
KOHCTPYKIMsT CKpEIeHHoro npousseaenns C*—anrebpbl A u asmomoppudma § : A — A, cocrosmast B
nocrpoennn Hosoit C*—anrebpsr C*(m(A), U), nopoxierHoii TounbiM npejacrasienneM m(A) C L(H)
u yuurapsabiM oneparopom U € L(H), obasaonmmM CBORCTBOM

Un(a)U* =7(d(a)), a€ A.

Dra KOHCTPYKIWMs (HA3BAHHAs BIOCJICACTBUH PE2YAAPHOIM NPEICMABACHUEM) TIO3BOJISIET CTPOUTD CY-
IIeCTBEHHO 0oJiee CJIOXKHBIE aJredphl Ha OCHOBE 3aaHHBIX U MMEET MHOIOYHC/IEHHBIE NPUIOKEHUsT B
3aJadaxX MaTeMaTUIecKoi (busnkm.

B 60-x romax 20-ro Beka B paborax M. Sesutepa—Meiiepa, O. Bparresnu, J1.¥V.Pobuncona, 2K. Tomu-
SIMBI ¥ JIp. ObLjIa MpeJIIoKeHa JApyrasi (SKBUBAJICHTHAS) KOHCTPYKIIUs HA OCHOBE HMOHSATHSI 00EPTHIBA-
foreiicst anredbpsl, 1 K 80-M rojlaM B OCHOBHBIX UepTax 3aBepiieHHas Teopusd C*—ayredp n mxX TPyl
aBTOMOP@U3MOB OBLIA IOCTPOEHA.

Hauunas ¢ konma 20-ro Beka OCHOBHOE BHUMAHUE HCCJCI0BATENEH B 9TOM HAIIPABICHUHU MTEPEKJIIO-
YMJIOCH Ha IOUCKHU ITOJAXOJa K ODIIEMY OIIPeIesIeHUI0 CKPEIIeHHOro IpousBeaennst C*—ajredpsl 1 9H-
nomMopdusma. IlpuHIUIMa bHbIE TPOABUKEHUT 31eCh JOCTUTHYTHI B paborax P. JIxk. Craceit, I'./Ix.
Mspdwu, JIx. Kyuna, Y. Kpurepa, ¥Y.JI.Ilamke, P.9kcenst u gapyrux. OmHako, BBUILY HEOOXOIUMOCTH
Ka9eCTBEHHO PAa3JIMYIHbIX TUIIOB SHILOMOpd)HSMOB, 10 HACTOAIIEero BpeMeHn 3aKOHYEHHOMN TE€OPHUH B 3TOM
HallpaBJIECHUHN HE IIOCTPOECHO.
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B sok/ajie BrepBble HOJIyueHa KOHCTPYKIHSI PEryJIsiPHOIO [IPEJICTaBIIeHNsI JIJIsl CKPEIIEHHOIO 1IPO-
uzBesiennst C*—asreOpbl U IPOU3BOJIBHOIO SHIOMOPGhU3MA.

Teopema 1. Ilycts A ects C*—anrebpa ¢ eqununeit 1 u 6 : A — A sujomopdusm. [l Toro, 4Tobb!
CYIIECTBOBAJIO TOYHOE Ipejcraierne 7 : A — L(H) B HeKOTOpOM ruiib6epToBoM npocrpascTse H u
oneparop U € L(H), Takoit, 4To

1) Un(A)U* = w(d(a)), Ya € A;ii) Un(A)U C w(A), Heobxomumo, 9T0o0bI CyNIeCTBOBAJ IPOEK-
Top P u3 nenrpa anrebper A, takoii, uro §(P) = §(1) u orobpaxkenue § : PA — §(A) saBiasercs
M30MOPQPU3MOM.

Teopema 2. Eciu cymecTByer mpoekTop P ¢ yKasaHHBIME B TeopeMe 1 CBOHCTBaMU, TO CYIIECTBYET
upejcrasienne m© @ A — L(H) u oneparop U, sBisomuiicss 9acTHYHON M30MeTpHei, Takoil, 4To
BBIIIOJTHEHBI YCIOBHA 1) 1 ii), a TakzKe BBIIOJHEHO HEPABEHCTBO

WU+ ...+ Ua1 +apg+ arU + ...+ a, U™ = |aol|

JUTsT JTI00O KOHEYHOH CYMMBI YKa3aHHOTO BUJIA, TIE af € A.

C*—anredbpa C*(m(A),U), nopoxaennas m(A) u oneparopom U, He 3aBUCUT OT BbIOOPaA Mpe/ICTaB-
JeHust T u omeparopa U, T.e. onpejiesieHa 0JIHO3HAYHO ¢ TOYHOCTHIO JI0 M30MOPhU3MA.

Omucannyio B Teopeme 2 C*—anrebpy OyeM Ha3bIBATL CKPEIIEHHBIM TPOU3BEIeHNEM anredpsl A u
suoMopdusMa . [Ipeoykentoe ompeiesieHne CKPENEeHHOTo MTPOU3BEJICHNST COTTIACYETCsT C M3BECTHDI-
MU paHee.

JlokazaTeabCTBO 3aKII0YAETCS B SIBHOM TIOCTPOEHUHN PETYJISIPHOTO TIPEJICTABIEHNUS, COIEPKAIIEM CY-
IMEeCTBEHHBIE MON(UKAIINN TI0 CPABHEHUIO ¢ KOHCTpyKImeit ¢ou Heiimama.

Jluneitnbie nuddpepeHnuaIbHbIE OIIEPaTOPHI,
MOJIyTPYIIILI ONIEPATOPOB M Pa3HOCTHBIE OMEPaTOPHI
Backaxos A. I'. (Boponeorc, Poccus)

[Iycts X — xoMmILIeKcHoe DaHAXOBO IPOCTpPaHCTBO, X — OaHaxoBa ajaredpa dHIOMOPOU3IMOB MPO-
crpancrBa X, L,(R, X), p € [1,00), — GanaxoBo HPOCTPAHCTBO H3MepHMbIX (0 Boxnepy) m cymmn-
PYEMBIX CO CTENEHbIO p HOPMBI (DYHKIMIA, onpesenenHbix Ha R co 3HadenusiMu B X (OrpaHMYEHHBIX
upu p = o), Cp(R, X)) — nomupocrpancrso HenpepbiBHbIX dyHKIunit 13 Loo (R, X) u Co(R, X) — nos-
upocrpancrso dyukiwmit uz Cy(R, X), yopiBatomux u3 co. Cumsos F(R, X) obo3nauaer 0jHO U3 3TUX
HpOCTpaHCTB, u cuMBosl F(Z, X) — cooTBeTcTByIOIIee IPOCTPAHCTBO JBYCTOPOHHUX IIOCIIE0BATE b
HOCTEeH BEKTOPOB u3 X .

Nzyuaercs quddepennmanbubiii oneparop L, = —d/dt + A(t) : D(L,) C F(R,X) — F(R,X) B
[PE/IIOJIOKEHNHT, YTO CeMefiCTBO 3aMKHYThIX onepatopos A(t), t € R, neiicrBytonx B X, nopoxjaer
CHJIHO HEIIPEPBIBHOE IBOJIIOIMOHHOE ceMeiicTBo oneparopos U(t, s), —o0o < s < t < 00, u3 anredpsr X.
Ero obnacts onpegenennst D(L,) CTPOUTCs, UCIOJIb3Ysl 9TO CeMefiCTBO.

Teopema 1. Oneparop L, SBJISETCSI MeHEPATOPOM CHJILHO HEIPEPLIBHON MOJIYTPYIILI OEepaTOpPOB
(Tut)z)(s) = U(s,s —t)z(s—t), s e Ryt 2 0, z € F(R,X) u F(R,X) coBuasaer ¢ ofHuM u3
upocrpancrs Co(R, X), L,(R, X), p € [1,00).

Teopema 2 (meopema 06 omobpasicenuu cnexmpa). Vimeer mecro pasencrso o(T,(t))\{0} =
{expAt, X € o(Ly)}.

Teopema 3. Oneparop L, 0OpaTuM TOrJa U TOJHKO TOIJA, KOIJa 0OPATHM PAa3HOCTHBINA OIEpaTop
(Dox)(n) =x(n) —U(n,n—1Nzx(n—1),n € Z, v € F(Z,z).

Teopema 4. Oneparop L, obGpaTuM TOraa 1 TOJLKO TOra, Korga ceMeiicTBo U J1omycKaeT 3KCIIOHEH-
UAJIBHYIO JUXOTOMUIO Ha R wim Ha Z.

Teopema 5. Cuekrp o(L,) oneparopa L, He 3aBUCAT OT BbiOOpa npoctpancTta F(R, X).

I'pynmnsr npeobpa3oBannii, aMeHa0EJIbHOCTD,
TOIOJIOrNYECKUE U METPUYECKNE NHBAPUAHTDI
Bexaapsn JI. A. (Mocxkea, Poccun)

Joxnam nmocesiner mpobiseme it o Kiaccudpukanuy TPy 0 IIKaJIe, 3a1aBaeMoil anciiom Tap-
ckoro 7(G) raynubl G, u 06Cy’KIE€HUIO BOIpoca O HeameHabesbHOCTH rpyiibl Pudapaa—Tomicona,
KaK IIpUMepa KOHETYHO IMOPOXKIEHHONH M KOHETHO OIPeesIeHHON IpyIibl 63 CBOOOIHBIX ITOATPYIIIL.
DTOT BOIPOC U3YIAETCSI B PAMKaX KJIACCU(PUKAIMA IPOU3BOJIBHBIX TPYIIIT TOMEOMOP(MU3MOB IIPSIMOIt
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(oxpyzkuocTn). st rpynmbl G romeoMopdu3MOB IPSMOi (OKPYZKHOCTH) OIPEIEISIOTCsT TOTIOJION -
YeCcKue MHBAPUAHTHI (MUHUMAJIbHBIE MHOYKECTBA, MHOXKECTBO HEINOJBUKHBIX TOYEK 3JIEMEHTOB T'DYII-
nbl (), a TakKe MeTPHYECKHe WHBAPUAHTBHI B BUJE W—IIPOEKTUBHO-MHBAPDUAHTHONW MEpBI, IJe W —
KapJAuHa bHOe Yncio. Takue MeTpudYecKne MHBAPUAHTHI SBJIAIOTCS OOOOINEHUEM IOHATHS WHBAPU-
aHTHOI Mepbl (0—IIPOEKTUBHO-MHBAPUAHTHON MEpPBI), & TaKyKe IPOEKTHBHO-UHBAPUAHTHON Mephl (1—
IPOEKTUBHO—MHBAPUAHTHON Mephbl). [lokazaHo, 4TO yCIOBHE HEMyCTOThI MUHUMAJBHOIO MHOYKECTBA
SKBUBAJIEHTHO CYIECTBOBAHUIO W—IIPOEKTUBHO—MHBAPUAHTHON Mepbl. JIJIs TPYIIBI ¢ W—TIPOEKTHBHO—
MHBAPUAHTHONW MepON OIMUCAaHBl ~"TPENnsITCTBUA” JIJIsI CYIECTBOBAHWS WHBAPUAHTHON Mepbl, wian 1—
MTPOEKTUBHO—MHBApUAHTHON Mepbl. Takne "mpensarcTsust”" MOryT OBITH ONMUCAHBI B TEPMUHAX KAK TOTO-
JIOTHYIECKUX, TaK U KOMOMHATOPHBIX XapaKTEePUCTUK. Ha 9TOM MyTH MOJIy9YeHo HeyTydIaeMoe YCuIe-
Hue TeopeMbl siist 0 cymecTBoBaHNN HHBapUAHTHON Mepbl. O6CYKIAeTCsT THITOTE3a O CYNIECTBOBAHUT
MTPOEKTUBHO—MHBAPUAHTHON Mepbl. [1pu cripaBe i InBOCTH TaKOM TUITOTE3bI JIETKO YCTAHABIMBAETCS HEa-
MeHabeIbHOCTE Tpynnbl Puaapaa—Tomicona.

Paboma noddeporcara 'parmom Ilpesudenma PD noddeporcku sedywur nayunoux wros NeQ0-15-

96107 u eparmom PODU Ne 03-01-0017

OO0 ornenkax perieHuit (pyHKIINOHATBHO-TUdPEPEHITUATBHBIX
yYPaBHeHUIT HENTPaJIbHOTO THUIIA
Baacos B. B. (Mocksa, Poccus)

YcTaHOBJIEHBI  HEYJIydIllaeMble — OIEHKM  CHJIbHBIX  peleHunit  cucreM  (DYHKIMOHAJBHO-
b depeHIuaIbHbIX yPaBHEHIT HERTPAIBHOIO TUIIA TPOU3BOJIBHOTO I DEePEHITNAIBHOTO TOPSIIKA.

Hapsiny ¢ smuM paccMOTpPEHBI HEKOTOPbBIE CIIEKTPAJIbHBIE BOIIPOCHI, BKJIIOYAOININE B Ce0sl M3yUeHue
ITOJTHOTHI U 6a3ucHOCTU Prcca cucTeMbl 9KCIIOHEHITUAIBHBIX PEIIEHUI YIIOMSIHY ThIX YPABHEHU B MIKAJIE
npoctpancts Cobosiesa.

PaccMoTpumM  criefymoniyo  HAYAJBHO-KPAEBYIO — 3aJiady  JJIsi  CHCTeMbl  (DYHKIIMOHAJIBHO-
JuddepeHInaIbHbIX yPABHEHUI BUIA:

m n
SN Agu(t — hy) = f(t), >0, (1)
§=0 k=0
u(t) = g(t), t € [—h,0]. (2)
Bnech Ayj — KBaJpaTHbIe MATPHIIBI pasMepa (7 X 1), uncia hj rakoBer, uto 0 = hg < hy < ... < hy, = h,
f(t) € L2((0,T),C") gyst moboro T > 0, ¢(t) € W3*((—h,0),C").
OGozHaunM depes A\, KOPHI XapaKTE€PUCTUYECKOr0 KBA3UMHOrO4/IeHa ypasHenus (1).
OCHOBHBIM DPE3YJILTATOM SIBJIAETCS CJIe/IyIoasl TeopeMa.
Teopema. Ilycrs det Aoy, # 0, det Agym 7# 0, 0 < kg < n. Torma syis 1106010 CHIIBHOIO pelIeHHs
u(t) samaun (1),(2) BbIOIHEHA OIEHKA

M—
lullwsje—ng < do(t +1D)M e gl o+
¢ 1/2

V[ [t 1= P I e Pas ) Q
0
rie x4 = supRe )\, mocrognneie dy u di me 3aBucar or dbyHKIMA g u f, npu sToM BeaumdnHa M
OIIpe/IeJIsIeTCsl CTPYKTYPOIl KOPHEH XapaKTepUCTHIeCcKOro KBasumnomuoma ypasuenus (1). (moapobuee
em. [1]).
Jlureparypa
1. B. B. Biacos, C. A. IIBanos / Anrebpa n Anamus. 1.16 (2003).

AbcrpakTHbie quddepeHiinajibHble YPABHEHUS C JIPOOHBIMEU ITPOU3BOIHBIMU
Tnywax A. B. (Bopowneotc, Poccus)

B 6anaxoBom mpocrpanctee X paccmorpum 3ajady tuma Korrmu
D(t*DPu) = t7Au, >0, (1)

%il% DP Ly = wy, %ir% DY t*DPu) = uy, (2)
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rne 0 < o, 3 < 1, D* ' u D, coorsercrBeno, ApobHbBIil MHTErpasI U JIpobHAs IIPOU3BOIHAs PuMana -
JInyBuis.

YcTaHaBIHBAIOTCS CIEAYIONIIE OCHOBHDBIE PE3YIbTATHI.

Teopema 1. Ilycte A — orpanudenssbiit onieparop uz3 X 8 X, a—k >0, 6+v > 0, v < k. Torna
sajaua (1),(2) paBHOMEPHO KOpPEKTHA.

Teopema 2. Illycts A — 3aMKHYTBIIi [JIOTHO ONpejieieHHblil oepatop, k = v = 0, ug,u; € D(A).
Hutst Toro, arober 3amada (1),(2) 6buta paBHOMEPHO KOPPEKTHOI, HEOOXOAMMO U JIOCTATOYHO, Y4TOOBI
pu Re A\ > w oneparop A umen pesombsenty R(A“TF), ynosnersopsiomnyio nepaBeHCTBY

Hdn(AaR(Aa+ﬂ)) MT(n + 5) -
dA™ Re\ — w)ntB’

Sameuanue. Ilycrs Boimomaens: yceaosus Teopemsl 2 1 ug = 0. Torga BMecto HepasencTsa (3) cieyer
1oTpebOBATh BBIIIOJHEHHUS MEHee »KECTKOTO YCJIOBUS BUJIA

Hd”R()\aW) H . MT(n+a+p)
d\" = (Re X —w)ntoth’

I<7

I1agkne BEKTOPbI 3aMKHYTOI'O ollepaTopa B 6aHaX0BOM IPOCTPAHCTBE
" UX MpUMeHEeHUe
Topbawyx M. JI. (Kues, Yxpauna)

[Tycts A — 3aMKHYTBIN JIMHEHHBIH OepaTop ¢ MWIOTHOH 0b1acTbio onpejenenus D(A) B KOMILIEKC-
HoM Gamaxosom npocrpatcrse L. [Tycrs takske m = {my, }72, — HeyObIBaIONIAs YUCIOBAs IOCIIEI0BA-
TeJIbHOCTD, My = 1. O603HaunM yepe3 C'°°(A) MHOKECTBO OecKOHEUHO uddepeHInpyeMbIX BEKTOPOB

oo
oneparopa A: C*(A) = (| D(A™).

n=0
st qucima o > 0 ooKuM

CH(A)={z € C®(A)|Tc>0Vne Ny: [|[A"z| < ca”'my,}

(I - || — mopma B L).
MuozxkecrBo CS (A) siBisiercst 6aHAXOBBIM POCTPAHCTBOM OTHOCUTEIHHO HOPMBI
A
|zllca (4) = sup ———.
n (6%

n

Ompesiestum BexTophbie poctpancTsa Cfpy(A) n Oy (A) Kak

Crmy(4) = |J C(4),  Cony(4) = ] Cin(4)

a>0 a>0

U CHaO/IMM X TOIOJIOIHE}l HHYKTHBHOTO H, COOTBETCTBEHHO, IPOEKTHBHOIO IIPE/IEJI0B OAHAXOBBIX IIPO-
crpancts C (A):

Cimy(A) = inggémC%(A), Cim)(A) = Prszéime,‘l(A).
B KOHKDETHBIX CHTYaIusix, KOrja m, = n" wim m, = 1, UPUXOAUM K H3BECTHBIM IIPOCTPAHCTBAM
anamuTuaeckux (Crniy(A) = Cpyny(A)), mempix (Cin(A) = Cpny(A)) 1 IETbIX SKCIOHEHIHATHHOTO
tuna (C{1y(A)) BekTopos omeparopa A.

ITepBast JieKIHst OCBSIIEHA HAXOK IEHNIO YCIOBHI IIJIOTHOCTH B £ BBEIEHHBIX IIPOCTPAHCTB. YCIOBHA
dbopMyIIpyIOTCS B TEpMUHAX Pa3MeIIeHnst ClIeKTpa orepaTopa A ¥ MOBEJEHHs ero Pe30IbBEHTHI IPH
IpuOJINKEHNH K CIIEKTPY. PaccMOTPEHbI IPUIIOKEHNST K PA3/IMIHBIM KJIACCAM OLEPATOPOB, B YaCTHOCTH,
K CJIydasiM, Korja: a) omeparop A sBiseTcsi reHepaTopoOM OHONAPAMETPUTIECKO IIOJIYyIPYIIIb UK
IPYIIBI THHERHBIX OIepaTopoB; 6) omepaTop A mMeeT KOMIIAKTHYIO PE30JILBEHTY.

Bropasi jeknusi mOCBSIIeHa ONePaTOPHOMY IOJIXOY K IOJIyYeHUIO HPSMBIX M OOPATHLIX TeopeM
Teopun npub/IIKeHnst (DYHKINH, yCTAaHABIMBAIOINX CBSI3b MEXK/y CTENEeHBIO IVIAJIKOCTH (yHKINH 1
CTEeIeHbIO yOBIBAHNS €€ HAIJIYUIIEero IPUOJIHKEeHNST SJIEMEHTAPHBIME, KOTOPBIMHI CJIyZKaT ajaredpande-
CKHe IMOJIMHOMbI Ha KOHEUYHOM CerMeHTe, TPHIOHOMEeTPUYECKHE IIOJIMHOMBI B NEPUOIUYECKOM CJIyYae,
nesible (DYHKIMU SKCIIOHEHIUAIBHOIO TUIIA Ha BCEil YMCJIOBON OCH ¥ T.II. DTOT MOXOJ] COCTOUT B TOM,
9TO ¢ KaXKJOW KOHKDPETHOH 3ajadeil Teopuu IPHUOJINKEHUs CBS3BIBAETCS 3aMKHYTHINA omepaTrop A B
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HOJXO/sAIIEeM 6aHaXOBOM IpocTpaHcTBe L, B HOPME KOTOPOIO JIeIaeTcsi OlleHKa npubikenus. B po-
JIM 9JIEMEHTAPHBIX arPEraToB BBICTYIIAIOT IIeJIble BEKTOPBI SKCIIOHEHIMAIBHOIO THIIA olepaTopa A, T.e.
BexTopbl mpoctpancTsa Cy1y(A). Hammyumee npubiinkenne IpOU3BOILHOTO BEKTOpa T € L BeKTOpaMu
u3 Oy (A) ompenenstercs Kak

E.(x) = inf x —yl,
(=) yeC 1y (A):o(y)<r | |
rje o(y) — Tuin BeKTopa y, T.e. o(y) = o<>Oi'Igl/fGC(’ a.
. 1

[TpuBesieHa abcTpakTHas TE€OPEMa, YCTAHABJIUBAIONIAS B3AMMHO—OJHO3HAYHOE COOTBETCTBUE MEXKLY
CTEIEHBIO TJIAJKOCTH BEKTOpa T € L OTHOCUTENbHO oneparopa A M CKOPOCTBIO CTPEMJICHHs] K HYJIIO
dbyukuun E,.(x) npu r — oo. B wacrHocTH,

€ Cppy(A) & Ja>03c>0: Ey(z) < cpHar),

e p(A) = s%p ;‘L—’;

V137102KEHHBIH OIEPATOPHBIIT O/IX0J1 HO3BOJINII HOJIYYUTh He TOJIBKO IEJIbIi Psijl KAK H3BECTHBIX, TakK
U HOBBIX TEOPEM TeOPHH AIPOKCHMaIuy (yHKIMHA, HO U TOYHbIE AIPUOPHBIE ONEHKH [OrPEIIHOCTH
HPUOJIVZKEHNST BAPUAIIMOHHBIMU METOJIAMH PEIICHUI OIEPATOPHBIX yPABHEHUIl B MHJILOEPTOBOM IIPO-
CTPAHCTBE.

Jlureparypa

1. M. JI. T'opb6aayk, FO. I MokpoycoB, O IIOTHOCTH HOAIPOCTPAHCTB AHAJTUTUIECKUX BEKTOPOB
3aMKHYTOI'O OIepaTopa B OaHaxoBoM mpocrpancTBe. — PyHKIl. aHagm3 u ero npuia. 35, Ne 1, 77-80
(2001).

2. M. JI. Topbauyk, B. I. I'opbauayk, [Ipo nabimKkeHHs IJIaJKuX BEKTOPIB 3aMKHEHOTO OIEPATOPA
I[UIIMU BEKTOPAMH €KCIIOHEHIIaJbHOrO TUIly. — YKp. MareM. »KypH. 47, Ne 5, 616-628 (1995).

3. B. 1. Topbauyk, M. JI. I'opbauyk, OneparopHblil Toaxo/] K 3aa9aM arpokcumanuu. — Ajrebpa
u anasus 9, Ne 6, 90-108 (1997).

Puck B 3aa4ax npum HeolpeesIeHHOCTH
Kyrosckuti B. U. (Mocxea, Poccusa)

JlokJta | MOCBSIIIIEH TEOPETUIEeCKUM OCHOBaM HpHUHSTHsT "Xopomux" permeHnii ¢ yIeToM HCXOJOB U
PUCKOB B 3ajladax MPU HEOIPEJIEJEHHOCTH, IPUIEeM O HEeOlPEeJIeJIeHHOCTSIX M3BECTHBI JIUIIb I'DAHUIIBI
U3MEHEHU, & KaKue-Jimb0 CTATUCTUIECKIE XapaKTEePUCTUKU OTCYTCTBYIOT.

1. OgHOKpUTEpUAJIbHAST 3a/1aYa IPU HEOITPEAEJIEHHOCTHU OIIPEJIEISIeTCs YIIOPSJIOIEHHON TPOii-
KOU

I'=< X,Y, fl(xay) >,
rme X C R" — MHOXKeCTBO aJIbTepHATUB &, BHIOMPAEMBIX JIUIIOM, IPpUHUMAIOIIMM peritenne, ¥ C R™

— MHOKECTBO HeolpeJiesiennocreit y, fi(x,y) — kpurepunii, 3amanuasiii va X X Y. CoryacHo npuHIuiny
MUHAMAKCHOTO coykaJsieHust (Savage) BBOAUTCs (DYHKIHS PHCKA

p1(x,y) = max fi(z,y) = fi(z,y).

Onpedenenue 1. Tpoiiky (2%, f7,¢]) € X x R? Ha30BeM 2apAHMUPOSAHHBIM NO UCTOOY U DUCKY
pewernuem (I'MPC) sanauu I', eciim Jy* € Y, jyist koroporo f7 = fi(x®,y°), i = p1(2®,y°) n

1) mpu Vy € Y mecoBmecTHa cucreMa u3 JIByX HepaBeHCTB f1(x®,y) < f7, ¢1(x®,y) > ¢f;

2) npu Vo € X necosmectna cucrema f1(z,y%) > 7, v1(z,y%) < ¢5.

Ucnonssyst dbynkimio ¥ (z,y) = fi(z,y) — (1 —7) max fi(z,y), ~ = const € [0, 1], ycranasiusa-
eTcs €

Ymeeporcdenue. Ilyers 3 (o, B) € [0,1]? A (2°,y°) € X x Y Taxue, uto

S _ S S : S . S S
rﬁﬂgg%(:&y ) = Ya (2%, %), 2061{/1@%(5” y) = Vg, y°),

torga (2%, fi(z®,y*), p1(x®,y*)) asnserca TUPC T'.
O6osnanm f1(z, 1) = [ fi(z,y)u(dy), ¢1(z, 1) = [1(z,y)u(dy), rae p(-) € {u} — muoxecrso
Y Y

BEPOSITHOCTHBIX MEP, OIPE/ICICHHBIX Ha KOMIIAKTe Y .
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Ananornuno onpejenenuto 1, rie 3amensiercss Y — {u}, v — p(-), fi(z,y) — filz,p), pi1(z,y) —
1(x, ;) BBOIUTCS TIOHSITHE MrAPAHTUPOBAHHOTO 110 UCXOJLY ¥ PUCKY KBasucMernanuoro pemenus (I'TTPK)
sagaun ' B Buge (°, fi(z®, u®), o1(2®, 1%)).

Teopema 1. Ilycrs B I’ MmHOKecTBa X, Y cyTh KOMnakTel, ipudeM X Boinykio u fi(z,y) € C(X xY)
u BoruyTa o x. Torma 'MPK cymecrsyer.

2. MuorokpurepuajbHas 33/la4a IIPU HEONPEeJIeJIEHHOCTHU OIIPEJIEISeTCs YIIOPS T0IeHHBIM
Habopom

Iy = (XY, f(z,y)),
riae X u'Y re xke, uro B I', a Bekropusblii kpurepuii f = (f1,..., fn). dus kaxgoro kpurepus fi(x,y),
ieN={1,...,N} seouurca "cpost"dyHKius pucka

pi(r,y) = gleagfi(z,y) — filz,y), ieN.

Ucnonbayst 2N-sekrop F = (f, —p), tne ¢ = (1, ..., ¢oN), dopmasnsyem.

Onpedeaenue 2. Tpoiiky (x, f(z*, pu®), p(x®, u®)) HAZ0BEM 2apaHmMuUPOBaAHHBIM MO UCTOJAM U PUC-
KaM KBA3UCMEULGHHIM peweruem 3amaan 'y, eciu nipu Vy € Y HecoBMeCTHA CHCTeMa HEPABEHCTB
F(2*,y) < F(2*,u®) u upn Beex pu(-) € {u} mecopmecrna cucrema F(z,u®) > F(z°, pu®) (r.e. amprep-
natuBa z° € X makcumaibha 1o Coeiirepy B 2N—kpurepuansnoii 3amade (X, {f(z, u®), —p(z, u)})).

Teopema 2. Ilycts B 3amade I'y muokecta X u Y HerrycTble KOMIAKTBI, X — BBLIYKJIO, & KPUTEPUU
fi(x,y) (i € N) nenpepbiBabl Ha X X Y u BorayTs! mo x npu kaxjgaoMm y € Y. Torga B I'y cymecrsyer
rapaHTHPOBAHHOE 110 UCXOJAM U PUCKAM KBAa3UCMEIIaHHOE PeIleHue.

Paboma noddeporcana eparnmom PODOU Ne(2-01-00612.

Pemntenne ypaBHenuss Pukkatu Kak BTopoil nuddepeHnnali
dbyukiuu Beaamana
Seauxun M. U. (Mocxkesa, Poccus)

Paccmorpum 3a1ady MuanMu3anun GyHKIITOHATA,

J(u() = / £t ) dt (1)

IIPU OrpaHIYEHUSX
=@t z,u); Pi(t1,z(t1)) =0; Po(te,x(t2)) =0; wu(t) €U. (2)

Baech x — da30BbIe IepeMeHHbIe, TPHHAIICYKAIIIE IIaIKOMYy n—MepHOMY MHOroodpasuio M, yrpas-
nenwue u(t) € U menpepbiBHo, dyuknun f, ¢, 1, o ri1aj1ko 3aBucAT OT cBOUX aprymMenToB. OGo3HauNM
HOJIMHOI006pa3Ke JIeBbIX KOHIOB (Bropoe paBeHcTBO (2)) yepe3s M1 C R x M, npaBbIx KOHIOB (TpeThe
paBeHCTBO (2)) — uepe3 My C R x M.

PaccmorpnM cucteMy ypaBHEeHHil B Bapuanusax JJis ypaBHEHWI IpUHIAIIA MakcuMyMa IlonTpsaruma

p = —Hm(t,x,iﬁ)q - de,(t,xﬂ/})p

Paccmorpum maTpuinoe ypasHeHrne PUKKaTh J1si IepeHOCa JIArPAHKEBBIX [IJIOCKOCTE [0 PEIIeHUSIM
cucreMsl (3).

3)

~W = Hyy + HypyW + W Hyy + W Hyy W. (4)

Bnech W = pg~!. Ilpn orcyTcrBun hOKATLHBIX TOYEK KaK IS JIEBOTO, TAK U JI TIPABOTO KOHIOB I
PN HEKOTOPBIX €CTECTBEHHBIX TEXHIMIECKUX YCAOBHAX BEPHBI CJIE/LYIONIIE TEOPEMBL.
Teopema 1. Ilycts perenne pg(t), qx(t) ypaBHenuii (3) ommchIBAe€T SBOIONMIO MTPOM3BOIAHBIX IO
HAYAJbHBIM JAHHBIM Ha MHOrooOpasun JeBbiX (kK = 1) u mpasbix (kK = 2) KOHIOB BJOJIb 9KCTPEMAJIH
Torta coorsetcTrytomee pemenne Wi (t) = prg, ' ypasuennsa Puxkarn (4) 3a1aet reccnan dyHKImn
Benmvana Sk (t, x) mst maoroobpasust kouios My, (k= 1,2)
%Sy . .
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Teopema 2. HeoOXOMUMBIM yCJIOBHEM JIJIsi TOIO, YTOOBI TpaeKTOpus I(-) jocTaB/isia caabblii MUHY-
MyM dyrkmonasy (1), sBjsiercss HEOTPUIATEILHOCTL KBajipaTudHoii dopmbl ¢ marpureit (Wq(7) —
Wa (7)) ipm smo6om 7 € (Lo, t1).

Teopema 3. JJocTaTOIHBIM yCIOBHEM JJIsi TOTO, 9TOOBI TpAeKTOpUst Z(-) TOCTABIAIA CUIHHBII MUH-
MyM yHKIHoHALY (1), sIBJIsieTcs OJI0KUTeIbHAST OIIEPEe/IeJIEHHOCTh KBaIpaTHIHONH hOPMBI ¢ MaTpU-
neit (Wi(7) — Wa(7)) npu mexoropom 7 € (i1, fs).

Cuaenpl CUHTYJISIDHBIX audepeHIaibHbIX OlIePATOPOB BBICIINX IOPSIIKOB
ITewenuyos A. C., Kosko A. H. (Mocksa, Poccus)

B L3[0,00) paccMOTpUM CaMOCOIPsI?KEHHbI OJlyOrPDAHMYEHHBINH CHU3Y oneparop L, 3ajaBaeMblii
b depeHITnaIbHBIM BhIPAXKEHUEM

Uy) = (=1)"y" (@) + pan—2(2)y™* > (@) + ... + po(a)y(x)
U TPAHUIHBIMU YCIIOBUSIMU
y(0) =4/'(0) = ... =y D(0) =0.

Koaddunuenrst p;(x), i = 0,2n — 2 neficTBUTEIbHO3HAUHBIE JIOKAJLHO HHTEIPUPYeMble (DYHKIIH.
[Tpemmosnoxkum, aro cuextp o (L) oneparopa L auckpersbiii. 3aHymMepyeM Bce cOOCTBEHHbIE 3HAYECHIS
A, k=1,2,... oueparopa LL ¢ yuyeToM KpaTHOCTH B HOPsijIKe Bo3pacTanusd A1 < Ag < .... O6o3HaYUM
gepe3 P — omneparop ymuHoxKenusi B Lo[0,00) Ha JefiCTBUTEILHOZHAYHYIO N3MEPUMYIO OrDaHUIEHHY IO
dbunuTHyO dyHkuuio ¢(z). Oueparop L + P ocranercst 1m0/iyorpaHUYeHHBIM CHU3Y C JIMCKPETHBIM
cuexrpom o (L + P). SaHyMepyeM coOcTBeHHbIe 3HaUeHUd i, k = 1,2,... oneparopa L 4+ P B nmopsake
HUX BO3pacTaHud f < pg <

Teopema. Ecmu dyuxmus (x) = 1 f q(t) dt umeer orpaHUYEHHYIO BapHUAIMIO B HEKOTOPON IIpaBo-

CTOPOHHEIT OKPECTHOCTHU HYJISA, TO CHpaBe,ZLJII/IBa dopmyia

+o00
> c +0
E Mk_)\k__k/Q(t)dt - W ),
T 4

rie
c1 :Af%, ck:)\gi” —)\liiﬁl, k=2,3,....
IIycts cobcTBeHHbIE 3HAUEHUS Ak, kK = 1,2, ... onmepaTopa L uMe0T acUMIITOTHKY
Ae = f(k) +o(g(k)), k — +oo,

rie f(k) — npomsBosibHas HeyOBIBAIOIIAS MOC/IEI0BATEILHOCTD JAeficTBUTENbHBIX uncer, f(k) — 400
upn k — 400, a Jist I0CIeA0BaTeabHOCTH ¢ (k) BBIIOJIHSIETCS HEPABEHCTBO

lg(k)| < C|f(R)['~25, C >0,

[Tpenmonoxkum, aro pyukmnuio f : N — R M0KHO J001IpeIeIMTD HA JIyde 00) J10 HEIIPEPBIBHO ud-

e[l +
‘%( ) MOHOTOHHO CTPEMUJIACH

dbepennupyemoit dynknun Tak, 9robbl mponssoaHas GyHkyn h(x) =
K HYJII0 Ipu & — +00. Torya cyiiecTByeT Takas HOCTOSHHAS IV, 9TO

Z2nf k) +v+o0(1), N— +o0.
Caedcmeue 1.
+oo 400 1 “+00
i,l _ 1+ K
> = A= g [ (R () O/ o) da | = —2(+0) + 7 O/ () do.

Caedecmeue 2. Ecin )\k—ck:“+o(k:a( )> k—o00,¢>0,0<a<2n, T0

1 too 1 too

> ac2n a 1 roC2n

— Mg — dredotkan~t| = —Z4h(+0) — d
> e ne G [ atw) decdoti 1000 - 525 [ gy
- 0 0
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e IIOCTOAHHAaA K olpeaessieTcss paBeHCTBOM

N 2n

E kel = 2 N +k+o(l), N — oc.
«

k=1

CuHrynsipHble BO3MYIIleHHUsI B 3aja4ax ynpasienusi. O630p
Kypuna I. A. (Boponeot, Poccus)

CHHIYJISIPHO BO3MYIIIEHHBIM 3a/auaM yIIPABJIEHUsI [TOCBSIIIEeH psijl 0030poB u MoHorpadmit. [Tocste-
HUM 0030POM, OXBATBIBAIOIINM MHOTO TeM, siBisercs [1]. B o63ope [2| myGmukanmit 3a 1984-2001 rr.
[IEPEYUCIEHO OUY€Hb MHOI'O PaboT, IOCBSIIEHHBIX TPUMEHEHUI0 TEOPUH CUHTYJISIPDHBIX BO3MYIIEHHUI B
Pas/IMIHBIX 3aJavaxX YIpaBJIeHUsl, HO B HEM OYEHb MAaJiO IIOCTAHOBOK 3aJlad II0 TeMaTukKe 0030pa u
HEIIOJIHO OTParkeHbI PabOTHI COBETCKUX U POCCUNCKNX aBTOPOB. Vcmomb3ys mybiukanuu ¢ 1982 roga, B
JIOKJIaJ1e OYIIYT KPATKO U3JI02KEHBI OCHOBHBIE PE3YJIBTATHI, IOy YeHHbIE [P UCCJIEIOBAHUN CUHTYJISIPHO
BO3MYIIEHHBIX 384 YIIPaBJIEHUSI.

Tax Kak yc/IOBUST ONITUMAJBHOCTH YIIPABJIEHUs IPUBOJSIT K UCCJIEIOBAHIIO KPAEBBIX 38/, TO B Ha-
qaJie JIOKIaa 00CYKIAIOTCST METO/bI IOCTPOEHUST ACUMIITOTUKY PEIeHUs] CHHTYJISTPHO BO3MYIIIEHHBIX
KpaeBbIX 3aa4. [lajee, 1y pa3IuIHBIX KJIACCOB 3319 ONTUMAJIBHOTO YIIPABIECHUS PACCMATPUBAETCSI
BTOPOIl CIIOCOD TOCTPOEHUST aCUMIITOTUKN PEIIEHUST 3a]]a1 ¢ MAJIBIM [TapaMeTPOM, 3aKTFOUAIONIANACS B
HEIOCPE/ICTBEHHON MOJICTAHOBKE B YCJIOBUS 3aJ[aUd IOCTYJIUPYEMOTO ACUMIITOTHIECKOTO PA3JIOXKEHUST
peIleHnsT U ONpPEIEJICHIN CePUN 3aJad OITUMAJLHOIO YIIPABJIEHUS IS HAXOXKJICHUsT UJICHOB ACHUMII-
Toruku. [Ipu sTOM ycranaBimBaeTcs HeBO3pacTaHUe 3HAYEHUI MUHUMHU3UPYEMOro (DyHKIMOHAJIA IIPU
UCIIOJIb30BAHUU HOBBIX YJIEHOB ACUMIITOTUICCKOTO PA3JIOKEHUST OITUMAJIBHOTO YIIPABJICHUS.

[Ipu npeHebperKeHNN MAJIBIM IaPAMETPOM B 3aa49aX YIIPaBJIEHHUsI MOYKET IIOSIBUThCsI CUCTEMa, ¢ HEOD-
pPaTHMBIM OIIEPATOPOM IIpH MPOM3BOAHON. IlosToMy B IOKjIa/e MPUBOASITCI HEKOTOPLIE PE3y/IbTaThl,
Kacalommuecs: 3aa4d ynpasienns auddepennuaabHo—aaredpandecKuMu (JeCKPUITOPHBIMI) CHCTEMa-
MH.

PaccmarpuBatorcs 3a1a9u yrpaBjeHust ¢ 00paTHO# cBs13bi0, H o, yIpaB/ieHns, 3aJa91 C OTPAHIIeHH-
€M Ha yIpaB/ieHHe TUIA 3aMKHYTBHIX HEPABEHCTB, 3a/1a9i YIIPABICHUSA PaCIPEIeTeHHBIMI CHCTEMAMH,
3aJa491 yIPaBJIAEMOCTH, HADJIIOIaeMOCTH, CTAOMIM3UPYEMOCTH, 381491 B YCJIOBUSIX HEOIIPE/IEIEHHOCTH,
3aJa49d CO CAyYailHBIMA BO3MYIIEHUSIMHU, UT'POBbLIE 331a9H, JUCKPETHBIE 3aa49n. 1aKKe ITPUBOISITCS
pe3yIbTaThl PAbOT, B KOTOPBIX MCCJIEAYIOTCS MOBEJIEHNE MHOXKECTB JOCTUKUMOCTH, BUOPAITMOHHOE U
aJalTUBHOE yIpaBjeHle, UTEPallOHHbIe METOIbI, METOM yCpedHeHus, MeTos peryiaspusamuu C. A.
Jlamosa. 3ak/ounTebHAS YACTh JOKJIaa HOCBSAIIEHA UCIOJIb30BAHUIO CHCTEM KOMIIBIOTEPHOI aJIreod-
PBI U TIPUJIOKEHUSIM.

Jlureparypa

1. Bacuibesa A. B., murpues M. I'. Cunryssipable BO3MYIIEHUsT B 38]a9aX ONTHMAJBHOIO yIIPaB-
nenusi // Vrorn nayku u rexuuku BUHUTU. Mar. anamus. — 1982. — T.20. — C. 3-77.

2. Naidu D.S. Singular perturbations and time scales in control theory and applications: An overview
// Dynamics of Continuous, Discrete and Impulsive Systems. Series B: Applications and Algorithms.
2002. V.9. P.233-278.

Paboma wacmuwno noddeporcana PODHU (npoexm 02-01-00351)

Peanuzamus B mkKaJjilax CUCTEM C IIOCJIEEHCTBUEM
Mapuenxo B. M., XK.-2K. Jlyazszo (Munck, Beaapycv; Hanm, Pparyus)

PaccmarpuBaerca mpobiieMa peasn3aliun Mepexo/IHbIX OTOOPaXKeHuil B ITKaJIaX JTUHAMUYECKUX CH-
cTeM c nocieelicteueM. V3yvaiorcs: cBOCTBA MUHUMAJILHBIX PeaJIn3alluii U UX CBdA3bL CO CBONCTBAMU
yrpasjsemoctu u Habomaemoct. OCHOBHOE BHUMAHUE YEJISETCsT ITPODJIEME PEA/TU3AIY B KJIACCE JIH-
HEHHBIX CTAIIMOHAPHBIX CHCTEM C 3aI1a3/IBIBAIOIINM apryMeHTOM. B 3ToM Kitacce maercs 3ppeKTUBHBIT
AJITOPUTM TIOCTPOEHUS PEATH3AINN, UCIOIb3YsI XOPOIIO U3BECTHBIN MeTOJ| IocTpoenus: 2-1) peasn3za-
nuu epBoro ypoBHs. [IpuBojsgTcs HEOOXOIUMBIE U JJOCTATOYHBIE YCJIOBHS, IIPU KOTOPBIX OJIHOBXO/THAS
U OJIHOBBIXOJIHAS Peasin3allisl sIBJIsIeTC MUMHUMAJBHON, 9TO sABJseTCs OOODINEHUEM COOTBETCTBYIO-
mux pesyiabraToB 3ontara u Kamena (Sontag, Kamen). Ilosydenubie pe3yabraThbl HTIOCTPUPYIOTCS
Ha IpUMepax.
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CuHTYJISpHbIE XapPAKTEPUCTUKU B IPAHUYHBIX yCJIOBUAX ypaBHeHusi LamMusibrona—dko6u
Meauxan A. A. (Mocxkea, Poccusn)

B rpanuynbIx 3ajauax Jijisi ypaBHEHUH B YACTHBIX ITPOU3BOIHBIX IEPBOTO MOPSIKA, BOSHUKAIOIIIX B
dbusuke (ypauenue lamuibrona—kobu), Teopun ynupasienus (ypasuenue Besuimana), reopun aud-
dbepennmanbubix urp (ypaBHenue Afizekca) CymecTBYIOT CHUTYaIld, KOIJIa HA YaCTH IPAHUIIBI 3HAUE-
HUsI HCKOMOIT (DYHKIIUY WK BOOOIIE He 33/[aHbl, UJIA HE SIBJISIIOTCS [peJIesioM (000OIIEHHOT0) PeIeHnst
sagaun. Tem He MeHee, Jisi MOCTPOEHUST PEIICHUs (HAIPUMED, METOJOM XapaKTEPUCTHK) MOJ0OHBIE
YCJIOBHUSI BOCTpeOOBaHBI. B pabore mokasaHo, 9TO TpebyeMble IPAHUIHBIE 3HAYEHUS MOTYT OBITH BbI-
CTaBJIEHBI KakK ompesesienHoe "ecrecTrBennoe paciuimpenne yCaoBUil, N3BECTHBIX Ha KPAEBBIX TOIMHOTO-
006pas3uax JAHHOW YACTH IPAHUIBI. JTO paCIIUpPEHNe YCIOBUIA OCYIECTBISETCS C TOMOIIBIO XapaKTepH-
CTUYIECKUX KPUBBIX, CTAPTYIONINX HA M3BECTHOM IMOIMHOT000PA3UN YaCTH TPAHUIIBGI M OETyIUX BIOJIDb
TPAHUIBL. DTH XAPAKTEPUCTUKHI SABJISIOTCST 0600TIEHIEM KJTACCHIECKUX XapaKTEPUCTUK, aCCOTIMIPOBAH-
HBIX C YpaBHEHWEM B YaCTHBIX MPOM3BOAHLIX. OHN HA3LIBAIOTCS CHHTYJISPHBIMU XapaKTEPUCTUKAM,
UX Teopusl pa3BuUTa B psiae pabor aBropa. llociie mosydenust "ecrecTBeHHBIX" I'DAHUYHBIX YCIOBHUI
TTOCTPOEHUE PEITCHUST BEJETCST OOBITHBIM CITOCOOOM TyTEeM WHTETPUPOBAHUS YPABHEHUH KTACCHIECKUX
XapaKTepUCTUK. JIaHHBIN TOXO0/T WLTIOCTPUPOBAH 3aJadaMi U3 Teopun TuMdOEpeHITHnAIbHBIX UTD U
Teopun 0O6PabOTKU M300pasKeHMIA.

Cwmemannbie pyHKIUOHAIBHO—IudPepeHnnaIbHble yPaBHEHUS
Muvwruc A. /. (Mocxkea, Poccus)

O630p OJIHOMMEHHOI CTAaTbH JIEKTOpa, OIMybJIMKOBaHHON B cOopHMKe "CoBpeMeHHasl MaTeMaTUKA.
Oynpamentaiabible Hanpasiaenus‘, T. 4 (2003), C. 5-120. B wHeii noj cMenmanHbM (HhYHKIHOHATIBHO—
nuddepenimanbabiv ypasaenuneM (CIY) nonumaercs @Y st dhyHkimu 60jiee 4eM OJHOrO Herpe-
PBIBHOTO apryMeHTa, B KOTOpOM (ypaBHEHUN) IIPOU3BOIHASL OT Hee GepeTcst TOJIBKO MO OJHOMY M3 3THX
apryMeHTOB, UT'PAIOIIEMY POJib BpeMeHu. OcCTabHbIE APTYMEHTHI TPAKTYIOTCS KAK IPOCTPAHCTBEHHBIE,
a oneparop, JeHCTBYIOIINl HA HUX, SBJISIETCS ONPAHUYEHHBIM (OOBIYHO PA3HOCTHBIM HJIM WHTErPAJIb-
HbiM). Tununaneiv ipumepom CJIY ciykut ypaBHeHue

u(x,t) = F(z, t,u(z + g1,t), ..., u(z + gr, 1) (g1 <...<gr),

[IpUYeM B MPaBYIO 9acTh MOXKET BXOJUTH TaKKe 3amasjbiBadue Bo BpeMenu. Oo6mmuii Buyg CY 3amas-
JBIBAIOIIETO TUTIA,

U(.T,t) = f(x7t7uwt)7 (1)
rie up (&, 7) = u(x+&,t+7), £ € QCR™ —h < 7 <0 (upu h = 0 3anasapiBanue orcyrcrsyer). Pop-
MYJIUPYIOTCS HAYAJbHbIE M IPAHUYHBIE YCJIOBUS, IPUBOIATCS OOIME YTBEPXKIACHUsI O PA3PEIINMOCTHI
HaYaJIbHO-KPAeBoil 3aja4un Jisi ypasHeHust (1) u jyist ypaBHEHUIT HEHTPaJbHOTO TUIIA AHAJIOTHYHOIO
BHUIA.

OrnenbHast raBa nocesitena guHeitabiM CY. 3meck 0cobo paccmarpupatorcst aBroHomubie CJIY
(AY) u upocrpancreenno-unaBapuanTabie CY (IINY). Tus AY ¢ nomorpio npeobpasosanust Jlaruia-
ca 10 t M3yvaroTcs BOIPOCH ycroiumBocTu 1o Jlamyuosy, a g [TV ¢ momorbio npeobpasoBanust
Dypbe 10 & U3YyUAIOTCsl BONPOCHI KBAJIPATUIHON yCTOHUUBOCTH (IIPH 9TOM PEIIeHHe TPAKTYEeTCs Kak
tpaextopus B L*(R™)).

B nocienneii rmase paccMarpupaioTcs ypasHenus, ouskue k CJY: 9To ypaBHeHUs] aHAJOTHIHOM
CTPYKTYPBI, HO C IEJOYUCTEHHBIMU T WJIN t.

MHOro4acToTHbIil AaBTOPE30HAHC U YU3EMOBCKOE YCpeJHEHNe
VHTErPUPYEMBIX CHCTEM
Hoesoxwenos B. 10. (Yga, Poccus)

MaremaTrudeckass TEOpPHUsl aBTOPE30HAHCA XOPOIIO paspaboTaHa JJis CIydas OJHOYACTOTHOTO BO3-
Oy2KJIeHUsT. DTO CBI3aHO C IPOIEIAYPOl yCpeJHeHUs], U3BECTHOM Kak MeTon Kysmaka—Yusema Wiin
Borosroboa—MuTpOII0aIbCKOro, KOTopble 060CHOBAHBI JIJIsl HEJIMHEHHBIX OJHOIacTOTHBIX crucTem O/1Y.
B cay4aae nByx min 6oJiee 9aCcTOT JAaKke JJIsl TaMIJIBTOHOBBIX CHCTEM IPOIEAypa yCPeIHEHUsT HATAJIKU-
BaeTCda Ha XOPOIIO M3BECTHLIC prILHOCTI/I7 CBAd3aHHBIE C MaJIBIMU 3HaAMEHATEIAMU.

PaccmarpuBaercst 3ajiata 0 MHOTOYACTOTHOM PE30HAHCE B CJIydae, KOIjia HEeBO3MYIIEHHAs CHCTe-
Ma BIIOJIHE I/IHTerI/IpyelVIa.. 9TO O3Ha4vaeT, YTO KaHOHUYICCKUMU HpeO6pa3OBaHHHMI/I OHa MOXKeET 6bITb
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[IpUBEJIEHa K BUJLY
I=cf(l,p,2),
Sb = Yo +Eg(17§075)7

rie (I, p) — nepemennsie Jeiicrusi-yrod, € < 1. Haiijiem ycsioBue BO3HUKHOBEHUsI aBTOPE30HAHCA, TO
€CTh CYIIECTBOBAaHUE PEIeHus ¢ HadabHbIM ycaoBueMm I = 0, ¢ = const, Takoro 4ro

Il =0(1), t=0(E"). ()

Coracao KAM-reopun, pu MOYTH BCEX HAYAJIBHBIX YCJIOBUSIX N-IIEPUOMIECKOE BO3MYIIIEHHOE pe-
[IIEHNE SIBJISIeTCsI OOMOTKOIN JepOPMUPOBAHHBIX JIMYBUJLJIEBBIX TOPOB HEBO3MYIIEHHON cucreMbl. Ilo-
CJIEJIHME 3aBHUCST OT IEPBLIX HHTEIPAJIOB CUCTEMBI, KOTOPLIE SBJISIOTCA (DYHKIUAMHI MEJJIEHHON IIe-
PEMEHHOI T = &t U yJOBJETBOPsOT ypaBHeHuaM Kysmaka—Ywuzema. Pas3oBble (DYyHKIMHU SIBJISIOTCS
KBA3UIIEPUOJAUIECKUMU, [IPUYEM YACTOTBI OPEIe/siorcs u3 (71eOpMUPOBAHHBIX) MEPBBIX HHTErPa-
JIOB.

st aHaIM3a yCIOBUI aBTOPE30HAHCA 0OpaTHUM OINMCAHHYIO IPOIELYPY, & UMEHHO, JJIsl 33 IaHHOMI
JedopMaIun n-IepuoguIecKOro pelleHnsl HaliieM oTBedalolye eil mpapble yactu f u g. Bojee To4dHo,
[PEIIIOJIOKIM, UTO CYIIEeCTBYeT nedopMalius ciucTeMbl (1), mepeBojsiast n-mepuojnIecKoe PerieHme B
M-IePHOITYecKoe 3a KOHEUHBI HHTepBaJl Meiennoro spement (¢ ~ O(e™1)). IIpu sToM npasble qacT
ef u g, BOOOIIE TOBOpsi, HE OyIyT MaJjbl, O0JIee TOrO, MOXKET pa3pyIINThCS TaMUJILTOHOBOCTD CHCTE-
MbI. UT0OBI M30€KaTh 9TOr0, HAJIOXKUM ycjaoBus Kysmaka—YunseMa Ha IIepBble HHTErPaJIbl, OCYIIEeCTB-
nstorue ecdopmaruio. Torga, corsacHo Teopeme (1) o cylecTBOBaHUN yU3eMOBCKUX JedOpMAIHil ¢
3aJJaHHBIMU IPAHUYIHBIME YCJIOBUSIMU, IIPaBble YaCTH OCTAHYTCS MaJbLIMU U CHCTEMA OCTAHETCs BIIOJIHE
MHTErpupyeMoil B riiaBHON dactu 1o €. MOXKHO IOKa3aTh, YTO yKa3aHHas MIPOIEIypa JIeMOHCTPUPY-
eT Bce XapaKTepHble YePThl aBTOPE30HAHCA — MeIJIEHHBIH 3aXBaT (asbl U CHHXPOHU3AIUIO IacTOT C
JacTOTaMU HAKAIKHU.

JIuteparypa

1. Hoeokienos B. FO. Yuzemosckue jiecbopManuyi HHTErpUPYEMbIX CHCTEM THII BOJTIKOB // DyHKIIL.
amas. 1.27(2), 1993, C. 50-62.

(4)

Dk3oTu4deckue cdepnsl MuiaHopa
Osceesun A. U. (Mocxkea, Poccus)

Joxnam rocssinen npeacrosmemy 50—aetuto orkpouiTus JIxxk. MuIHOpOM HESKBUBAJIEHTHBIX IIAJKNAX
CTPYKTYp Ha n-MepHoii chepe S7.

Pesynaprar MujHopa W mocC/eyroliee ero pasBUTHE IMMOKA3BIBAIOT, UTO HECTAHJAPTHBIE [JIAJIKUE
CTPYKTYPBI HE IIPOCTO CYIECTBYIOT, HO IOJIYYAIOTCA NPUMEHEHUEM €CTECTBEHHBIX U (DYHIAMEHTA b
HBIX MATEMaTUYECKUX KOHCTPYKIIHIA.

Metox Muaopa coctonT u3 "HoIoKUTeNbHON" 4acTH, re 1oKaspiBaeTcs romeomopdusm M ~ S7
JIJISE HEKOTOPOT'O SIBHO 3aJIAHHOTO IVIaJIKOro MHOTO0Opasust M u "orpurarespHoit" acTu, rie 1oKa3bl-
BaeTCsl, UTO 3TOT TOMEOMOP(U3M HEJIb3s1 CIIIAUTD.

B noknajie nmpuBoigaTes Mo ipobHOCTH 0 TeopeMe MuiHOpa M CBSI3AHHBIX PE3Y/IbTaTax.

CrnekTpajibHasg OpodJjieMa u IIpeAcTaBJIeHUsT aJiredp
Ionosuy C. B., Camotinenxo I0. C. (Kues, Yrpauna)

CrexTpasbHas 1pobiema: Ilycrs My, Mo, M3 — 3aMKHYTBIe MHOXkKecTBa Ha npsmoil R, v € R.
CyrmecTByeT U TpOiiKa CaMOCOTpPsTKeHHBIX omepaTopoB A, B, C' B ruanbeproBoM mpocTpanctee H
takux, 4ro o(A) C My, o(B) € M, o(C) C M3, A+ B+ C = ~I, tne o(-) — cHeKTp omepaTopa.
CBs2KeM ¢ KOHEUHBIMU MHOXKECTBAMHE

Mlz{al,ag,...,ozk,()},0<ai+1<ai, Z'Zl,/{—l
MQZ{ﬁlaﬁ%"wﬁlaO}aO<Bj+1<6j7 .]Zlal_l
M3:{51,52,...,5m,0},0<(55+1<58, s=1m-—1

u anredpy Pury Mo, Mzy = C < D1y oo Dk Q1 - @1, 71, T2, - T | DD = 0i5Diy Gi5 = 0ij, TiTj = 0357,

k l m
S aupi + > Bigi + Y. 0sts =7 > u oTMedeHHbI rpad
i=1 j=1 s=1
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"
oy, a7 B B

Pertenusi  ciekrpaibHoit  npobiembr (A, B,C') coBHajaloT €O *—IPEJCTABJICHUSIMUA  AJIeOPbI
Prty Mo, Ms -

OxaszbIBaercs, 4TO CJI0KHOCTD aaredpbl Py M, Ms,y U CBA3AHHON ¢ Hell CIIEKTPaIbHOI IIPOOIeMbI
CYILECTBEHHO Pa3IndHa JJis rpadoB, ABJISIOIMXCA JuarpaMMami JIbIHKIHA, PACIIIPEeHHLIME TAarpaM-
MaMu JpIHKHHA U OCTAIbLHBIMU.

B snekrun, caemys [1,2], npuBejieHO perrieHue CrieKTpaJibHOi mpobaeMbl jyist uarpaMm Ipinkuna A,
(TL 2 1), Dn (’I’L 2 4), EG, E7, Eg.

JIuteparypa

1. C.A Kpyrmsk, C.B.ITomosuu, FO.C.Camoitnenko, IlpencraBiennst *—aaredbp, acconMUnpOBAHHBIX
¢ nmarpammamu Jlpraknaa // Ydensle 3amuckn TaBpnvecKoro HalOHAJILHOTO yHHBepcuTeTa, 16(2)
(2003), 132-139.

2. M.B.3asogosckuii, F0.C.Cawmoitnenko, O s—upejcrapienusx anaredp Pry, acCOUUPOBAHHBIX C
rpadavu praknna // TaBpud. BectHUK nHdopMaTnkn n MaremaTuku (2004)

OG6paTHble 3a4a49uU /AJIsi HECTAIIMOHAPHBIX ypaBHEHUI
IIpunenko A. U. (Mockea, Poccus)
PaccmaTpuBaeTcst psiyt IMHEHHBIX 1 HEJIMHEHHBIX OOPATHBIX 33189 /ISt yPaBHEHUH TapaboImIecKoro
THIA U BOJIONUOHHBIX YPABHEHUH B 6AHAXOBOM IIPOCTPAHCTBE.
19. PaccmoTpuM oy u3 o6paThbIx 3anad. Haiitn napy dynxmuit u(z,t) u f(z) us ycaosmit

G = Au+c(@)u+ (@, t)f(z) 5Q=90x(0,T), T>0
(1)
uli=0 = a() ulpax(o,r) = b(w, 1),

u(z,T) = (). (2)

IIpr COOTBETCTBYIONIMX YCIOBUAX UCCJIEYIOTCS CJIydan HEKOPPEKTHOCTH, (bPErobMOBOCTH W KOP-

pextrocTn 3agaun (1)—(2). Hanpumep, ecom f(x) mmercs B xacce Lo(S2), 1 € W2(Q), & € Wi (Q),

O(x,t) >0, %—‘f >08Q, (z,T) 260 >0, c(xr) <0,a=0,b=0. Torga cymecrByer eJnHCTBEHHOE
perrenne 3ana4u (1)-(2) B k1accax u € V[/22 1(Q), f € Ly(Q) u mueercst onenka yerofiunsocTn

ou
—| < CILY|,

1A < CILYIL el < LY, |5,

riae L = A + ¢(x), Hopmbl GepyTest B ipocTpancTse Lo(€).
20, Amajiormuno craBuTCcs HeqmHelHas obpaTHad 3amada. Haitru napy dyukmuit u(z,t) u c(z) < 0
U3 YCJIOBUIA

% = Au+c(z)u+g(z,t) B Q, u‘

)

= U =b(x,t 3
t=0 ‘8Q><(0,T) (2,1), (3)
IIpu cOOTBETCTBYIOMNX OrPpAHMYCHUAX 330498 OKA3bIBAETCH KOPPEKTHOI.

30, TIpuBomsITCS AHAJIOIMYHBIE MOCTAHOBKN OODATHBIX 3aJad IS VPaBHEHUSI TEPBOTO TOPSIKa B

0aHaxOBOM IPOCTPAHCTBE. Y KA3BIBAIOTCS YCJIOBUsS (DPEArOJbMOBOCTH U KOPPEKTHON Pa3penmMOCTh
srux 3a7a4d. OTMeUaeTcsi CBs3b OOPATHBIX 3aJa4 C HEJOKAJbHBIMU 110 BPEMEHH IPSIMBIMHU 33 1aTaMu.

[1].
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JIureparypa
1. Prilepko A. I., Orlovsky D. G., Vasin I. A. Methods for solving inverse problems in mathematical
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O moJsiHOTE COOCTBEHHBIX (PYHKIUN ITyYKOB
OOBIKHOBEHHbBIX An(dpepeHInaibHbIX OIePaTOPOB
Poznos B. C. (Capamos, Poccus)

Uccnenyercss n— u m—kparaas noaaora (m < n) B Lo[0, 1] cobecrBennbix dyukuuii (c.d.) myuka
L(\), mopoxaennoro auddepeHuanbHbIM BbIPAsKEHIEM

l(y7 )‘) = Z pS]Asy(3)7 pS] S C? Pon 7é 0)
s+j=n

Ha unTepBaJe [0, 1] n IBYyXTOYEUHBIMI KPAEBBIMU YCJIOBUSIMU

Uu(y7 )‘) =U, (ya )\) + Uy, (y7 )\) = Z )\S[aysjyu)(o) + ﬁusjy(J)(l)] =0, v= 17—”7
s+j=n—1
Tae ysj, ﬁusj e C.
[Tpu HEKOTOPBIX BecbMa ODOIIMX YCJIOBUSX Ha Hapamerpbl nydka L(A) dopmynupyrores mpocrbie
JIOCTATOYHbIE YCJIOBUS N— U M—KpaTHOi moaHoTEl (m < n) B Lo[0, 1] c.d. myuka L(\). IIpu arom psij
pe3yabTaToB (POPMYIUPYETCs B TEPMUHAX CJIELYIONIMX BEKTOD (DYHKITHI

Uio(yj, M) U1(yj, A)
Vioys= | 0w s et | PN o1
Uno(¥5, \) Un1(yj, A)

rze gepes {y;(z, A) }} obosnauena dyngamenTanpHas cucreMa pemtenuit y;(z, A) = exp(Aw;z), j = 1, n,
ypasaenus [(y,\) = 0, {w;}} ecTb KOPHI XapaKTEPUCTHIECKOI'O yPABHEHHSI

Z DPsjwWi = 0.

s+j=n

IToTeHIMAaNBI C TVIOTHOCTHIO U3 MPOCTPAHCTBA YETKUX CJIE0B
Pabenvxuti B. C. (Mocksa, Poccus)

[ToTeHnua b, KOTOPHIM MOCBSIIIIEH JTOKJIA, COCTABJISIIOT OCHOBY allllapaTa MeTOHda PA3HOCTHBIX IT0-
rernrmanoB (MPII), coBpemennoe cocrostane koroporo orpazkero B [1]. MPII npexnasnaden st juc-
KPETHOI'O MOJEJIUPOBAHUS PA3JIMIHBIX 3aJ1a9 MaTeMaTHIeCKON (PU3KHKH, a TaKzKe JJjisd YUCJIEHHOI'O pe-
[IEHNs] BHYTPEHHUX, BHEITHNUX, CTAIIMOHAPHBLIX ¥ HECTAIIMOHAPHBIX KPAEBbIX 3a/1a4 Il JUHEHHBIX -
depeHnaabHbIX YPaBHEHWH U CUCTEM.

B noxiae uznaraercs obimasi CXeMa IIOCTPOEHUS IOTEHIUAIOB C IJIOTHOCTBIO U3 IIPOCTPAHCTBA, YeT-
KHX CJIEIOB, COOTBETCTBYIOIIMX ICEBAOAN(PPEPEHIINAIBHBIX IPAHUYHBIX YPAaBHEHUN C IPOEKTOPAMUI
JJ1s1 perrennii mudpdepeHnnaabHbIX 1 PA3HOCTHBIX YPABHEHMIA, a TaK»Ke HEKOTOPbIE MPUMEPBI KOHKPEe-
TU3AIMK TOi cxeMmbl. [loTeHnuannl mis pemenuit quddepeHnnaabHbIX ypaBHEHH, TOCTPOEHHBIE 10
9TOI cxeMe, siBJIsIOTCsT Mo uKanueir u 0bobiennem norenrmanos Kaspuepona-Cuim [2,3|, koropast
BMECTO CHUMBOJIOB JudepeHnnaabHbIX YPaBHEHUI HCIOJIB3yeT orneparopbl ['prHa HEKOTOPBIX BCIIO-
MOTaTeIbHBIX KPAeBbIX 3a/1a9 B IMPOCTHIX 00JIACTSIX IIPHU IIPOCTHIX KPAEBBIX YCJIOBHUSIX, BHIOOP KOTOPBIX
JIOITyCKaeT IMHPOKHUI mpou3Boji. B orimame or morennnaaoB KaibaepoHna moTeHIMA b, IOCTPOEHHBIE
110 9TOH cxeme, JOIYCKAIOT AIIPPOKCUMAINIO AUCKPETHBIMUA Pa3HOCTHBIMH ITOTEHITUAJIAME, KOTOPDIE
ITOCTPOEHBI JIJIsT IMHEWHBIX Pa3HOCTHLIX YPABHEHUN W CUCTEM Ha HEPEryJIIpPHOW MHOTOMEPHOI ceTKe u
JIOITYCKAIOT UCIOJIB30BAHNE KOMITBIOTEPOB. D10 npugaeT MPII koHcTpyKTHBHOCTSD.

Hens mokaama — GopMyTMPOBKA HEKOTOPBIX HEPEIIEHHBIX BOIIPOCOB TEOPUH MOTEHITHAIOB. | JTaBHBIM
00pa30M, 9TO BOIIPOCHI KOHKPETUBAIUN OOIEl CXeMBI JIjIs PA3JIMIHBIX HHTEPECHBIX KJIACCOB 3314, IIPU
KOTOPOIi ycJI0BHBIE OOIIIIe TeOpeMbl U KOHCTPYKIMHU U3 [1| cranoBsiTcst 6e3yC/0BHBIMU.

B jokiajie IPUBOJSATCS MPUMEPBI IPUKJIAJIHBIX 3a1ad U3 [1|, KOTOpble yrKe peIleHbl ¢ HOMOIIbIO
MPII. 9ro cuenano, 4To6bl 000CHOBATEL COJAEPKATEILHOCTH TEOPUU U IEJIECO0OPA3HOCTD €€ PA3BUTHSI.

JIuteparypa
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Paboma noddeporcarna eparnmom PODOU 05-01-00801

HekoTopsbie Bonpocs! (pyHKIMOHAIBHOIO aHAIN3A
C TOYKM 3PEHUs] TEOPUU PEIIEeTOK
Cambopcerkuiy C. H. (Université Caen, France)

Uccnenyercs, Kak MEHAIOTCSI BaXKHbIE TOHATHSA (DYHKIIMOHAJIBHOIO aHAJIN3A, €CJIU CTPYKTYPa JIMHEH-
HOT'O TIPOCTPAHCTBA U, COOTBETCTBEHHO, JIMHEHHBIX (DYHKITMOHAJIOB, 3aMEHSIETCS CTPYKTYPOUH YacTUd-
HOTI'O IIOPSJIKA.

AHAJIOrOM KJIACCHYECKOTO MIIE0EPTOBa IIPOCTPAHCTBA L2 CTAHOBUTCS BBOJNMOE aBTOPOM HPOCTPAH-
CTBO S, cocTosiee U3 KJIACCOB SKBUBAJIEHTHBIX (DyHKIui. OTHOIIEHNE SKBUBAJIEHTHOCTH — 3TO COB-
najienrie (bYHKIMI HA HEKOTOPOM MHOYXKECTBE BTODOIl Kareropuu 1o bBapy, a mnpejcraBuTe/in B 9TUX
KJlaccax — (DYHKIUH, Y KOTOPBIX MHOXKECTBO UX TOYEK HEIPEPBIBHOCTU BTOPO# Kareropuu. B sTom
IPOCTPAHCTBE UMeeM CTPYKTYPY PELICTKU, KOTOpas OKa3bIBACTCH YCJAOBHO IIOJIHOM, a TaKXKe BEKTOD-
HOT'O IIPOCTPAHCTBA.

B S BBOSMTCH MeTpuKa, IpeBpaliaoias S B IOJHOE METPHYIECKOE ITPOCTPAHCTBO U 00JIaIaI0IIast
CJIEJIYTOIIMM 3aMedaTe/bHBIM CBOHCTBOM (OCHOBHOM pe3y/IbTaT JOKjIaja): ecan A — moaperierka B .S,
MHBapUAHTHAST OTHOCUTEILHO MPUOABIEHNST KOHCTAHT, TO METPUYIECKas IIIOTHOCTL A B S 9KBUBAJIEHTHA
PeleTHOoN! IIJI0OTHOCTH.

T'unoresza Kamepona—paeria
Canoorcenro A. A. (Mocxkea, Poccua)

MHuozkecTBo A uncesr Ha3bIBAETCsI CBOOOIHBIM OT CyMM, ecyn 6 + b ¢ A st mobsix a,b € A. Ilycrs
s(n) — 9uCI0 MHOXKECTB, CBOOOHBIX OT CyMM, B oTpe3ke esbix uncen [1, n]. II. Kamepon n I1. Dpaem
npe ooz, uto 5(n) = O(2/2). Coobuienne cOCTONT B TOKA3aTeIbCTBE 3T0M rurmoressr. Toumee,
nokaseiBaercst, ato s(n) ~ Cp - 22 mpn wernwix n u s(n) ~ Cp - 20HD/2 npu mewermpx n, nue

Cp=6.0...,C1 =5.0....

Annpokcumanus tTuna Mionna—Caca B IIPSIMBbIX IPOU3BE/IEHUSX POCTPAHCTB
Cedneuyruti A. M. (Mockea, Poccua)
[Iycrs E1 = E1(0,1) u By = Fo(1,00) — 6aHaX0BbI IpOCTPAHCTBA (DYHKIH, ONPEIEJIEHHBIX COOT-
sercreenno Ha (0,1) u (1,00), nycrs E = F} ® Ey — ux npsiMmoe IpOU3BEJICHUE, T.e. IPOCTPAHCTBO
dyuknii, onpeeneHHbx Ha R4, ¢ HOpMOIi

Iflle = Az + [ foll 2,

rie f1, fo — cyxenns f Ha (0,1) u (1,00) coorBercTBeHHO. PaccmarpuBaeTcst BOIPOC O TIOJHOTE CHCTEM
9KCIIOHEHT

(e_’\”t)oo , Rel, >0 (1)

n=1
B npocTtpancTBax £ = Fy ® Es. ITo Teopeme Caca ycioBue

o0
_ = m
L+ [Apf?
n=1
SKBUBaJIeHTHO TIostHOTe cucteMbl (1) B L2(Ry). A E
+). ABTOpPOM OIMCAHbI MIPOKUE KJIACCHL IPOCTPAHCTB E,
E», xorpa yciosue (2): 1) HeobxoaumMo Jitst HOTHOTHI cucteMsl (1) B E, 2) 10cTaTOYHO J1JIst TAKOM HOJIHO-
Thl. B KauecTBe ciie/IcTBUSA 10JIyYeHO paciupenue TeopeMbl Caca, T.e. MpeyIozKeH Habop IPOCTPAHCTB

E1, takux, uro ycsosue (2) HEOOXOAMMO U JOCTATOYHO JIJIsl IIOJHOTHI cucTeMbl (1) B mpocTpaHCTBe
Ey @ Wi (1,00), m € Z,.
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DBOJIIOIMOHHAS 33/1a9a C UHTErPAJIbHBIM yCJIOBUEM
Cunvuernxo 0. T. (Bopowneotc, Poccus,)

B 6amaxoBom mpocrpancTBe E paccMaTpuBaeTcs ypaBHEHUE
= A(t)x, te]0,1], (1)

rie A(t) — ceMellcTBO JIMHEHHBIX OepaTopoB ¢ obsacTbio onpenesnenns D(A(t)) = Dy, miis KOTOpPBIX
IIPH KasKJIOM ¢ CyTIecTBYeT orpaHmteHHble obpaTHble omepaTophl A~l(t), aBnstomumecs HempepBIBHO
muddepenipyembivu B Hopme L(E). [Ipesamnonaraercsi, 9To cyiecTByeT ceMeiicTBO JIMHEHHBIX Orpa-
HUYEHHBIX olepaTopos (paspermaronux oneparopos 3anaun Komm) U(t,s) (0 < s < t < 1) co cBoii-
CTBAMMU:

1) U(t,s): E— Dy;2) U(t,s) =U(t, 7)U(T,s) (s <1 < t);

3) U(t,t) =1;4) oU(t,s)/0t = A(t)U(t, s) B cmbicite HopMbl L(E) 1 HenpepsIBHO 110 t > §;

5) IU(t,s)|| < exp[—w(t — s)] upu HeKoTopom w > 0.

CraBurcs 3a/1aua OTBICKAHWSI KJIACCHYIECKOTO PellleHnst ypaBHeHust (1), yA0BJIEeTBOPSIIOIIErO YCAOBHIO

1
/ o(t)(t) dt = 2o, 2)
0

rie ¢(t) — 3amanHas zHenpepbiBHO Auddepennupyemas Gynakmms, ¢(0) # 0, £¢g — 3aJaHHBIIT SJIeMEHT.
Teopema. I1ycTb BBITTOTHEHBI YC/IOBUS:

¢(1) ‘ -1 1 —1/q\/
—SHAOAT D <, 7 1AO)[OAT ()] < g
‘90(0) S e(0)] b
¢ mekoropbiM ¢ < 1. Torga auist smoboro xg € Dy perienne 3ana4uu (1)—(2) cymiecTByer u eJnHCTBEHHO.
Ormerum, 9To yeaoBue xg € Dy siBiasieTcst HeoOXOAUMBIM. J{0CTATOUHBIMU JIJTsT pa3peInMOCTH 3a,/a-
an (1)—(2) sABISAIOTCS yCIOBHSL:

1

1
/gp(t)]dt, /||A(t)\dt< | wmn sup||A@)] < 2
t
0 0

pu JoboMm xg € F.
Paboma noddeporcarna PODPU, npoexm 04-01-0014.

KBasuaBTOMOAEIBHOCTh COGCTBEHHBIX 3HAYEHUN
cdeponIabHbIX BOJTHOBBIX (byHKIIHIT
Cropoxodos C. JI. (Mocksa, Poccus)

Paszpaboran a3 ek TuBHBIN MEeTOJ] BEIYUCIEHNST YTIJIOBBIX U PAUATBHBIX CPEPOUIAIBHBIX (DYHKITHI
B 0BITIEM CJlydae KOMILIEKCHBIX TTapaMeTpPOB U apryMenTa. MeToj| oCHOBaH Ha TOCTPOEHUN Pa3JIOXKEHU
B O0CODBIX UM PEryJISIPHBIX TOYKAX W HA YHCJIEHHO YCTOWYNBOM PEIIEHUN PA3HOCTHBIX yPABHEHWH JIJIst
K03 DUIUEHTOB PABJIOKEHHIA.

st coberBenHbIX 3HAa4YeHUit A\(m,n,c), rae ¢ — mapamerp BbITSHYTOCTH cdepouia, m — HO-
Mep TapMOHUKHU BJIOJIb MApaJIiesid, 1 — HOMEP COOCTBEHHOTO 3HAYEHWUsI, BBEJIEHA HOBas TepeMeHHasI
d = d(m,n, c) u nonydena 3aBucuMocTb A = n(n + 1)®(m, n,d) rakas, IT0 HECKOIBKO MEPBHIX KOI(D-
dunmenros paznoxenus Gyuknun ®(m,n,d) B Toukax d = 0 u d = 00 He 3aBUCSIT OT HAPAMETPOB M U
n. DTo CBOWCTBO 0beCIeInBaeT BBICOKOTOUHOE coBrajenne dyukiuii ®(m,n,d) npu d € [0, 00) u pas-
JIMYHBIX 3HAYCHUSX M U N U [MO3BOJISIET BBECTH IIOHSITHE KBA3MABTOMOJEIHLHOCTH 3HaUYeHUil A(m,n, c).
YBesnuuBasi YUCI0 HE 3aBHCANIAX OT m U n KoddduimenTos pasnoxenusi Gyaknun P (m,n,d), mo-
CJIeZIOBATENILHO TI0JTydaeM Bee Hosiee TouHoe coBnajenue dbyukuit $(m,n,d); npu 5T0M 3aBUCHMOCTD
¢ = ¢(m,n,d) aBisiercst paroHaIbHO dyHKIME or m, n u d Bce H6osiee BBICOKOI crenenu. O6mmpHbIe
BBICOKOTOYHBIE BEITUCIECHIS U MCITOIB30BAHNE CUMBOIBLHBIX TTPEOOPA3OBAHNN B CHCTEME KOMITHIOTEPHOI
asredpsl MAPLE-9 moarsepauin 93¢ OeKTUBHOCTD MOy YeHHBIX 3aBHCUMOCTEH.

Paboma swvinoanena npugurarcosot noddepocke PODU (kodvw npoexmos 04—01-00773 u 04—01-
00723)
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KoMmIakTHbIe 1 HEKOMIIAKTHbIE BO3MYIICHUSI
HEJIOKAJIbHBIX 3JUIMIITUYECKUX KPaeBbIX 3a/a4
Crybavesckut A. JI. (Mocksa, Poccus)

PaccmarpuBaerca ypasuenue Ilyaccona B orpanndenHoit o6sactu () ¢ KOHEIHBIM YUCIOM YTJIOBBIX
Touek miu pebep. Ha riagkom (n—1)—meprnom muaoroobpasuu I'y C 0Q) 3amaeTcst CBSA3b MEXK /Ty 3HAYCHI-
SIMP HEM3BECTHOI (DYHKINN B KaxK 101t Touke x € I'] ¢ ee 3HadeHnsiMu B Touke w(x) ¢ K03bOUImeHTOM
be C®, rae w — muddeomopdusM, oTobparKalomuil HeKoTopoe oTKphIToe MHoxkecTBo 7 (I'1 C 7) Ha
w(y) rak, ato w(I'1) C Q. Ha rmankom (n— 1)-meprom muOroobpasuu 'y = 0Q\I'; 3anaorcs ycrosus
Hupuxite.

[Tokazano, 4ro HesoKaIbHLIN dieH b(x)u(w(z))|r, He sABIsgeTCs KOMIAKTHBIM Bo3MyIeHneM. Tem He
MeHee, B ciydae, korja ['s = @ u w(9Q) C @ j0oKa3aHO, 9YTO PACCMATPUBAEMYIO HEJIOKAJIBHYIO 33/1a9y
MOZKHO CBECTH K OllepaTopHOMY ypaBHeHuto B upocrpancrse Cobosesa suga (I+T)v = f, rae T — kom-
makTHBII oneparop. B ciaydae 'y # O u w(f‘l) N fl N f‘g = J paccMaTpuBaeMad HeJIOKaJIbHas 3a/1a4a
CBOJIUTCsI K OIIEPATOPHOMY yPaBHEHUIO B BecoBoM npocrpancTse Konaparwesa (I + 711 4+ To)v = f, rae
Ty, T2 — KoMMakTHbIe orepatopsl. B ciayuaae 'y = @ u w(T'y) N Ty N Ty # O anasornynbii pesyibrar
SIBJISIETCSI HEBEPHBIM, T.K. COOTBETCTBYIOIIAs JIOKAJIbHAs 3a7a4a Jupuxje MoxkeT ObITh (HpearoabMo-
BO#i, a HeJIoOKaJbHAasI 3a/1a4da — HedpearoabMoBoit 1 Ha000pOoT. Pe3ymbrarsl 00600IeHbl Ha TPABUIBHO
QIIJIUIITUYIECKUE YPpaBHEHU A IIOPATIKA 2m C O6H_LI/IMI/I KpaeBbIMHU YCJIOBHUAMHA U COOTBETCTBYIOIIMMUA HEJIO-
KAJIbHBIMU TJIeHAMU.

O meycroitunBocTu HUTryp paBHOBECUS Bpallarolneiics
BS3KOIl HECXKMMAaEeMOl KaIlNJIJIAPHON >KUJJIKOCTU
Cononnuros B. A. (Canxm-Ilemepbype, Poccus)

Qurypa paBHoBecust F HEC2KUMaEMOil XKUJIKOCTHU, ITOIBEPYKEHHON AefICTBUIO CUJI TOBEPXHOCTHOI'O Ha-
TSIPKEHUSI U CAMOI'PABUTAIINU U BpaIaloIeiicss KaK TBEP/I0e TeJIO BOKPYT OCH I3 C IIOCTOsIHHOM yIJIOBOM
CKOPOCTBIO W, OIPeJesisdeTcs YypaBHEeHuEM

2

?(x%—Fx%)—F%L{(:c)—Fpo:O, xeG=0F, (1)

rie pp = const, 0 — IOJOKUTEIBHBII KO3(D(DUIMEHT IIOBEPXHOCTHOIO HATSIXKEHUS,  — I'PABUTAIIOH-
Hast nocrostnnas, H(x) — yaBoeHHast cpeiHsig KpuBu3Ha G B ToUKe = (OTpUIATEIbHAS JIJIST BBIILYKJIBIX
nosepxuocreit), U(z) = [ FlT - y|~' dy — HBIOTOHOB TOTEHIMA; IIOTHOCTD JKUKOCTH MPHHSATA PaB-
Hoit exuaune. Ciydaii orcyrerust rpasutanuu (» = 0) He ucksodaercs. [Ipemnoaaraercsi, 9To MEHTP
TskecTH F HAXOJUTCS B Hadaje KOOPMHAT. YTJIOBOI MOMEHT BPAINAIOIIEHiCs KUJKOCTH apaJLiesieH
OCHU BpAIlleHUsl U BeJIMIMHA ero pasHa [ = w f]_-(x% + x3) d.

VYpasuenue (1) siBisiercs ypaBHeHHeM Diijiepa it (DyHKIMOHAIA OTEHIIUATBHON SHEPIUN

2 dxd
R=0ol|+ —5—5— p //‘ y —polQ,

Jo(@? +23)d

oH(z) +

OTIpeJIETIEHHOTO Ha MHOXKecTBe obyacteit () 6imskux k F; ' = 9N). ObmenpuHATEIM KPUTEPUEM YCTOM-
quBoCTH F SBJISIETCS MOJIOKUTEILHOCTD Bropoii Bapuamun R. Ecu I' = {z = y + N(y)p(y), y € G},
rie N — eIuHUYHAS BHEMTHSAST HOPMAJIb K G, TO

Rl = [ @196QW — b)s?) ds - / / ) d5ydS:

!z—y\
g

2

2 ou
. )d /P|y’|2d5’ , b= U('H2 —2K)+ w—+w (y1N1 + yaN3),

+f}_(:c% + 23) dx ON

K(y) — rayccoBa kpusuzaa G. Oyuknus p(y) A0KHA YAOBIETBOPSTH YCIOBHIM OPTOrOHAILHOCTH

/p(y) dS =0, /p(y)yz- dS=0, i=1,23.

g g
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Crporoe ornpaBiaHue 3TOr0 KpUTEpHsi, OCHOBAHHOE Ha AHAJIM3€E TIOBEJIEHUs] PEIIEHUsT SBOJIIOIIUNOHHON
381891 JJIsi BOSMYIIEHHUI CKOPOCTH, JIaBJICHHs 1 CBOOOHON I'PAHMIIB! KHUIKOCTH, JaHo B [1-3]. Hacro-
sitiee COODITIEHNE MTOCBSIIEHO JIOKA3ATEIHCTBY HEYCTOWIUBOCTU OCECHMMETPUIHON burypsr F, Korjga
yesosue 02R > 0 napymeno. OCHOBHBIM MOMEHTOM $IBJISIETCs UCC/Ie0OBAHNE JIHHEAPI30BAHHOI 33, 1an
JUIsT BO3MYyTIeHust, ocHoBanHoe Ha miesx H. 1. KomaueBckoro, uznoxkenubix B [4], rir.9.
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2. B. A. Cononnukor. O6 ycTONIMBOCTH OCECUMMETPUYECKUX (DUTYD PABHOBECHST BPAIAIOIEHCST
BsI3KOIl HeczkmMaeMoit ykujkoctu. Ajrebpa u anaius, 16 (2004), Bbim.2, 120-153.

3. V. A. Solonnikov. On the stability of non-symmetric equilibrium figures of rotating viscous
incompressible fluid. Interfaces and free boundaries (B neuarn).

4. N.D. Kopachevsky, S.G. Krein. Operator approach to linear problems of hydrodynamics, Vol.II,
Birkhauser, 2003.

MareMmaTuvecKue acoeKTbl aHAJIA3a
AUHAMUKHN COIMO—KOHOMMUYECKNX CHUCTEM
Conuc M. (Ynusepcumem Bap-Haan, Hzpauav)

B sToM mokiaze paccMaTpUBaIOTCsI CJEAYIONINE BOIPOCHI, TPeOyIOIIe IeTaJIbHOTO UCIIOIb30BaHUS
MaTEeMaTUIeCKNX CTPYKTYP U UX JaJbHEHAIIero pasBuTHs:

I. TlpuHnunbl ¥ MeXaHU3MBI YCJIOXKHEHUs/ YIPOIIEHUsI CTPYKTYPBI M 9BOJIONUH CJIOKHBIX COIIO—
9KOHOMHYECKUX CHCTEM.

II. Vcnosb3oBanne SMIUPUIECKUX PEryISPHOCTEN COMaIbHbIX HAYK.

1. IlpuHIUI CyIIepHoO3uINy U HPUHIMI ONTUMU3AINN B JIMHEHHBIX CHUCTEMaX W TEOPHUs BBIITYKJIBIX
MHOTOI'DAHHUKOB.

2. DKOHOMUYECKHE CHCTeMbl 3arpar—Bbinycka JleoHThbeBa M TeOpHUsi MPOU3BOJIBHBIX BO3MYIIEHUN
OOpaTHBIX MATPHUIL — I10JIsT BJIMSTHUST BO3MYIICHUIA.

3. BeposiTHOCTHBIE paciipeie/ieHus Ha IJIOCKOCTH U B IIPOCTPAHCTBE W TEOPHUsl IUCKPETHBIX HeJIMHEH-
HBIX BEPOSITHOCTHBIX IeIell U UX MPUJIOXKEHNE K TEOPUU MPEICKA3AHM.

4. Indpdys3ust HOBOBBeEHN B 0OIIIECTBE U MPOCTPAHCTBE M TEOPHS JIOT-JTUHERHBIX cucTteM mudde-
PEHITUAJILHBIX YPABHEHUH.

5. CormmaJ/bHble JUTHI U MPUHIUI KOJJIEKTHBHOCTA B MHAUBUIyaJ bHOM BhiGope "Hemoseka Cornu-
AJIHOIO" B KOJIJIEKTUBAaX — BAPUAIMOHHBIN aHAJIN3 CTOJIKHOBEHMS KYIBTYD KaK peaju3allis IPUHIIAIA
arpecCUBHOTO HEIIPUSITHUSI.

6. JluckperHas He/JUHEHHAs COMMOINHAMUKA W UCIHUCIeHne OndypKarmii.

W310keHne IPUHIIMIIOB U MEXaHU3MOB COIIMO-9KOHOMMYECKON IIPOCTPAHCTBEHHON MTUHAMUKU UJLIIO-
CTPUPYETCST MHOTOYKC/IEHHBIMU IIPUMEPAMU 13 COIMAJIbHBIX HAyK: M3 TEOPUU MUTPAIINN, TEOPUHU IEH-
TPAJILHBIX MECT, TEOPUHU IIPOCTPAHCTBEHHBIX IIPOU3BOJICTBEHHBIX [IMKJIOB, T€OPUHU (pparMeHTallluy IIPOo-
MU3BOJCTBA, JIMHEIHOI'O W BBIMYKJIOTNO MIPOIPAMMUPOBAHUS, TEOPUM UT'D, TEOPUH MHOIOIEJIEBOIO IPO-
IPAMMUPOBAHUSI, TUHAMHIECKON TEOPHUH 3aTPAT-BBIILYCKA, TEOPUH IOJIell BJIMSHUS TEXHOJOTHTIECKUX
HOBOBBEJICHUIi, TEOPUH IIPOrHO3ZUPOBAHUS JUCKPETHBIX BEPOSITHOCTHBIX Ileneil, Teopun auddPys3un Ho-
BOBBE/ICHUII U TEOPUU ITHOICHE3A.

Kpuruyeckne 6udypKamnoHHbIe MHOTOOOpa3us
HEJIMHEHOU MUCKPETHOU NMHAMWUKN B KOHEYHOMEPHOM ITPOCTPAHCTBE
Conuc M. (Ynusepcumem Bap—Haan, Uspauav)

B sT0it craThe mpeacTaBiieHa IPOLELyPa JIOKAJIBHOIO OMdypPKAIMOHHOIO aHAJIN3a HeJIMHEHHON Ko-
HEYHOMEPHON IMHAMHUKH. DTa MPOIeaypa OCHOBAHA Ha JIBUXKEHUU HEMOIBUKHBIX TOUYEK HEJMHEHHOI
JuHAMUKN B mpocTpaHcTBe opbut. Kiaccuuecknit meron Kona—Illypa acuMmToTutdeckoit ycToianBo-
CTH PACKPBIBAET TOHKYIO CTPYKTYPY TPeX KPUTHIECKUX OndypPKAIMOHHBIX MHOI00Opa3uii: JByX -
MIEPILJIOCKOCTEN — PaCXOIUMOCTH U IBY-IIEPUOJMIECKOr0 YIABOGHUS U CEJIOBOIO (DJIATTEPHOrO MHOIO-
6pa31/15{, TIOPO2KJICHHOT'O JABU2KCHUAMMN KOHECIHOMEPHBIX CUMIIJIEKCOB B IIPOCTPAaHCTBE Op6I/IT.
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Ncuncnenne budypkrauit KOHEITHOMEPHON HEJTUHENHON JUCKPETHOM IMHAMUKH IIPEJICTABIEHO B BU-
Jie TI0CJIeTOBATEILHOCTH BBIYUCUTE/IHLHBIX ITANIOB, M300PAXKAIONINX CoJepKaHre aHaan3a. Busyaan3a-
mus Mcauncnenust 6udypKanmuii J1eMOHCTPUPYETCsI IPUMEPOM ODIIEN3BECTHOIO IIpeobpa30BaHmsl JHHO
1 [IPUMEPOM JIMCKPETHON muHaMuKn pacupenesienus Tpyna u Kanurana B 1eHTpe U epudepuu 9Ko-
HOMHMYECKOU CUCTEMBI B IPOCTPAHCTBE.

O HEKOTOPBIX AUCKPETHBIX MOJEJIsIX (PMHAHCOBOTO PBIHKA

Cmebaoscras B. P. ( Boston, USA)

PaccmarpuBatoTcsa Mozem COBPEMEHHOrO (PUHAHCOBOI'O PhIHKA C JTUCKPETHBIM BpemeHeM. 11omapob-
HO BBOJUTCs OasoBas Guuapnasi mozesb (Cox—Ross—Rubinstein, 1976) u ee o606mienust B paborax
Tessitore-Zabczyk (1996), A. B. u C. A. Haraesbix (2002). IIpuBo/isiTcst HOBbIE BBIUNCIUTEIBHBIE AC-
nekThl Mozesin Haraesbix, mosydaenubie B 2003-2004 rogax L. Kimball, B. P. Crebosckoit u A. B.
Haraesbim. Takzke paccmarpuBaercst jaByMepHasi Gunaprasi mojiesib (A. B. Haraes, B. P. Cre6iosckast,
2004). O6cyKIAI0TCsT BOIIPOCHI MOJHOTHI PHIHKA, & TAKXKE XeJZKUPOBAHUE U OlEHUBAHUE €BPOIEHCKUX
OIIIMOHOB B YCJIOBUSIX HEIIOJIHOTO PBIHKA.

Double operator integrals and commutators
Sukochev F. A. (Flinders University, Adelaide, Australia)

Let H be a separable Hilbert space, M C L(H) be a semi-finite von Neumann algebra equipped
with faithful normal semi-finite trace 7. If E(0,00) is a rearrangement invariant function space, then
€ = E(M,7) denotes the corresponding "non-commutative symmetric operator space". If M = L(H)
and 7 = T, then £ is a (classical) symmetrically normed ideal of compact operators. An R—flow on
(M, ) is an ultra-weakly continuous representation v = {7y }ter on M by s—automorphisms of M,
which are 7-invariant. Representation 7; has a unique extension vF on £. The group {7 }icr is a
strongly continuous group whenever F(0,00) is a separable space. Let infinitesimal generator 6% of
{7F}ier be defined as follows:

E —
Dom(6¥)={zc&: || |.— %ir% %(a;# exists},
E —
@)= - PI% W, z € Dom(5F).

6% is a densely defined closed operator whenever F(0, o) is a separable space, moreover, 6 (z*) =
(07 (2))",
6F(xy) = 6% @)y + 265 (y), x € ENM, y € ENM.

Hence, §F is a partially defined derivation on M.

In this talk we discuss the following

Problem. For which scalar functions f, we have f(z) € Dom(6¥) whenever x = x* € Dom/(6¥)?

In particular, it is shown that the answer is positive for every f € C17¢, ¢ > 0 and every separable
E. Furthermore, if E = Ly(0, 00), then the result holds for an arbitrary f € C! such that f(0) = 0.

Ilpumenenune CUHTYJIIPHBIX MHOT00OOpa3uii B 3aJadax
ypasJienus ¢ pa30BbIMUA OrPAHUYEHUSIMU
Xanaes M. M. (Mocxesa, Poccusa)

Brojsitest B paccmoTpenue cucteMbl TuddepeHInaibHbIX YPABHEHUH, [IpaBble YaCTH KOTOPBIX 00-
palllaloTcs B 00 Ha HEKOTOPBIX T'MIIEPIOBEPXHOCTAX B IIPOCTPAHCTBE IE€PEMEHHBIX, OHH Ha3bIBAIOTCS
CUHT'YJIIPHBIMU MHOroOOpasusimu. [Ipemjaraerca kiraccudukaiius 3Tux MHOroobpasmii. Paccmarpusa-
ercs 3aJia9a yIIpaBJIeHUs JUHAMUIECKON CUCTEMON ¢ (DA30BBIMU OI'PAHUYEHUSIMU U OFPAHUYCHUSIMA HA
yiupasieHus. VIMeroripecss orpaHuYIeHUs BBOJSITC B CUCTEMY KaK CHHIYJIsIpHbIe MHOrooOpasusi. [Ipu
9TOM JIJIsI YIIPABJIEHNN TAK2Ke 3alliChIBAIOTCs quddepenHnnabuble YpaBHEHUsI, COJAEPKAIINE OrPAHIIe-
HUsl B KA4eCTBE CUHTYJISAPHBIX MHOroobpasmit. Takum obpazom, 3ajia4ua ¢ orpannydeHusiMu Ha (a30Bbie
IlepeMeHHbIe U YIIPABJIEHUS CBeJleHa K 3a/1a4ue 0e3 OrpaHnveHnii, HO C CUHTYJISIPHBIMU MHOTOO0OPA3UMU.
AHATOTHIHBIN TIOIXO/T BO3MOYKEH U B 38Ia9UaX OMTUMATBHOTO YIIPABICHNUSI.
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OnepaTropHble MyYKHU 2-IO NOPSAKA U APOOHO—JIMHEiHbIe OTHOIICHNUS
Xaykesuw B. A. (Kapmusaw, Uspauav)

PaccmarpuBatorcst 2 MOHSATHS: OLEPATOPHBIN IIyYOK U OIEPATOPHOE JPOOHOJIMHEITHOE OTHOIIEHNE
— B UX B3aMMOCBA3U U B3aUMOBJIHAHNH. [Ipn 3TOM, yCIIOBHO rOBODsI, OTHOIIIEHUS — IIPEJIMET, IyIKU —
MeToj, n3ydenus. Bmecre ¢ TeMm, paccMarpuBaloTcs 3aja4u, (POPMAaJIbHO JIAJIEKO BBIXOJSINNE 38 PAMKHI
IIyYKOB M OTHOIIEHNI, HO B TO K€ BPEMsl, TECHO C HUMU BHYTDEHHE CBi3aHHBbIE. TaKKe IIPUBOJIATCS
pa3HOOOpa3HbIE MIPUJIOKEHNSI, B TOM YHCJIe, K HEABTOHOMHBIM JINHAMUYECKIM CHCTEMAaM.

PaccmarpuBatorcsa 3 coyyas:

I. JTuneiiabie nyukn P(X) = A 4+ BX u obimue cBoiicTBa JIPOOGHO—TMHEHHBIX OTHOIIEHHI.

II. Kagparuunsie nyukn P(X) = X AX + X B+CX + D u HenoJiBUzKHbIE TOUKH JPOOHO—JINHEHHBIX
OTHOIIICHU.

II1. Camoconpsizkennbie kBagpaTuyunbie nydku P(X) = X*AX+X*B+B*X+CcA=A*uC = C*,
U TOIOJIONO-TEOMETPUYIECKUE CBOMCTBA JPOOHO—JIMHEIHBIX OTHOINEHUN: BBINYKJIOCTb U KOMIAKTHOCTH
B ¢J1a0o0it orepaTopHOoit Tornosiorun 0bpa3oB Im u npoobpazos Dom ApOoOHO—IMHEHBIX OTHOIIIEHMUIA.

NHTerpajibHble ONepaTophl C siipaMu, Pa3PbIBHBIMUA HA JUATOHAJISX
Xpomos A. II. (Capamos, Poccus)

B JOKJIa/le pacCMaTpUBaeTCs I/IHTEFpaJIbeIfI orepaTop

1—x T
Af = / Al — z,t) f (1) dt—l—a/A(:E,t)f(t) dt, o #1, (1)
0 0

K]

rie A(z,t) yIoBIETBOPSIET YCIOBUSIM: %A(m, t) mpu s+j < 2 menpepoiBabl n A(x, ) = 1. Onepatop
(1) siBasieTcst ojHUM U3 HAUbOJIEe TIPOCTBIX BUJIOB HHTEIPAJIBHBIX ONEPATOPOB C siJIPAMHU, PA3PHIBHBIMU
Ha JIMATOHAJM U KOJMATOHAJIN.

Teopema 1 (pasnoczodumocmu). Ecom f(x) € L0, 1], To mmeer mecto

,«13?.1055?2%{_6 |Sy(, f) — oy (2, f)] = 0,

rae € € (0,1/2), d> = o? — 1, S.(x, f) — uwacTuunas cymma paga Oypbe 10 COOCTBEHHBIM M IIPUCO-
eIMHEHHBIM (QYHKIMSM oriepaTopa A Jyis TeX XapaKTepUCTHIECKUX IHUCEN \f, JJIsl KOTOPBIX |Ag| < 7;
or(z, f) — gacTHUHAsI CyMMa TPUIOHOMETPUYECKOro psiia Pypbe st TeX HOMEpPOB k, Jis KOTOPBIX
km <.

Teopema 2 (abcomommoti cxodumocmu). Ecim JOMOMHITEIBHO IPEIIONOKITE, 1T0 - A(z, ) = 0,
To st Besikoit dyukimn f(z) € C[0,1] N V[0,1] N Lipa npu o > 0 m f(0) = f(1) = 0 umeer mecro

OII€HKa:
S [ mran<c.
m ’Ym

e C > 0, ¥, — OKPYKHOCTH B A-TJTOCKOCTH OJHOTO W TOTO Ke PAINYCa § ¢ TIEHTPAMU B Aj.
Otu dakTsl nosydersl copmectro ¢ B. B. Kopuesbim.

ITonyrpymnmna pacupenesieHuil ¢ CUHIYJISIDHOCTBIO B HyJIe
Yeprwwos K. H. (Bopoweorc, Poccus)

[Ipu uzyvyeHun onpeieIeHHBIX THIIOB JIMHEHHBIX Jud dHepeHnnaIbHbIX BKIIIOUEHN B OAHAXOBOM IIPO-
crpaHcTBe X WIH JTHHEHHBIX JuddepeHnalbHbIX YPABHEHNN ¢ HEODPATUMBIM OIIEPATOPOM IIPH ITPOU3-
BOJHOW, JieficTBytoniuM u3 banaxoBa rnpoctpancrsa X B 6aHAXOBO IMPOCTPAHCTBO Y, BOBHUKAIOT ITOJIY-
IPYIIIBI pacIpeeentii, onpeaensemble na R, = (0, 00) (ma R ) ¢ HOMOITBIO HEKOTOPOI BHIPOYK IEHHOLT
CHJIBHO HENPEPBIBHON MOJIYyTPYIIIBI OEPATOPOB.

[Tox momyrpymmoit pactnpenesrennit B Ry (B @4_) HOHUMAETCsI BCAKWI HEIPEPBIBHBIA (B TPaIHUIHOH-
HOM ToHMManu#) roMoMopdusm F u3 amrebpsr Dy € {D(R,), D(R, )} 6eckoneuno muddeperuupye-
MBIX (PYHKIUI ¢ KOMIIAKTHBIM HOCUTEIEM U C Ollepaliueil yMHOXKEHUS — CBEePTKO# PYHKINN B aaredpy
End X.

Uccnenyercs xkiaace DS(0) Tak HA3BIBAEMBIX PA3JI0KUMBIX HOJIYTPYIII PACIPE/IeIeHUI ¢ CUHTYIIsP-
HOCTBIO B HyJte. [lomyaennbr (popMyJibl /i PEryJIsipDHON M CHHTY/ISIPHON YacTeil Pa3/I0yKUMON IMOJIyTrPyII-
uet F € DS (0), a Tak»Ke JJIsT ee reHepaTopa A, sIBJISIOIIErocsl TUHEHHBIM OTHOIIIEHIEM (MHOFOBHaHHbIM
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JHeHbIM orepaTopoM) Ha X. TIpuBojsiTest HEOOXOUMBbIE U JIOCTATOYHBIE YCJIOBHs TOTO, YTO 3aMKHY-
TOE JINHEHHOE OTHOIIIEHUE $IBJISETCS M€HEPATOPOM HEKOTOPON Pa3jIoyKUMOIl HOJIyIPYIIIbI pacIpesese-
uuit F € DS(0).

PaccmaTpuBaeTcst BOIIpoC O IIpeJICTaB/IEHUN OIPAHUYEHHBIX PeIeHuil JiJisi JInHeitHoro auddepeHiu-
AJIbHOTO BKJIIOYEHUS

z(t) € Ax(t) + f(t), teR,

koryia yHkiws f npunauiexut 6anaxosomy npocrpancrsy Cp(R, X) HenpepbIBHBIX 1 OrPaHUUEHHBIX
na R dyuknumit co 3nadenusmu B X.

I'mobanbHBIN aTTPAKTOP IMOJJYJINHENHOTO BOJTHOBOTO
YPaBHEHUsI C HeJIMHEHOW Auccumnanmuei
Qyewos H. /1. (Xapvros, Yrpauna)

I/ISy‘{aeTCH ACUMIITOTHYECKasd AUHAMHWKa BOJIHOBOI'O YpaBHEHUA BHUIA
ug + g(ug) — Au+ f(u) =0, z€QCR3 t>0.

[Tpu HEKOTOPBIX YCIOBUSAX Ha HeJWHEHHble (GyHKIUH ¢ U [ J0Ka3aHO CyIIeCTBOBaHUE TI00AIBHOTO
ATTPAKTOPa W KOHEYHOCTH €ro (ppakTagabHON pasmepHocTh. lIpemcTaBieHHBIN MOMXOM OMUPAETCS HA
JaJieko uayme 00obmennst Teopemsbl Jlomeca—Ilepona 06 acuMITOTHIECKON KOMIAKTHOCTHA B TEOPEMBI
ﬂaILBI}KeHCKOﬁ O pa3MEepHOCTH HMHBapUMaHTHBIX MHOXKECTB. Hpe,ZLCTaBJIeHHbIe pe3yabTaThl IOy Y€HBL
cosmecrno ¢ . Jlamerkoii [1].

JIuteparypa

1. Chueshov I., Lasiecka I. Attractors for second order evolution equations with a nonlinear damping
// J. Dyn. Dif. Egs., 2004 (to appear).

Spectral portraits of non self-adjoint Sturm-Liouville problems in the quasiclassical limit
Shkalikov A. A. (Moscow, Russia)

We shall describe the spectrum behaviour of the problem

ie®y" + q(z)y = My

y(=1)=y(1)=0
as ¢ — 0. Here € > 0, ¢g(z) is a real function and A\ is the spectral parameter. It is known that
the problem in question is closely connected with the celebrated Orr—Sommerfeld problem arising in
hydrodynamics.

There are papers which treat this problem for particular functions g(x) = x (the so-called Couette
profile), g(x) = (x + 3)%, B € R (Couette-Poiseuille profile) and for some analytic monotone functions

n [—1,1]. Our goal is to extend these results for much more general analytic functions. For short we
restrict ourself to the case of polynomial ¢(z).

We say that a point u € R belongs to the limit spectral graph of problem (1) if given any § > 0 the
d-neighbourhood of p contains the eigenvalues of the problem for all € < gy(d) provided that £¢(d) is
small enough.

Theorem. Let £;(X), j =1,...,n be the zeros of g(z) — A. Consider the lines

1
e ={recC /\/uq(g)—wf:o ,
el

(1)

+1
E={aec| [ Vila@-Nae=o;.

310V
(M)

— e /\/z(q(s)—A)ds:o
&N

Denote by I'g the limit spectral graph of problem (1) and by I' the union of all the curves above. Then
T’y is a connected subset of I'.
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Here we do not explain how to choose the path of integration in the definition of the curves. Certainly,
Theorem remains valid if we include in I' all the curves with all possible paths not intersecting the
zeros s(\) (which are not the end points). Actually, only some parts of the curves v, 'yjﬁ and v, do
belong to the limit spectral graph 'y (some of these parts can be empty). We can provide the rule how
to determine if a curve of I' between two neighbouring intersection points does belong to I'y.

OnepaTopHblii CMHTE3 U NPUJIOXKeHUs K AuddepeHnnaibHbIM yPABHEHUSIM
HTyavman B. C. (Boaozda, Poccus)

[Tokazamo, 9TO MPOCTPAHCTBO OrPAHUIEHHBIX ODOOITIEHHDBIX PEIIeHu!l YpaBHEHU s

Z2 Z2 u=20
P\ "oz oy)

MTOJTHOCTBIO OTTPEJIEJIEHO MHOTOODpasneM Hy/teil MHOTOUIeHa p. AHAJOTMIHOE YTBEPKICHNE B TPEXMEP-
HOM CJIy4ae HeclpaBeJJInBO.

JlokazaTebCTBO OCHOBAHO Ha OOIMUX pPe3yJbTaTaxX OIEePATOPHOIO CHUHTE3a JIJIsi CUCTEM JIMHEHHBIX
OllepATOPHBIX ypPaBHEHUM

n
Z A X By, =0,
k=1
rae {Ag}i_1, {Bk}}_, — KOMMyTaTuBHBIE HAOOPBI HOPMAJIBHBIX OLEPATOPOB. DTH PE3YIbTATHI, B CBOIO
0Yepe/Ib, UCIOIb3YIOT TEXHUKY alllIPOKCUMATUBHBIX OOPATHBIX CIIETEHUI [IJIs OIepaTOPOB yMHOMKEHUST
B Pa3IMYHBIX CUMMETPUIHO-HOPMUPOBAHHBIX HMealax. 1a »Ke TeXHHKa MO3BOJISET MOJydaTh pe3y/ib-
TATHI O CJIeJIaX KOMMYTATOPOB U KOJIMIECTBEHHBbIE BapuaHThl TeopeM Tuia Oyrauma—Ilarasma.

4

Ha neBsaTn ceknmonnbix 3aceganusx ObLIo cienano Oosee 60 mokmanos. Inesnoit rpaduk
paborsr [Ikosbr cocrostt m3 Tpex yrpennnx jekrmit (9.10-10.00, 10.10-11.00, 11.10-12.00),
JByX mocsieobeiennbix Jjieknuii (16.10-17.00, 17.10-18.00) u BeuepHUX CEKIMOHHBIX CEMUHAPOB
(c 19.15).

Kaxk u na npegppymux Kpeivckux Ocennnx [TIkonax, B cBoboanoe Bpemst yuactauku [[1ko-
JIBI HACJIAXK JIAJTUCH TUCTENIITNM, TEILIBIM MOPEM, PEJTUKTOBBIM JIECOM, HEIIOBTOPUMOIT IPUPOJIOit
BCell TTPeKpacHO IBEeHaIIATUKIIIOMETPOBOI JyTH 3ajmBa oT Mbica, Capbrd 10 Mbica Afis, n
okaitmrstionux ero rop Kym-Kaga n Unbsac-Kas. Kynbrypaas nmporpaMma BKIIFOYaJIa IMEIexo/l-
Hble U aBTOOYCHBIE SKCKYPCHUH, JEKIH 0 KpbIiMe, 3aMevuaTeIbHbI KOHIIEPT HA TPAIUIINOHHOM
bankere [lkosbl. Yuactauku Illkosnsr ormernin 70-jieTre co JiHs POXKJIEHUS U3BECTHOIO Ma-
rematuka JI. P. Bosesuua. /lunombr mouernoro jokropa KPOMIII nosyunin maremaTuku,
akTuBHO yuacTBoBaBime B pabore 10-tu Kpoimckux Ocennnx Maremarudeckux [Ikosr: crap-
it Hayuueiit corpygauk . 1. Yukpuit u npodeccop FO. T. Cunpaenko. K mauamy pabo-
et KPOMIII-2004 6611 3120 cOOPHUK TPYIOB Hpeablayieit mkosbl “Spectral and Evolution
Problems. V.14 — Simferopol, 2005, comepzkammuit 30 crareit obmmum obbemom 276 cTp.

Hawara mogaroroska xk uzmganuto coopunka tpyaos KPOMIII-2004. [IpurasaTo pemerne o mpo-
BejieHnn cierytorreit, 16-oit Kpoivckoit Ocenneit Matemarudeckoit [kossr B 2005 1., B Jlacim-
Barunmmvane, B Tpajurmonnbsle cpoku: ¢ 18 mo 29 centabps. Paccblika mepBoro coodiieHust
maHupyercs B cepejune saBapst 2005 r.

[Tonpobuyio undopmarmio o KPOMIIl moxkHO HOIyYuTh 10 3JIEKTPOHHBIM  aJpecaM:
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O PE®JIEKCUBHOCTU OIIEPATOPA (V, . f)(x ) [ F(e)w(t)dt
B [IPOCTPAHCTBE L,[0, 1]

n. 1O. JIOMAHOB

Keywords: PedmexkcuBnbiit ommepatop, OMKOMMYTaHT
IIycmo q(+) € Ly[0,1], w(-) € Ly[0,1] u g(z)w(z) = g(x)w(x) # 0 dran.e. x € [0,1]. B
pabome noayen Kpumepul pePaeKcusHOCMU HAMYPAALHBIT cmenenet onepamopa Vy
6 npocmpancmese Lp[0, 1].

[Iycts X —6anaxoBo mpocTpaHcTBo, B[ X |—mpocTpancTBo OrpaHnYeHHbIX JTHHEHHBIX Ollepa-
TOpOB, neficrBytomux B X, LatA — pemrerka Bcex MHBAPUAHTHBIX MOIIPOCTPAHCTE OMEPATOPA
A, AlglLat A—asre6pa ornieparopos B B[X |, ocTaBsionux H"HBAPUAHTHBIM KazKI0€ TI0[IIPOCTPAH-
crBo u3 LatA, AlgA — cirabo-3amkryTas nojaarebpa B[ X, nopoxaéunast oneparopom A € B[X]
u eauHnaHbIM oniepatopom I, { A} — 6ukommyTanT oneparopa A.

Onpepenienne 1. [8]|Oueparop A nasbiBaior pediiekcusnbiM, ecau AlglatA = AlgA.

[pyrumu cioamu, oneparop A pedirekcuBublit, eciu j11060it oneparop B, Takoit uto LatA C
LatB, mozkeT ObITh Hmpubimzken mosnHoMaMu ot A B cy1aboil omepaTopHOil TOIIOIOrHH.

OrmeruM, 9TO JIOKA3aTeNILCTBY PehUIEKCHBHOCTH PA3/IMIHLIX KJIACCOB OLEPATOPOB IIOCBI-
IIEHHO 3HAMUTEILHOE THCI0 PAboT (CM. [5] U CCBLIKE TaMm).

Iycte ¢(-) € Ly[0,1], w(-) € Ly[0,1] u ¢(z)w(x) = q(z)w(x) # 0 gua w.s. z € [0,1]. IIpn

3TUX OI'PAHUYEHUAX OILIEePATOP

Vi) @) = afe) [ Feuterar )

SIBJISIETCS. KBA3UHUIILIOTEHTHBIM U KOMIAKTHBIM B L, [0, 1].

Ormernm, uro omeparops! Buga (1), meitcrsyiomue u3 L,[0,00) B L,[0,00) mpeacraBisior
MHTEPEeC B Teopuu OPOYHOBCKOIO JIBIZKeHMs. TaK, B HeJaBHeil pabore [6] Hajiena acumnroruka
AIIIPOKCIMATHBHBIX U SHTPONUIHBIX dwces omeparopa V., : L,[0,00) — L,[0,00). Tam xe
00CYZKIAIOTCS IPUMEHEHNSI 9TUX Pe3y/IbTATOB K B3BEHICHHBIM BUHEPOBCKUM IIPOIECCAM.

B [4] 6bl1a mokasana OIHOKJIETOYHOCTD oeparopa V,,, B cirydae, korga dynkmmn ¢(-), w(-)
HOJIOKUTENIbHBI U HenpepbiBHbL. B [1]-[3| 6611 nostyuen kpurepuii oHOKIETOUHOCTH OlIEpaTOpa
V.2, OIUCAHBI €ro MUKJIUIeCKUe HOJIIPOCTPAHCTE U HOJICTHTAHA CIIEKTPA/IbHAS KPATHOCTD.

B jilaHHOli 3aMeTKe IOJIydYeHbl Pe3yJbTaThl 00 OlepaTOpHBLIX ajrebpax CBA3aHHBIX C Olle-
partopom V., (o € Zy). B gacTHOCTH, MBI HaXOJUM KpuTepuii pedyieKCHBHOCTH OnepaTopa

«

‘/q,w (Oé € ZJr)

Hna f € Ly0,1] u f(z) # 0 naa ws. x € [0,1] onpegennm N(f) , KaK YHCIIO HepeMeH
sHaka (QyHKIUU f, TO €CTh KaK YUCJI0 TOYeK B KOTOPbIX (yHKIiwms F(x fo signf)(t
neuddepenupyema. Eciu f € C[0, 1], To onpenenenne N(f) COBHa,ILaeT ¢ O6I>I‘{HI>IM

B Jl0KazaTe/becTBaxX CIIEYIONUX TEOPEM UCIIOJIL30BAHbI HEKOTOPBIE Pe3yIbTaThl u3 |7].

Teopema 1. AlgV", = {V,%,}" = {V.%,}, ecau u moavko ecau aubo N(qw) = 0, aubo N(qu) =
1 v a newemmno.

Teopema 2. AlgV2, = {V,",}" # {V2,}, ecau u moavko ecau aubo N(qw) = 2, aubo N(qu) =
1 u a wemmno.

Caencreue 1. AlgVe, = {V2,}".
Teopema 3. [lycmv o wemmo. Toeda onepamop V', pedaercusen.

Teopema 4. [Tycmv a newemno. Toeda onepamop V', pedaercusen, moeda u moavko moeda,
koeda N(qw) > 4.
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I. Yu. Domanov On the reflezivity of the operator (V. f)(z x) [ fOw(t)dt in L,y[0,1]
Let ¢(-) € L,[0,1], w(-) € Ly[0,1] and ¢(x)w ( ) ( Jw ( ) O for a.a. € [0,1]. The
criteria of the reflexivity of the operator (V. f)(x z) [ f(t)w(t)dt defined on L,[0,1] is

obtained.



OB OJTHOI CUHTVYJISAPHOM CAMOCOIIPAXKEHHOI
CIIEKTPAJIBHON 3AJTAYE, BOSHIKAIOIIIEIT B
HEJIMHEMHON TEOPUMU I10J14

H.B. KoHtoxoBA*, C.B. Kyvpoukuu*, B.A. T'ann**, B.A. JIEHCKuUir**
*BBIYMCIUTENBLHBIA HEHTP UM. A.A.JToroauuiibiHA PAH (BI] PAH)
**TOCYOAPCTBEHHBIN HAYYHBIN HEHTP - UHCTUTYT TEOPETUYECKON U
SKCIEPUMEHTAJILHON ou3uky (I'HIL PO NTYO)

MocCKBA, Poccud

Jlaemes kpamxkoe npedcmasaerue o pesyavmamaz (1] (6 nepepabomarmom u donos-
HEHHOM 6UJE) MO NOCMAHOBKE U UCCAEI0BAHUIO CUHLYAAPHOT CAMOCONPAHCEHHOT CTeK-
MPasLHOU 360a4U OAA CUCTNEMDL MPET NUHETHDIL 00bIKHOBERHBIL JUPPEPEHUUGALHBIL
ypasuenuts (OY) emopozo nopsadka, sadanmnvix na eceti deticmeumenvrot ocu. Cnek-
mpanvhvid napamemp (CII) sxodum 6 OJY neaunetino, nopostcdas onepamopruiil k6ao-
PAMUYHBLT IPMUMOE NYHOK. 3040440 603HUKGEM NPU GHAAUZE YCMOTHUBOCTNU (6 PAMKAT
AUHETHOT MeOPUU 03MYULEHUT,) MOUH020 00HOMEPHO20 PERYAAPHOZO PEULEHUA (3aPsi-
HCEHHO20 MONOAOLUYECKO20 CONUMONA) CUCTNEMbL U3 O8YT HEAUHETHVLET BONHOBHIT YPas-
Henull; pewenue noayueno 6 |2| das odnoti modeau meopuu noas us [3).

Revised and abridged presentation of the results of 1] on statement and study of a
self-adjoint singular spectral problem for a system of three linear second-order ODEs
defined on the real azis is given. The spectral parameter enters ODEs in a nonlinear way
forming quadratic operator Hermitian pencil. The problem arises in stability analysis
(using linear perturbation theory) of the exact one-dimensional reqular solution (charged
topological soliton) for a system of two monlinear wave equations; the solution was
obtained in |2] for a certain field theory model suggested in [3].

1. BBEJEHUE. TOYHOE PEIIEHUE CUCTEMBI JIBYX HEJIMHENHBIX BOJIHOBBLIX
VYPABHEHUM

[TocTpoenne TOYHBIX PEryJIAPHBIX PEIICHUil B CHCTEMaX B3auMOJICHCTBYIONNX KIACCUIECKUX
mnoJieil m uccjeoBaHne UX JTUHAMUYECKON YCTOMYMBOCTU IPEJICTABIAIOT OOJIBINON HMHTEpPEC B
COBpPEMEHHO HesmHelHo# Teopun nosist (cM., Hanpumep, [4], [5]). B [1] usyuaercs npobiema
YCTOWYMBOCTU OJIHOTO U3 TAKUX DEINeHuil, HAlJIeHHOro B 2| Jyisi cUCTeMbI JBYX B3auMOjeli-
CTBYIOIIUX CKAJAPHBIX I0JIeil — HEHTPAJIbHOIO OJIsI XHUITCa U 3apsizKeHHOIO JIMHEIHOTO II0JIsT
(Mogztestb ipejiozkena B [3]). B manHoit pabore Jaercst KpaTKoe MpeJICTaBIeHIe O MOCTAHOBKE U
AHAJINTUKO-YUCJICHHOM aHAJIM3€E OJJHON CUMHTYJIAPHON CAMOCONPAZKEHHON CIEKTPAJIbHON 3a/1a49n
[1]. Jst mocTaHOBKM 9TO 38,1891 KOPOTKO OIKIIEM HUCXOIHYIO MOJIEIb.

B (1+1)-meprom nipocTpancTBe MUHKOBCKOTO paccMaTpUBaeTCsl TI0JIeBasi CUCTeMa, OIUChIBa-
eMasl JlarpaH:KHaHOM

L =07 — |0:61° + (8:0)*/2 — (0:0)%/2 — h*$°[€]* — m*(¢* — v*)? /2. (1)

Baech ¢ (§) — neiicTBuTebHOE (KOMILIEKCHOE) CKAJISIPHOE TM0JIe; h, M, I — BeIeCTBeHHbIE M0~
JIOXKUTEJIbHbIE [OCTOsiHHbIe. Vcronb3yercs cucreMa euHuIl, B KOTopoit ¢ = A = 1, rjae ¢ —
CKOPOCTh CBeTa B BakyyMe, N — nocrosintasi [Lnanka. B aroil cucreme enuHuI] HeTpuBHasb-
HOIl OCTaeTcst TOJBKO PasMepHOCTh Macchl M, jummHa U BpeMsi uMeroT pasmeproctb 1/M (cwm.
[4], ctp.13). B (1) Besmunnst ¢, &, v Gespaszmepnbie, [m] = [h] = M. B nasnbHeiinem ucrosib-
3yeM HOBble Oe3pa3MepHble He3aBHCHMble [IEPEMEHHBbIE U HOPMUPOBAHHBIE UCKOMbBIE (DYHKITHH,
noJiarasi

.%:(hlj/\/ﬁ)x, Z?:(hV/ﬂ)t, $:¢/V7 é:é’/y (2>

1 OITyCKas THJIBJY HaJ OYKBaMMI.
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Cucrema ypasuenwuit Jlarpanzka-itiepa jist narpamkuana (1) B mlepeMeHHbIX (2) uMeer BHI:

0% 0%
> _ 2549 = 3
op g T20¢=0, (3)
926 82¢
IJie > — IOJIOXKNTEIbHBII 663pa3MeprH/I napamerp, »? = h?/m? (* s3gech u janee osnavaer

9PMUTOBO COTIPSIZKEHIE).
Umercst perenne cucremsl (3), (4), cylecTByromee n orpaHIIEHHOE BO BCEM IIPOCTPAHCTBE-
BPEMEHU U YJIOBJIETBOPSIOIIEE yCJIOBUAM

lirin E(t,z) =0, lirin P*(t,z) =1 VteR. (5)

Herpynuo Bugers, uro ecau {&, ¢} — pemenue 3amaau (3)-(5), ro {€exp(ia), —¢p} — ToOKe
pemrerne Vo € R.

Ha perrennsx zamaqu (3)-(5) coxpanstorces (He 3aBUCAT OT BPEMEHU) HHTEIPAJIBI JIBUKEHIS
—sHeprus F, 3apsia () u Tormoaorndeckuii apsi P:

7 2 e 00N> 106\ oo 1.
E—/la — <8t> +§(%> +2¢|§|+;(¢_1) dx, (6)

ox
[ (.00 o
o=-i [ (g % 5 ) do M)

—00

8¢
P = &v (8)

—0o0
[Tpu 3TOM HpeIIoIaraeTcs, 9T0 BeMIUHbl F n () onpejesieHbl 1 KOHEUHbI I Hada bHBIX
JAHHBIX (KoHeuHOCTh P yiKe cieyer u3 yciaosuii (5)).

UupapuantHocTs ypasaenuii (3), (4) orHocuTesnbHo tpeobpasosanust & — Eexp(ia), a €
R, oznagaer robasnbhyio U(1l)-cummerpuro stux ypasHenwuit [4], a 3apsz (7) waseBator U(1)-
3aPSIJIOM.

Tpusnanbroe pemienne & = ¢ = 0 cucrembr (3), (4) HA3BIBAIOT JIOXKHBIM BaKyyMOM, Tak
Kak OHO 00JIaJlaeT HEeHyJIeBOil MI0THOCTEIO sHeprun (£ = oo, ) = P = 0); T0 Ke OTHOCHTCS
K GerymmM BOJIHAM HaJl JIOKHBIM BakyyMom, & = (x £ t), ¢ = 0, rue ¢ — npousBosbHas
dbyHKIWs. DTU pereHnst He YJIOBIeTBOPIOT yeaoBusaM (5).

[IpocTeifiuMu YacTHBIMU perieHusMu Beeil 3ajaun (3)-(5) sBJISIIOTCS UCTUHHBIE BAKYYMbI

E=0, ¢y =41, 9)
Tt KOTOphIX B = ) = P = 0, u JJOMEHHbIE ¢4-CT€HKHU (MJIN TOMOJIOTHIECKIE COJTUTOHBI)
fw =0, ¢upe(r) = E£tanh(v2z/5), (10)
JIJIST KOTOPBIX
E,=4V2/(3%), Q, =0, P,==L (11)

B obmem citydae BBOJATCS CJICIYIONIHE OIPEICTICHNUS.

Onpepesienne 1. TonosoruaeckuM COTUMTOHOM, WU JJOMEHHOH ¢-CTEHKOM, HA3hIBAEM DellleHIe
sagaun (3)-(5), yJA0BIETBOPSIOIIEE IO G-KOMIIOHEHTE YCJIOBHIO

(lim o(t,2)] lim_o(t.2)] = ~1 V¢ <R (12)
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(epexoTHON CJION MeXKJy JBYMsI PA3IMYHBIMU HCTHHHBIME BakKyyMamu, Tak 910 P # 0).
HerormosornaeckiM coMTOHOM HasbiBaeM pererne 3a1aqu (3)-(5), yaoBiaeTBopsioliee o ¢-
KOMITOHEHTE yCJIOBHIO

[lim ¢(t,z)][ lim ¢(t,xz)] =1 VteR (13)
U OTJINYHOE OT UCTUHHBIX BaKyyMoB (9) (BCIIECK HAJI HCTUHHBIM BaKyyMoM, Tak uto P = 0).

Onpepenenne 2. Tonosoruyeckuil (HETOMOJIOIMIECKUIT) COTUTOH, HECYITHH JOTOJHUTETHHO
U (1)-3apsizi, Ha3bIBAEM TOIOJOIMIECKIM (HETOIOJOrmIecKM ) (Q-60J17I0M, NITH 3apAzKeHHBIM TO-
HOJIOTUIECKUM (HETOMOJIOTUIECKIM ) COJTUTOHOM.

YCII0BuUS CYIIECTBOBAHUS U yCTORIUBOCTH Hemonosozuseckur Q-60710B B Mozesn |3], Hapsty
c [3], obeyxmatores B [4], .10, u B [2]. Oxnako sBubiil Buj Takux Q-60110B He HaiijeH. B [2]
Juts cucreMsl (3), (4) HaiieHO TOYHOE peleHne THia monosozuyeckozo Q-6osua, Kotopoe (¢
TOYHOCTBIO JI0 MHBAPUAHTHBIX [IPEOOPA30BAHUIl) UMEeT BUL

bo(t, ) = ¢o(x) = tanh z, (14)

&o(t, ) = p(3*) exp(it)/ coshz, 0<i* <2, taxcRR. (15)

31ech U BCIOLY JaJiee UCIOIb3yeTcss 0003HATEHIE

o) = VI 12, 0<s <2 (16)
U3 (6)-(8) st perennst (14), (15) caemyer:
By = 4lp(2) + 113, Qu=4p(*), Py=1. (17)
[Ipu 3¢ — /2 pemenne (14), (15) mepexouT B HE3APAKEHAYIO ¢y, -cTenKy u3 (10).

Bamevanue 1. B cuny mnBapmanTHocTH ypasHenuit (3), (4) oTHOCHTEIBHO MpeOGpa30BaHMI
Jlopenna o nepementbiM ¢, z, pemtenne (14), (15) mopoxmaer mis 3amzaqdu (3)-(5) Geryrryro
BOJIHY

bo(t,x) = tanh <(:z: + vt)/ﬂ) 7
alt, ) = p(s) exp (it £ va) VT = 07) fcosh ((w £ o) VT —0?) . Lz €R

(¢ ocnmutATIAME B {-KOMITOHEHTE), eCJIU 3a/laHa HadadbHasi CKopocTh v : 0 < v < 1.

[To moBoty dusndueckoit naTeprnperaun perterns (14), (15), nmerorero oTHOIIEHHE K MOJIe-
JgM acTpodusuky u KocMosioruu, cM. 1], [2] u nuTupoBanHyto Tam smTepartypy.

2. IIPOBJIEMA JUHAMUYECKON YCTOMYUBOCTU PEIIEHUA, TIOCTAHOBKA
CIIEKTPAJIBHOUN 3AJIAYN

C Toukm 3peHnsa (PU3NIECKUX MMPUIOXKEHN BayKeH CJIOXKHBII BOIIPOC O JMHAMUYIECKON yCTOM-
quBOCTH /HeycToitunBocTu pemtenust (14), (15). Pasjmdnbie OAX0bI K TIOHATUIO YCTONIUBOCTH
pelieHust B 3a/1a4axX HeJUHEeHHOH hUu3nKu JocTaToqHo mogapobHo obeyxaaores B [5]. B uactho-
CTH, PEIIEHNEe CIUTACTCs AOCOIOTHO SHEPTETUIECKU YCTONIUBBIM (I aOCOIIOTHO YCTONIMBBIM
o Jlarpamxy), ecjim OHO JOCTaBIsieT aOCOMIOTHBI MUHUMYM (DYHKITHOHATY SHepruu. Taxkumu
perternsIMu 1715t cucteMbl (3), (4) sBistorest uctunHbe BakyyMbl (9). Ho st perennst o6sia-
JTaroT HyJaeBbIMEI ()- m P-3apsiiamu.

Onpepenenne 3. Byjem rosopurs, uro pemenue E(t, z), ¢(t, z) cucremsr (3), (4) abcoaroTHO
SHEPreTHYecKn ycToiunBo B cektope {P; (@}, eciim OHO MMeeT HAMMEHBIIYI) SHEPIUI0 CPeJIH
BCeX pelennii ¢ pUKCHpoBaHHBIMU 3HadeHusME 3apsioB (7), (8).
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Torma perennst (10) abcoFOTHO SHEPreTHIECKH YCTORIMBLI B ceKTopax {+1;0}, Tak Kak mpu
¢ = 0 zamaga (3)-(5) He MMeeT APYIUX CTAIMOHAPHBIX DPENIeHUi (C TOYHOCTHIO JI0 CABHIA II0
ocu x B dopmyrax (10)).

Bompoc 06 abcosoTHOlt sHEpreTudeckoil ycroitunBoctu pernennst (14), (15) B cektope
{1;4p(5*)} aBIgIeTC CIOKHBIM U3-3a 3aBUCUMOCTH cocTasJstiomeil (15) or Bpemernn. Hasog-
UM COODpazKeHNeM OTHOCHUTEIBHO YCTONYMBOCTH TOTO PEIIEHHs] MOYKET OBITH CJIejIyIolee:
mapaMerp 2 BXOJHUT TOJBKO B aMiyutyy (15); npu 2 — V2 pemenne (14), (15) nepexoaur
B ycroituupoe pemmenue u3 (10); mpu 0 < 3* < 2 nossisterca U(1)-3apsj, KOTOPbIA 0GBIYHO
TosbKO crabmimsupyer pemienne (cum. [4], rr.10). Kpome toro, B [1] nokazano (na "dbusnde-
ckoM"ypoBHe cTporocth), uto perrerne (14), (15) ycToiiauBO OTHOCHTEIHHO BO3MOXKHOTO €r0
paciaja Ha MaJjble HeJIOKaJIM30BaHHble Kosebamus (1o kommonente &) naj kuukoM (10), rak
KaK 3TO SHEPreTUYECKU HEBBITOJIHO.

B sganmHoit pabore MBI OrpaHMYMMCH IOCTAHOBKOH ¥ MATEMATHYCCKUM HCCIIEI0BAHIEM
JMHAMIYecKoit ycroitansoctn pemtenns (14), (15) B pamkax JmHEHOI Teopun BO3MYIICHUIT
(B mepepabOTaHHOM M JIOIOJIHEHHOM BHJIE), & TaKyKe KPATKUM OIMCAHUEM BBIYMCJINTEIbHBIX
SKCIIepUMEHTOB [1].

[Monoxum ¢ = ¢g + 9, & = & + 0&, tae d¢, 6& — masnbie orkionenust ot (14), (15), do(t, x)
(0&(t, x)) — BemecTBeHHO3HATHAsS (KOMILIEKCHO3HAYHAs) DyHKIWMA. B JIHHEHHOM IO OTKJIOHE-
HUIM TpUO/IMKeHnn 1osydaeM u3 (3), (4) cucreMy BOJHOBBIX ypaBHEHWUIA:

9256 9%5¢

ot? 02

48606 + 400 (006" +606) + (363 -1)06=0, treR  (19)

+ 2030 + 4do&odg = 0, (18)
9%6¢  9*6¢

ot? Ox?
Pasnennm nepemenusie B (18), (19), monaras
0§ = [n(z) exp(—iAt) + x7(x) exp(iX*t)] exp(it), (20)
3¢ = V(x) exp(—iAt) + V*(x) exp(iX“t), (21)
U, YYUTBIBas CXOAMMOCTEL uHTerpason (6)-(8), morpebyeM BBINOTHEHUsI YCIOBUS
/ W (2) U () + () V()] dic < oo (22)
3/1€Ch U Jajiee
U(x) = (n(2), x(2),V(x))", ¥:R—C (23)

T osnauaer Tpancnonuposanue. Toraa uz (18)-(21) nomyuum gaa 7, x, V cucremy OV na R,

KOTOpast He MeHsieTcs pu 3amenax (x,n, x, V) va (—z,n, x, —V) u Ha (—z, —n, —x, V), oTKy1a
1 13 (22) OKOHYATEJIbHO MOJIydaeM CJIeYIONIyI0 CUHIYIAPHY0 Kpaesyto 3a1ady (K3) na R, ¢
napaMeTpoM A:

" (1 42X\ — A% — 2/ cosh? x) n + 4p(3¢*) (tanh z/ cosh ) V, (24)

"= (1-2X—X*—2/cosh®z) x + 4p(>¢*) (tanh z/ cosh z) V, (25)

V" = [8/5" — N — (8 + 25¢%) /(5 cosh® )] V + 4p(5°) (tanh z/ cosh z) (n + X), (26)
(27)

(28)

Vo3
I

n(0) = x(0) = V(0) =0 mm /(0) = X'(0) = V(0) =0, 27
Jim (n(x). x(2). V(2)) = lim (i (2). (), V'(2)) = (0,0,0). 28

Tpebyercs naiitu cobcrBennbie 3uadenns (C3) mapamerpa A, pu KOTOPBIX CUHTY/IspHas K3
(24)-(28) nmeer HerpuBHABHBIE pererns — cobcrBernble GyHkiun (CP) uz Lo(R ), orBevaro-
mue stum C3. B cuiy (20), (21), mis mo6oro HesenectBeHHOro C3 A BO3MYIIEHHsT 9KCIIOHEHI M-
aJIbHO PacTyT 10 BpeMeHu. TeM caMbiM HEOOXOJMMBIM YCJIOBUEM JIMHAMUYECKOH yCTOHInBOCTH
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pemenus (14), (15) mo/mxuo 6bTh TpeboBanne Kk C3 : Im A = 0. D10 ycroBHE TAKKe SIBJISLETCS
JIOCTATOYHBIM, HO Y2Ke TOJIBKO JIJIsA yCTOIIIBOCTH OTHOCHTEIBHO MAJIBIX Bo3MymeHnii Bua (20),
(21); ecsm cymiecTByeT HEIPEPBIBHBI CIEKTDP, TO OH TaKKe JIOJZKCH JIeKaTh Ha BEIIECTBEHHOI
OCH KOMILJIEKCHOI IIJTIOCKOCTH .

Bameuanue 2. B [6]-[8] uccrenyercs criekTpanibHast yCTORIHBOCTD HEMONOAOLUNECKUT (HeT-
MPANOLHOIT UAU BAPANACEHHBIT) COAUMOHOS, TIOPOKICHHBIX 0MOEALHOLMU CKAAAPHBMU TOAAMU.
Hexoropbie moaxo/sl 9THX paboT UCHOIL3YIOTCA B JaHHOi padore. OQHAKO, I MONoA02uYe-
CK020 3APAINCENNO20 CONUMONG 6 CUCTNEME 0BYT B3AUMOOCTCMBYIOUUT CKAAAPHHIT NOAET CIIEK-
TpaJbHas 3a7ada OKa3bIBaeTCsl Oojlee CIOKHOM, B ToM uucie ¢ 66sbimum anciaom OV, u ee
anasms 710 |1 u gannoit paboTsl He IPOBOJHUICH.

3. AHAJINTUYECKHWE U YMCJIEHHBIE UCCJIEJJOBAHUSA CIIEKTPAJIBHOM 3AJIAYU

3.1. JIoKaJIbHBII MEepEeHOC I'PAHNUYHBIX YCJIOBUUA M3 GECKOHEYHOCTH M OrPaHUYEeHUS
ua cuektp. Cunrynspras K3 (24)-(28) ¢ menmneitabiv Bxoxgernem CIT A, BooGie rosopst,
MozkeT nMeTh KoMiuiekcHbie C3. Ee HeTpuBuaibHbIe pellleHns UIEM B KJIacCe KOMILIEKCHO3HAY-
ueix Gyskiwit u3 Ly(Ry ). Ins koppekTHoit nocranoBku K3 110 quc/y rpaHU9HbBIX yCJIOBU P
6OJIBIIUX T HEOOXOAMMO ¥ JJOCTATOUHO, 4T00b! cuHry/spHas 3ajada Komun (3K) na 6eckoned-
HocTH (24)-(26), (28) BBIIE/IsIIa TPEXIIAPAMETPHYIECKOE CEMENCTBO PeIeHuil.

Ucnonbays oboznadenns (16), (23) u BBest JOMOJHATETBHO 0003HATEHUS

pi(AN) =1T+2 =22 pa(A) =1-=2X2 =22 p3(\, ) = 8/»° — A%, (29)
cunryssipayto 3K #a 6eckoneanoctu (24)-(26), (28) samuiiem B Buje

U = Az, \, )V, >0, (30)

lim U(z) = lim U'(z) =0, (31)

re A = (a;j); j=13 ectb (3 x 3)-marpuna, A = AT,
a1 = p1(A) — 2/ cosh?z,  agy = pa(A) — 2/ cosh®z,  ayy = ag = 0,
(32)
ass = p3(\, 5%) — (8 + 23¢2) /(52 cosh® x), aj3 = as; = 4p(3*)tanhx/coshx, j = 1,2,

A<OO7)\7 %2) = dlag (pl()‘)ap2()‘)7p3(>‘7%2>)' (33>
Cucrema (30) acHMIOTOTHYIECKN SKBUBAJIEHTHA IIPEJIEIBHOIN CHCTEME C MOCTOSTHHBIMEI KOI(hdu-
[EeHTaMu, KoTopasd, B cuiy (33), pacmagaercs: #Ha Tpu OIY Broporo mopsijika, Tak 4ro KarxKoe
u3 srux OJIY no/mkHO 06/18/1aTh OJHOIApaMeTPIUIECKUM ceMeiicTBoM pertenuii u3 Lo(R, ). To-
IJ1a HETPYJIHO yOeUThCs, UTO CIIPABEJIMBO

IIpenJioxkenue 1. /s Toro, 4Tobbl J1d 1106010 (bUKCHPOBAHHOTO 22 , 0 < 3¢ < 2, CHHIYJISAD-
nag 3K (30), (31) obsagara TpexmapaMeTpUIECKUM CEMEHCTBOM DEIICHU, TPUHAICKAIIIX
Ly(R,), HEOXOMMO U JTIOCTATOYHO BBIOJIHEHUE cJieyiomux orpanndennii Ha CIT A:

piA) ER., po(N) R, p3(A ) ¢ R, (34)

T.e. 3HAYECHUS [OJUHOMOB (29) He JOJIKHBI JieXKaTh Ha HETOJIOXKUTEIbHO BEIeCTBeHHOI MOy~
OCH KOMILJICKCHOH IIJIOCKOCTHU .

Beenem obosnadenusa

Vj(/\) = pj()‘)a J=12, V3(>‘> %2) =V p3(/\7%2>7 (35>

rJie TP BBIIOJTHEHUH YCJI0BHil (34) KOpHU GepyTCs ¢ TIOJIOKUTEIHHON BEIECTBEHHOI YacThIO.
Torna u3 pesysabraToB 9] mosydaem, 9To JIOKAJbHBIA EPEHOC TpeesIbHBIX yeaoBuii (31) u3
OECKOHEYHOCTH OCYIIECTBIISET
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IIpennoxenue 2. [Ipu bukcuposannom s, 0 < s? < 2, u puxcuposannom A € C, yuosie-
TBOpsiforieM TpeboBanusaM (34), suadenus perrennii cunrysspraoit 3K (30), (31) obpasyior B
dasosom npocrpancrse C® cucremsr (30) Tpexmeproe nmuneitnoe noanpocrpancreo C2, sapucs-
mee OT T Kak OT IapaMeTpa ¥ BbIIeJseMOe JJIs JOCTATOTHO OOBIIHX T (T > Ty,) JTUHEHHBIM
COOTHOIIIEHUEM

C3: V(2) =alz,\2)¥(1), 2> T (36)

Buech (3 x 3)-marpuna oz, A, »?) ectb pemenne cunryisproit 3K
o +af — Az, N\ ) =0, 1> 14, (37)
lim a(z, A, %) = —y/A(oo, A, 32) = — diag (11 (N), v2(N), v3(A, 5%)) (38)

r—00

KOTOpOE CymeCTBYeT U € IMHCTBEHHO.

Pemmenne 3K (37), (38) mocTarodHO XOpOIIO ANNPOKCUMUPYETCS CBOMM IIPEJIEJIbHBIM 3HA-
gerueM (38): B cuny (32), (33), messku B (37) 1 TAKOrO HPUOJINZKEHHS SKCIOHEHIAIBHO
yOBIBAIOT 110 X, U METOJI TI0CeI0BaTebHbIX npubsmzkenuii [9] Gyaer gasarh npu 6OIbIIHX T
9KCIIOHEHIIUAIBHO Majible Tonpasku K (38). Onenku BbIGOpa Ty, IPU KOTOPOM (yHKIMs (38)
armpokcumupyet Tounoe pererne 3K (37), (38) ¢ 3a/1aHHO# TIOMPEITHOCTHIO JJIsl BCEX T > T,
MOZKHO TIOJIy9UTh, UCHOJIB3Ys, Hapumep, noaxoast [10], [11]. B pesynbrare npenenbubie yeio-
Bus (28) ciiejlyer 3aMEeHUTh NPUOINKEHHBIME YCJIOBUSMEI B KOHEIHON TOUKE T = X o

0 (20) & —11(AN(@x), X (T0) ® —12(Wx (7o), V(2e0) ® —13(A, )V (20).  (39)
13 Tpemyoxennit 1, 2 u Buga K3 (24)-(28) Berrekaer

CnencrBue 1. IIpu gurcuposanrom snavenuu s, 0 < 3 < 2, daa C3 u CO K3 (24)-(28)
cnpasedausvl ymeeporcoenus: moboe sewecmeennoe C3 A ydosaemeopsaem nepasencmeam

—V24+1<A<V2-1; (40)

ecau A — wucmo muumoe C3, mon = x*, a 'V — sewecmsennas Gynkuus,; 2€0Mempuiecrkas
kpammocmyv xaxncdozo C3 ne moorcem npesocrodums mpex, m.e. kaxcdomy C3 A, A € C, mo-
orcem omeeuamo He boaee mpexr aunetino nezasucumor CO uz Ly(Ry); ecau (77,)(, V, )\) -
pewenue K3 (24)-(28), mo (n*,x*,V*,)\*), (X,n, V,—)\) u (X*,n*,V*,—)\*) — mootce pewe-
HUA.

Bameuanue 3. Cucrema OJIY (24)-(26) obsiaiaer HENPEPHIBHLIM CIIEKTPOM, JIEXKAIIUM HA BE-
IIIECTBEHHOM 0CH KOMILICKCHOMN IJIOCKOCTH A Ha mHTepBajiax (—oo, —v2+1] u [v2—1,00). oz
C® menpepbIBHOIO ClIEKTpa MOHUMaeM HeTpusHaabHble perenns K3 (24)-(28) ¢ 3amenoit yciio-
Buil (28) ycia0BUSME OrpaHUYEHHOCTH perienuii Ha Geckonednoctu. Tora jyis 3HadeHnit A u3
YKa3aHHBIX HHTEPBAJIOB PAa3MEPHOCTH IOIIPOCTPAHCTB OrPAHUYIEHHBIX Ha OECKOHEYHOCTH pe-
nrennit Gyzer 6ombie Tpex. Bosee Toro, Ha nnTepsanax [—2v/2/x, —v/2+1) n (vV2—1,2v/2/],
BOODOITIE TOBODSI, JOMOJHATEIBHO MOTYT HAXOUThCA TOYKN JUCKPETHOTO CIHEKTPA, OTBEYAOIINE
[OCTAHOBKE Ha OECKOHETHOCTH JOIYCTUMBIX IPAHUYHBIX YCJIOBHI (THIA U3JIy9eHNUs), BbIIEIs-
IONUX TpexiapaMeTpudeckne cemeiicTa pernennii (coorsercrByomue CO He GyayT npuHa-
nexatb Lo(Ry)). Bee stu ciokuble curyarun TpeGyioT JIOMOJHATEIBHOIO N3y9YeHUA U HE 00-
CYK/JIAI0TCA HAMH IOJIPOOHO, TaK KakK, BO BCAKOM CJIydae, OHU HE BJIHAIOT HA yCTOINYHBOCTD
pemenus (14), (15) orHocHTebHO MaJsBIX Bo3Mmytenuit Bua (20), (21). O nocranoBke s cH-
creMm jmueitHbx OZLY OIyCTHMBIX MDAHUYHBIX YCAOBHI Ha GECKOHEUHOCTH U UX IHIEPEHOCe B
KOHEUHYIO TOUKY M. [12].

JlomoTHuM 3TH YTBEPXKICHUS JAJIbHEHIITUME (DAKTAMU W OICHKAMHU.
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3.2. JIuckpernsbiii cnektp npu »° = 2. B sTom ciyuae cucrema (24)-(26) pacnajaercs Ha
tpu OJLY Broporo nopsaxa, n” + [2/ cosh®x — p1(A)] n =0, X"+ [2/cosh®z — ps(N)] x =0,
V" + [6/cosh®z — p3(A,2)] V' = 0, ka0e U3 KOTOPBIX, Kak loKasaHo B [1], mpusogurcs K
IUIEPreOMEeTPUIECKOMY YPABHEHUIO. DTO MO3BOJISIET HANTH BCE TOYKH JIMCKPETHOTO CIEKTPA
K3 (24)- (28) u orseuarornue um CP u3 Ly(Ry) (dopmysst gy CO Beroy HummeM ¢ TOYHOCTHIO
JI0 HOPMUPYIOIIErO MHOYKUTEJIS ):

M=0: n=0x=0V =1/cosh®z; (41)
M=0uA=2: n=1/coshz, x=0, V=0; (42)
M=0uX3=—-2: n=0, x=1/coshz, V =0; (43)
Ms=%+V3: =0, x=0, V =tanhaz/coshux. (44)

3.3. O nuckpernom cnektpe npu 0 < »? < 2: Ttounoe C3 )\ = 0, oneHKu ob6JacTu

Jokaiusanun KoMmiuiekcHbix C3. Ilpu mobom 220 0 < 2? < 2, sHadenme A = A\ = 0
ocraercs C3 3amaun (24)-(28), koropomy orBedaror, 1o Kpaitneii Mepe, e CPO n3 Ly(R,):

AM=0: n=-x=1/coshz, V =0; (45)
M=0: n=x=—p(Htanha/coshz, V =1/cosh®x. (46)

B cuny Crencrsus 1, C3 K3 (24)-(28) mocraTodno nckarh B 00/1aCTH
ReA >0, ImA> 0. (47)

Cucremy (24)-(26), cuemys [6]-[8], 3ammimem B orepaTopHOM BH/IE
NIV —2\DV — HU =0, z€R,, (48)
rae omneparopel I, H, D paccMarpuBaioTCs B HPOCTPAHCTBE KOMILIEKCHO3HAYHBIX JiBa-
KBl HenpepbiBHO guddepennupyembrx dynkmumit ¥, yaosmersopsiomux ycurosusaM (31), W:
o0

[0,00) — C?, co ckangpubiv npoussenennem (W, ¥) = / U*(2)V(x)dx. 3pecs I — eauund-

0
HBII OTIEpPaTOp, & SPMUTOBBI oniepaTopbl D u H mMeoT Bu

1 0 0 Hy 0 His
D - 0 —]. O ; H — 0 HQQ H23 y (49)
0 0 0 Hs1 Hsy Hss
e
H,=H £ 2 +1, H & 8+2/h2+8
— _ = - — . COS i Y
H 2 dr?  cosh’z % dx? 72 72 (50)
Hj3 = Hz; = 4p(5*)tanhz/ coshx, j=1,2.
Yuuoxus (48) ckanspro Ha W, npun HopMuposke (U, W) = 1 mosyamm:
AN —2)\ (U, DV) — (U, HV) = 0, (51)
riae (U, DV) u (U, HV) — neiicrBurenbhble unciaa. U3 (51) cremyer
A= (U, DU)+ \/(\I/, DV)* + (U, HY), (52)

OTKY/Ia JIJIsi A ¢ HEHYJIEBO MHUMOI YaCTbIO TOJIydaeM

ReA = (¥,D¥), ImA= \/— (U, DU — (U, HT), |A?=— (¥, HV). (53)
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Ucnonbays (49) u (50), uz (53) mosydaaem:

|ReA| = |(V, DV)| = /dw (™ —x"x)| < /dx (™ +x"x) < 1; (54)
0 0
[TmA| = /= (8, DW)? — (0, HO) < /(0 HD) = ]\ < v/ (55)

rJe fipin — HauMmenbinee C3 omeparopa H. s iy, B [1] nosydena (mocrarouno rpy6ast)
OLICHKA:

pimin(52%) 2 =2 (14 V2p(5%)) (56)
CymMupysi ykazaHHble BbIlie (haKThl, OIyIaeM

Ipengoxenue 3. [Ipu mobom » : 0 < 32 < 2, snadenne A = 0 asagercs C3 K3 (24)-
(28): 1pu 3¢ = 2 OHO MMeeT MAKCUMAJILHYIO BO3MOYKHYIO IeOMETPUYECKYI0 KPATHOCTD, PABHYIO
TpeM, — emy orsedaior CO (41)-(43); mpu » : 0 < »* < 2, s3to C3 umMeeT reoMeTpuIECKyIo
KPaTHOCTH He MeHee JiByX — emy orBedaior CO (45), (46). Bemecrsennsie C3 K3 (24)-(28)
MOr'YT Jie?kaTh ToJibKO B uaTepBase (40); C3 ¢ HeHyseBOll MHUMOI 9aCThi0 MOTYT HAXOIUThCSI
TOJILKO B 00J1aCTH

|Re)‘| S min{l; V _,U/min(%2)}7 ’Im)‘| S _lflmin(%Q)a (57)

1€ IS fimin(3¢?) ciipaBepuBa onenka (56).

C yuerom (47), octaoch 0TBeTUTH Ha Bompoc o (He)cyriectBoBannu C3, oiimaHbIX 0T A = 0
U JIezKalux B obJiacTu

0 < ReA(5¢?) < min{1; /= ptmin(#2)}, 0 <ImA(?) </ —fmin(322). (58)

OtrBer Ha 3TOT BOIIPpOC JJaH B [1] TOJIBKO Ha OCHOBaHMMN BBIYUCJINTEJIBbHBIX IKCIIEPUMEHTOB, KO-
TOpPbI€ MbI O9Y€Hb KOPOTKO OITHIIIEM.

3.4. Yucnennoe ucciieqoBanue cunekrpaiabnoit K3 (24)-(28) u comyrcrByiomieit K3 na
OTBICKAHUE [l (3¢%). Onenka (56) mist pipin(3?) ABAZETCA CUIIBHO 3anmuKeHHON. s yToq-
HEHWsT 0OJIACTH JIOKAJIM3AINA BO3SMOKHBIX HeBemecTBeHHbIX C3 3HAUeHHe [y, (52) HAXOUIOCH
YHCJIEHHO — Pelajach COIyTCTByoMmas cuuryaapaas K3 ¢ mapamerpom p: cucrema OJIY (48)
npu D = 0,

wlV — HUV =0, zeRy, (59)
¢ TpaHUIHbIMU ycsoBusivu (27), (28).

YeoBust (28) B KOHEUHOI TOUKE T = T, ANIPOKCHMEUPYIOTCS YCIOBHAMA

M(2x) = =V1= (), X'(Te) = =1 = pix(2), V(2) = =V/8/5 — iV (20), (60)

(o anasorun ¢ (39) mast cucremst (48)). U3 (60), camoconpsizkennoctu cunrysspaoit K3 (59),
(27), (28) u ¢ yuerom Ilpesmoxkenus 3 mosydaem

IIpennoxenue 4. IIpu mo6om duxkcuposannoM s, 0 < 32 < 2, TUCKPETHDBIH CIHEKTDP CHHTY-
nagpuoit K3 (59), (27), (28) (ms CO u3 Ly(R,)) MoKeT JjiezkaTh TOIBKO HA MOTYOECKOHETHOM
unTepBase i < 1; mpu 2% = 2 sTa 3a1aua umeer eauacTBennoe C3 1 = (0 KpaTHOCTH 3, eMy
orpeuatorT CO (41)-(43); npu » : 0 < 3* < 2, 3navenue yu = 0 apagerca aByxkpaTabiM C3, emy
oredaror CP (45), (46), a fimin(3¢*) JOKHO OBITH OTPUIATEILHBIM.

JIjist OTBICKAHUS fimin(2¢%) npu 3¢ © 0 < 2? < 2, umcnenno pemaem K3 (59), (27), (60):
npu ukcupoBarHoM i < 0 mepeHocuM rpaHudHble yejaoBus (60) U3 TOYKH T = To, B TOUKY
x = 0 u cjequM 3a IEPEMEHOl 3HAKa PE3YJIbTUPYIOIIErO OPEIe/IUTe sl IIPU U3MEHEHUN L.
[Ipu sTom mcnosb3yem BapuanT nporouku [13] (¢ yuerom ncciepoBanuii [14] mo ycroitamsomy
IPUMEHEHHIO METOJIOB OPTOrOHAJILHOM TporoHkn B cuHry asapabix K3). Tounsrit orBer mpu pn = 0
CJLyZKUT JIONOJTHUTEIbHBIM KOHTPOJIEM TIPABUIBLHOCTH ¥ TOYHOCTU BBIYHC/IEHUIA.



41

Pacuerst [1] mokasaim: ¢ ymenbimenueM » ot /2 asyxkparroe C3 ocraerca B HyJIe, a OJIHO-
kparnoe C3 (KOTOPOE U €CTh fimin(7¢%)) ABUKETCS B 06,1aCTh OTPUIIATETLHBIX 3HAYCHUI; AHAJI-
TuvecKas oneHka (56) s fimin (%) cuibHo 3anmKkena (HanpuMmep, \/—fimin(1.44) ~ 0.45, To-
IJla Kak Jyist npasoit gactu (56) nosyvaem snadenne 1.8); upu » < 1.23 3Hauenne y/ — fimin (52)
npesocxomuT BemmanHy /2 — 1 (em. onenku (40) u (55)), uro ycmoxnser gokammsanuio C3
ocuosroit K3 (24)-(28), Tak Kak OKPY?KHOCTb PAJNYCa 1/ — [imin(22) HAIMHAET [IEPECEKATDH MH-
TepBaJibl HEIPEPBIBHOIO CIIEKTPa (CM. 3aMedanue 3).

[Tonck C3 B obsactu (58) ocHOBHO! criekTpasbHOil 3aaqu (24)-(27), (39) npoBouics Me-
TOJIOM, OCHOBAHHBIM Ha OOOOIIECHNH IPUHIUIIA apryMeHTa (O MeTO/IaX JIOKAJTM3AIN TOYEK JTHC-
KPETHOIO CIEKTPa ¢ IPUMEHEHHeM IPUHIIUIA apryMeHTa U ero MOAndUKAIUil CM., HAlpuMep,
[15]-[18] u mmTupoBaHHytO TaM JHTEPATYPY) ¢ UCIOIb30BaHIeM Jud depeHIuaIbHON TPOrOHKH
[13] (mompobree 06 ycroitamBoM mpuMmenennn Metona [13| B cunrymspasix K3 Ha oTbickaHme
C3 u CP nuckperHoro crekrpa cM. [14]).

YeaoBus (39) mpeicTaBiIsSIOTC B BHJIE:

90('7:007 )\7 %2>W(x007 )\7 %2) = 07 (61)
rie W= (n,7',x, X, V., V)",
n(Ad) 10 0 0 0
O(Too, M 32) =1 0 0 (N 1 0 0. (62)
0 0 0 0 n(\s?) 1

B pesysbrare nepenoca yciaosus (61) B Touky @ = 0 nosrydaercst sKkBuBaienTHoe (61) yciosue B
s1oit Touke ¢ (3 X 6)-marpureit (0, \, 52). Ec/in J0M0JHATL 3Ty MaTPHILY J0 KBaJIPaTHOIL, IpH-
[KcaB K Hell CHU3Y MAaTPHILY, COOTBETCTBYIOIILYO yejaoBuaM (27), To 3agada noucka C3 Moxer
6bITH TIepedOpMYTpOBaHa CIeLyomuM obpasom: 1) ancsio A asiserca C3 <= onpenennreb
PEe3YJILTUPYIOIIEH MATPUIIBI PABEH HYJIIO; 2) TeOMeTprUIecKasi (T.e. 110 KOJMIeCTBY JIMHEHHO He3a-
sucumbix CD) kparnocts C3 paBHa jieeKTy pe3yIbTUpYIONieli MaTpuIib; 3) aaredpanveckoii
kparHOoCcTbi0 C3 SBJIsIeTCs €ro KPaTHOCTh KaK HYJISl 9TOTO OLPEe/IUTE IS

Pacuern [1] moxkasamn: 1) B BHIpOXKIEHHOM CTydae, Koraa » = /2, C3 A = 0 umeer ayre6-
pamvIecKyro KpaTHOCTh 4 U TeOMEeTPHYIECKON KPATHOCTH 3 (HEeCOBIaIeHne KPaTHOCTEH 00bsic-
HSIETCsI HE HAJIMYUEM YKOPJAHOBOI KJIETKH, YTO HEBOZMOXKHO B CHJIy camocolnpsizkeHHocTn K3,
a xBagpaTnunbiM Bxoxkaennem CIT A B ypasmenne (26)); 2) mpu s : 0 < 32 < /2, C3 A =0
HO-TIPEKHEMY MMEET aJre0pamdecKyio KpaTHOCTh 4, T.e. oT A = (0 He OTINEeIUIAeTCs HUKAKUX,
B TOM wuncie neycroitumsbix, C3; 3) mpu » : 1.23 < s < /2, OKa OKDY’KHOCTH pajyca
v/ — [imin (>¢?) HE mepecekaeT MHTEPBAJIBbI HEIPEPBIBHOIO CIIEKTPA, U3 TIOJYUIEHHBIX PE3YIHTATOB
crporo cienyet, uro y K3 (24)-(27), (39) mer aukakux apyrux C3.

BaMmeTnM, 9TO reoMeTprteckas KparHocts C3 A = 0 Ipu 0TXOZe OT ¢ = /2 mauaer ¢ 3 10 2
(BMmecro CD (42), (43) ocraercs (45)). Ilorepst reomerputeckoii kparnocrn C3 mpu Bo3MyIie-
HUU TIapaMeTpa — XapaKTepPHOe sABJIEHHE JIJIg KBaJIPATUYHBIX [IyIKOB (B OTJIMYUE OT JIMHEHHDIX ).
[To mepe npubiuzkenns s K nymo K3 cranosurcs Bee Gosee kecrkoii. [lpu pacderax ¢ dbuk-
CUPOBAHHON (;LBOﬁHoﬁ) OTHOCUTEJILHON TOYHOCTBIO VJIAJIOCH JOBECTU ¢ JIO BEJAUYUH HOPAIKA
0.05.

OKOHYATETBHO HOIyYaeM: 0ad 106020 durcuposanmozo s : 0 < 3 < \/2, cuneysapnas K3
(24)-(28) umeem moavko odno C3 X = 0 2eomempuueckoti kpammocmu 2 (emy omsewarom CD
(45), (46)) u aneebpauveckot kpammnocmu 4 (¢ HANOOMBIIEH CTPOrOCTHIO ITO CIPABEIABO JIIsT
s: 1.23 < 5 < V/2; s MenbIIUX 3HAUEHHD »¢ HEKakuX apyrux C3 B jomycTuMoii ob/1acTu
(58) mx cymecTBOBaHUsI TaK:Ke HE OOHAPYZKEHO).

B 3ak/roueHne OTMETHM, YTO MPOBEJIEHHbIE AHAJUTUYECKHE U YUUCJIEHHbIE WCCIIEI0BAHKS
HO3BOJISIOT CJIeJIaTh BBIBOJL O JMHAMHYECKON ycroitunsoctu perenns (14), (15) orHOCHTEIHHO
MaTBIX Bosmymmenmit Buma (20), (21) mpu 0 < s < /2 (¢ HamGOJbITEil CTPOrOCTBIO 3TO
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CIIpaBeJINBO, 10 KpaiiHeil Mepe, /s aumanazoHa s 1.23 < 2 < +/2). Ciaoxublil Bompoc 00
sHepreTuyeckoil yeroitansocru Q-6osta (14), (15) B cexrope {1;4p(3¢*)} ocraercss OTKPBITBIM.

Pa6ora nomepxkana PODU, mpoekt N05-01-00257.
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OB ABCOJIIOTHOII CXOAMMOCTH PA3JIOKEHUII I10
COBCTBEHHBIM ®VHKIINIM OJTHOI'O KJIACCA
NHTETPAJIBHBIX OIIEPATOPOB

B. B. KOPHEB !
CAPATOBCKUI I'OCYJIAPCTBEHHBINT YHUBEPCUTET
CAPATOB, Poccusda

Keywords: narerpaapnblit oreparop, codbcrBeHHbIe (DYHKIINN, PA3JIOXKEHNUS, aOCOIIOTHAS CXOIUMOCTb.

B cmamuve yemanasausaemea ananoe meopemov, Caca 06 abcomommnoti crodumocmu
MPULOHOMEMPUYECKUT PAJOE OAA PA3AOHCEHUT NO COOCMBEHHBIM PYHKUUAM UHME-
2PANDHBLT ONEPAMOPOSE € NEPEMEHHDIM NPEJEAOM UHMELPUPOSEHUSA.

B macrogmeii crarbe ycranaBimBaercs amasor teopembl Caca |1, c¢. 609] 06 abcomoTHOM
CXOJIMOCTU TPUTOHOMETPUYEeCKUX PAoB Pypbe I pas3iiozKeHuil o COOCTBEHHBIM U IIPHCO-
enuHeHHBIM GYHKIUAM (C.11.¢p) HHTErPAIBLHOTO OIepaTopa

Af:/A(l—x,t)f(t)dt, 0<z<l, (1)

rie siipo A(x,t) n pas mHenpepbiBHO Jud GepeHnupyeMo 1o & U OJIMH pa3 1o t, IpudeMm
65
oxs

dsn—1 — cuMBOsI Kporekepa.

Omneparop (1) BIIEPBbLIE pacCMaTPUBAJICA B [2] On npeacrasisier cobOil TPOCTEMINNIT BUT
HHTErPaJbHOIO ONEPATOpa, AP0 KOTOPOro MMeeT pa3pbiB (n — 1)-oif IPOU3BOIHON HA JIMHUK
t = 1 — z. Jlyna takoro omneparopa B [3] ycraHoBIeHa PABHOCXOJNMOCTD PA3JIOKEHU 1o C.11.(.
u B OObIUHBIH TpuroHomerpudeckuii psig Pypbe, B [4] yeranosnena 6asucuoctsh mo Puccy B
L5[0,1] cucremsr c.11.d., a B [5] nostyuen anajor npusHaka 3urMyHaa abCoOMIOTHON CXOIUMOCTH
TPUTOHOMETPUYECKUX PsAoB Pyphbe Ha cirydail psaoB 1o c.Ir.d. omeparopa A.

Bsejem oneparop

Az, t)|tee = 051, s=0,1,....m;

Aof = / l_x_t jﬁﬂu 0<z<I1,

u obosnaunm uepes Ry = (E — MAg) 1Ay ero pesonbsenty ®pearonbma (E — euHudHbII
oIIepaTop, A — CleKTpasbHbI mapamerp). s onpegenenHocT paceMoTpuM ciaydaii n = 4pu+1.
Jlajiee paccMOTPUM KPaeBYIO 3a/1a49y

v™(x) — X\Dv(x) = BF (), (2)
Pu9(0) + Qv (1) =0, j=0,1,...,n—1, (3)
te o(z) = (v1(), 0a(2))T, D j) P - ((f (1)) Q= ((1) (1))

F(x) = (Fi(x), Fy(x)T, Fi(z) = f(z), Fo(z) = f(1 —z), T — 3nak Tpancrnonuposanusd. Torya
Roxf = vi(z) + v2(2).
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IPagora Bemosmena npn dunancoBoit mopepsKke rpanta Ilpesuaenta Poccnn Ha MOIIEPIKKY BEIyIIIX Ha-
yunbix mkos (npoexkt HITT-1295.2003.1), mporpammbr "Yausepenterst Pocenn (mpoext YP.04.01.041), u rpanTa
POOU (mpoext Ne03-01-00169).
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[omoxxum A =1p", p € § = { plargp € [O, 2%] } Yepes w; 0603HAMMIM KOPHHU n-Ofi CTereHn
U3 eJIMHUIEI, 3aHyMepOBaHHbIE TaK, 9T00bl Repw; > --- > Repw, > 0 > Repw, ; > -+ >

Re pw,,, a wepes wy, (k= 1,2,...,2n) obosHaunM InCIa W), —Wj, 3aHyMEPOBAHHbIE TaK, ITO
Repw; > -+ > Repw, > 02> Repw,y1 > -+ > Re pw,.
/ —
Hymeparus wj u wj 3aBUCAT OT argp W COXpaHAeTCd B KaKJOM U3 CEKTOPOB S; =

n(n—1)

{plargpe [Z( —1),Zj]} (j = 1,2,3,4). Kak nokasano B [3], A(p) = p = (a +

bexp(—2pwy) + o(1)) exp p > wy, e A(p) — xapakrepucTuuecKuit onpeaeaurens g (2),(3),
1

a 1 b — oTJIMYHBIE OT HyJd HOCTOAHHBIC, CBOM B KaxKJIOM S;. Yaasum u3 S Bce Hynu QyHK-
it a + bexp(—2pw,,) BMecTe ¢ §-OKPECTHOCTSIMU ¥ TIOJIY IUBIIYIOCs 001acTh 0603HaInM S(J).

ITostozxum
g1z, p) 0
7t7 = ?
9(@,t,p) ( 0 g2(,t, p)
e
gi(z,t,p) = —— {€(fc,t) D whexppwy (e —t) —e(t,x) Y whexppwi(z —t) o,
np” k=v+1 k=1

ga(a,t, p) = npi_l {—e<x,t> S exp(—pup(a — 1) +eltiz) S whexp(—pwh (e — t>>} ,

k=1 k=v+1
rie e(x,t) =1 upu x>t ue(z,t) =0 npu z < t.
Yepes o(x,p) obosmadmm ommy wu3 craeayomnx Gyukmmit  {exp pwg(z — 1)}, U
{exp pwrz}il, -
Teopema 1. B obaacmu S(5) daa pewenua v(z,p) xpaesol 3adawu (2),(3) umeem mecmo
npeidcmasieHue

vz, p) = /G(x,t,p)BF(t)dt,

ede G(x,t,p) = g(z,t,p) + pnl,l H(z,t,p), H(x,t,p) — mampuya, KoMROHEHMbL KOMOPOT AGNA-

10MCA AUHETHBMU KOMOUHGUUAMY BCEBO3MOACHHLT Npoudsedenuts o(x, p)o(t, p) ¢ koaphuyu-
EHMAMU, He 3A6UCAUUMU O T U t, ACAAOUUMUCH 02PAHUMEHHLMU GYHKUUAMU .

Bsejiem oneparop
1f = [ ST 05w
0

rae T'(z,t) — anpo oneparopa (E — Ty)~! — E, B koropom

i

T,f = / aa"nA(x, £)f(t)dt.
0

Teopema 2. B S(0) npu 6oavwuz |p|
Ry = Rox + R\ T} (E — D" 'SRy, T]) "' D" 'SRy,
2de Ry = (E—MA)T'A, D=2L Sf=f(1-x).

Bce BbIOpOIIIEHHBIE KPYZKKHU TP onpejieennn S () 3aHyMepyeM B OJIHY [OC/IEI0BATEIbHOCTh
{Ym }3° o mpaswmiy |p1| < |po| < -+, e pp — WEHTD Y. Uepes Iy, 0603HATNM 06pasbl 7, B
A-ILJIOCKOCTH.
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Teopema 3. Cywecmeyem namypanvroe mg makoe, wmo daa 1060t f(x) € L0, 1] pad

> /(RA — Roy)f dX

m2mo
cxodumea npu ecex x € [0,1] u e2o cymma ozparuvena.
PaccmoTrpuM errie 0j1Hy KpaeByo 3a/1ady
u™ () — XDu(z) = BF(x), (4)

u(0) —u(1)=0, j=0,1,....,n—1, (5)

rie u(x) = (up(z),us(x))?. Pomu p,, auist 3TOM 33/1aUl UrPAIOT TOUKH Ty, = 2Miw,, 7, U MbI

HADSJLY C IPEKHUMU Py, VIAJIUM UX U3 S BMECTe ¢ J-OKPECTHOCTSIMU, & TIOJIY YUBIILYIOCH 00J1aCTh
no-npexkHemy obosHaanm S(J).

Teopema 4. [Tyems f(z) ydosaemeopsem ycaosusm:
1) f(0) = f(1) =0;
2) f)=0(t*) nput —0u f(t) =O0((1 —1t)*) nput — 1, a >0;
3) > n-2w® (f, %) < 00, 2de w® (f, %) — keadpamuveckut Modyas nenpepwvierocmuy f(x)
n=1
npu NePuoduUMECKoM NPOCOAHCEHUU.
Tozda cxodames psadv

m>mg

S | [ e, ) + e, p)an

m>mg
((wi(@, p), uz(w, p))" ~ pewenue sadawu (4),(5)).
N3 teopeMm 3 u 4 citejryeT OCHOBHOU pPe3yJIbTAT:

Teopema 5. Ecau f(x) ydosaemesopaem ycaosusam 1)-3) npedudywset meopemuvi, mo pad Pypwe
dynruuu f(x) no c.n.gh. onepamopa A cxrodumcs abcorrommno.

Sameuanune. AHAJOIUIHBINA PE3y/IbTAT CIIPABEJINB U I pas3jioxKeHuil mo c.i.d. muddepen-
HHAIBHBIX orepaTopos Ly = ™ 4-py(2)y "2 +- - +p, (2)y ¢ HenpepbiBEBIME KO3bbUIIEHTAMI
U peryJspHbIMU 10 Bupkrody KpaeBbIMU yCJIOBUSIMU.
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V.V.Kornev On absolute convergence of the expansions in eigenfunctions of integral operators
from a given class

Keywords: integral operator, eigenfunctions, expansions, absolute convergence.

The paper is concerned with an analog of Szasz theorem about absolute convergence of
trigonometric Fourier series for the expansions in eigenfunctions of integral operators with
a variable limit of integration.
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O IIOJIHOTE COBCTBEHHLIX ®YHKIINNI
ITOJIMHOMMAJIBHBIX ITYYKOB OBBIKHOBEHHBIX
JANOPEPEHIINAJIBHBIX OITEPATOPOB C IIOCTOAHHBIMUA
KOSODOUITNMEHTAMMA

B. C. PoixJioB!
CAPATOBCKUI I'OCYJIAPCTBEHHBINT YHUBEPCUTET
CAPATOB, Poccusda

Pacemampusaemen 3adava 06 m-xpammnot noanome (0 < m < n) cobcmeennoir u
NPUCOCOUHEHHBIT GYHKUUT NYUK08 00bIKHOBEHHLLT JUPPHEPEHUUAALHVIT ONEPATNOPOE M-
20 NOPAJKA ¢ NOCOMOARHLMUY KodddPuyuenmamu 6 npocmparcmee L]0, 1]. Jaemes no-
CMano6Ka 3a0a4u U Kpamxas ucmopus 60npoca. Popmysupyromes 00cmamounvle ycao-
BUA NOAHOMBL.

Keywords: kparHas mo/iHOTa, COOCTBEHHBIE U TIPUCOETMHEHHbIE (DYHKIINN, TYI0K OOBIKHOBEHHBIX M depeHIn-

aJIbHBIX OIIEPaTOPOB, HEPEryIAPHBIi IIy40K

1. IIOCTAHOBKA 3AJIAYU U KPATKASA NCTOPUA BOIIPOCA

PacemorpuM mydoK 0OBIKHOBEHHBIX jnddepeHuaabHbIX onepatopoB L(A), MOpOK IeHHbIT
Ha KoHeuHOM mHTepBasie [0, 1] muddepeHnuanibHbIM BbIpasKeHIEM

f(y’ )‘) = p0($7 )\)y(n) + pl(xa )‘)y(nil) +ooee A+ pn('r? )‘)y = Z psk(x))‘sy(k)a (1>
0<s+k<n

U JUHETHO He3aBUCHUMbBIMHA JABYXTOYE€YHBIMU KPa€BbIMU YCJIOBUAMU

Ui(y,A) = iajk()‘)y(k)m) +opNyP (1) =0, j=Tn, (2)

rae A € C - cuexkrpaibublit napamerp, ps(x, ) = > 0 Pun—s(x) N, s = 0,n, pa(z) € L]0, 1],
a a;, (), bjr(A\) — IPOU3BOJILHBIE OJIMHOMBL 1O A.
Hapsiyty ¢ kpaeBbiMu ycaoBusiMu (2) Gy/LyT pacCMaTpUBATLCA KPAEBbIE YCJIOBU

> ay®(0) +buy®(1) =0, j=Tn, (3)

He cojieprKalliie mapaMerpa A.

Muorne mpobJjieMbl COBPEMEHHOT'O €CTECTBO3HAHUSI IPUBOISAT K 3a/a9e pa3/IoXKeHns (pyHKIIi
B GuoproroHayibHble psaabl Pypbe 10 COOCTBEHHBIM U MPHUCOEIUHEHHBIM (DYHKIWIM (C.11..)
HecaMocoTpsizkeHHoro ydka L(A). HamoManMm HekoTopbie onpeieieHus.

Onpepenenne 1. Yucno \y HasbiBaeTcs cobcmeernvim 3navenuem (c.3.) myaka L(N), ecau cy-
mectByer QyHKIm Yo(x) # 0 B obmactu onpeenenns L(A) Takas, aro L(Ag)yo = 0. Oyuxrums
yo(x) HazbIBaeTcst cobemeennot Pyrkyuet (c.d.) myuka L(A), coorBeTcTByfoleii ¢.3. A.

Omnpepenenne 2. [Tycts \ ectb c.3. myuka L(A), a yoo(z) — coorBercrBytomias c.d.. Cucrema

byuRIWA Yo1 (), Yoo (), . . ., yo(r) Ha3BIBaETCS cucmemol Gynryul, npucoedurnernuir x c.dp.
Yoo (), ecim 511 (DYHKIMU SIBJISIFOTCST PEIIEHUSIMU CIIEJYIONIIX 38,184
1 OL(A 1 01L(A\
L()‘O)yOq+ ( 0) _J?/OOZQ q:0717"'7l'

0 oxn ettt TN

IPagora BbimonHena npn dbuHancoBoil momaep:kke rpanta Ilpesmaenta PO Ha HOLIEPKKY BELyIUX HAyd-
ueix mKoa (npoekr HIT-1295.2003.1), rpanra PODU (upoexr 03-01-00169) u nporpammbr "YHuBepcuTeTsl
Poccun" (mpoekt yp.04.01.375).
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3 9% L(Xo) 6 . ok e(y,\o)

JeCh —3 0003HAYAET IyOK, MOPOKJICHHbIN TuddepeHnaibHbiM BhIPDAsKeHEM — i
*U; (y,\ . — —

KPaeBbIMH YCJIOBUSIMHI % =0,7=1n,k=1n.

[Iycrs A := {\;} ectb MHOXKecTBO Beex ¢.3. nmyuka L(A). IIpemosaraercs, 910 MHOKECTBO
A cueTHO.

Omnpenenenne 3. Ilycts \g € A 1 Yoo, Yo1, - - - , Yo €CTH cuUcTEMA C.11.(., COOTBETCTBYIOIIAS C.3.
Aog. Obo3HaAIIM

0" ot t t1 _ —
Ysq = e ?/0q+—yoq—1+"'+ayoo , s=0,n—-1,¢=0,[
: t=0

ots 1!
Jast 0 < m < n cucrema BeKTOp-PYHKIHA Ty = (Yogs Yigs - - - » Ym—1¢)"» ¢ = 0,1, HA3BIBAETCH
nPou3sooHoT M-Uyenoykot, coomeemcmeywet cucmeme C.n.;¢. Yoo, Yoi, - - -  Yoi-

[Iycrs Y := {yx} ectb MHOXKecTBO Beex c.i.d. L(\), cooTBETCTBYOMUX MHOXKeCTBY A.

Onpepnenenne 4. Cucrema Y c.ard. myuka L(A) HasblBaeTCs m-kpamuo noanot 6 npo-
cmparcmee Ly[0,1] (0 < m < n), ecim u3 ycJOBHUsI OPTOrOHAJIBLHOCTH BEKTOP-(DYHKIHN
h € L30,1] := Ly[0,1] @ - -+ @ L2[0, 1] BceM NPOM3BOIHBIM M-IEMOYKAM, COOTBETCTBYIOIIIM

~
m pa3

cucreme Y, ciexyer paBeHcTBo h = 0.

Perraercst 3a1aua Haxoxienus ycioBuil Ha koaddurmenTs! mydka L(\), Ipu KOTOPBIX MMe-
€T MeCTO WJIM OTCYTCTBYET n-KpaTHas IOJIHOTA. B mocie/ineM ciiydae eCTeCTBEHHO BO3HUKAET
BOIIPOC 00 YCJIOBHUSAX M-KpaTHOW MOMHOTHL mpu 0 < m < n. DTa 3aja4va akTyaJbHa TOJIHKO
JIJIsT HEPErYJISIPHBIX Iy 9IKOB omeparopoB L(\) (Wi BBIDOXK/IEHHBIX, KAK WX WHOI/IA HA3BIBAIOT)
¢ "mroxum"oBesiernem dyuknuu ['puna npu [A\| — 00 (9KCIIOHEHIMATBHBINA POCT B CEKTOPaX
pacteopa > 7). [Ipu "xopomem"nosenennu dyukiun ['puna (Hampumep, crereHHasi OrpaHu-
YEHHOCTB IIPU |\| — 00 Ha HEKOTOPBIX JIydax) 9Ta 3aJada yKe pellleHa.

OcHopornoiaraoreii 110 9710ii npobieme sipjsiercs padora M.B.Kempima [1] 1951 roga, B
KOTOPOii ObL1a chopMyIMpoBaHa TeopeMa 00 n-KpaTHoii mojHoTe c.11.¢. mydka L(A), mopox-
JieHHOTO JibdepeHIaibHbIM BbipazkeHueM (1) co crenuaibHOil TJIABHON YacThIo

((y, \) == y™ 4+ A"y + {Bo3MyImEeHnE},

U pacrnaJialomumuca KpaesbiMu ycaoBusamu (3). B 1973 romy sra Teopema ObuLra jgoKazaHa
A.II.XpomoseiM [2] B cirydae anamurudeckux KosbdurmenTos auddepeHmanbsHoro Beipazke-
s 1 B 1976 — A.A . IllkasukoseiM [3] B ciydae cymmupyembix Kosddurmerros. Obobimenne
9TOI TeOpEMBI Ha CJIydail KOHETHOMEPHOTO BO3MYIIEHUS BOJIBTEPPOBA OIlepaTopa ObLIO C/Ie/TaHO
ATI.Xpomoseim [4]. Caygait mpon3BoibHOl TiiaBHON YacT T hepeHInaibHOr0 BhIPAKeHUsT
6Lt pacemorper G.Freiling’om [5] u C.A. Tuxomupossim [6] B KoHIte 80-X T0O0B MPOIILIOTO BeKa.

B pab6orax |7]| u [8], orHOCAIIXCsA K 0bmiemy Buy (1)—(2) myuxa L(\), mosydeHs! 0cTaTod-
HbIE YCJIOBHsI N-KPaTHON MOJHOTHL B Lo[0, 1] cucreMmbl c.1.¢p. B TepMUHAX CTENEHHON OrpaHu-
YEeHHOCTH 110 napameTrpy A dyHkiun ['pruHa mydka Ha HEKOTOPBIX JIydax.

Hawubosiee mosmoe uccieioBanue Borpoca 00 n- U M-KPATHON TOJHOTE U HENOJHOTE C.I1..
nyuka L(A) Buga (1), (3), muddepennuanbaoe BeIpazkeHIe KOTOPOTO UMEET HOCTOSTHHBIE KOI(]-
durnmenThI, a KpaeBble ycJIoBUs — ToJiypaciagaorniuecs, nposes A.M.Barabos B cepuu cBoux
pabor 1981-1987 romos (cm. |9, 10]).

Ho BmioTh g0 HacTosIero BpeMeHu BOIIPOC 00 N- U M-KPaTHON IOJHOTE C.1I.. 0 KOHIA
He pellleH Jlaxke B cirydae GoJiee mpoctoro mydka L(A), mopoxaeHHOro auddepeHimaabHbIM
BBIDAXKCHIEM

EO(yv )‘) = Z pskASy(k)(x) (4>

s+k=n
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1 KpaeBbIMUA YCJIOBUAMUN

3 Ny (0) + by ® (1) =0, j =Tn, (5)

s+k<n—1

TIO€ Psk, Gjsk, bjsk € C.

B paborax asropa [12, 13, 14| 6bL1 mpejioKeH MeToJi, KOTOPBIH TO3BOJISET HUCCIEI0BATE
Bonpoc o nosinore c.ar.d. st myuka (4)—(5). B wactHOCTH, B 3THX paborax ObLI UCCIIEIOBAH
BOIIPOC O TIOJTHOTE C.11.¢p. HEKOTOPBIX YaCTHBIX CJIydaeB 3Toro mnydka. /lanbreiiemy passu-
THUIO 9TOT0 METOJIa, & TaKzKe HOBBIM pe3y/IbTaTaM O MoJHOTe C.I.¢d.myuka (4)—(5) u nocesieHa
JaHHasl CTaThsl.

Bysem cunrarh jajee, 9To KpaeBble YCJOBHs (D) HOPMUPOBAHHBI U MOPSIJIOK J-TO KPAeBOIO
ycaoBust ectb 0,(< n — 1), To ecTb OygeM paccMaTpUBATDL KPAaeBble YCJIOBUS BUIA

UP(y. ) = U(y: M) + Upi(y,A) = Y N (g™ (0) + g™ (1) = 0,5 = Tn. (6)

s+k<o;

CyMMapHbIil TOPSAJOK KpaeBbiX ycsosuii (6) obosnaunm GyKBOIl 0, TO €CTh 110 OIPEJIEJIEHUIO
oO=01+02+ ...+ 0,
[Iywox (4), (6) 6ymem obosradaTh Lo(A).

2. OCHOBHBIE OBO3HAYEHUA U OIIPEJEJIEHN S

Paccmorpum ypasuenne £o(y, A) = 0. IIpeamonozkum, aro kopan {wy }_; €ro XapakTepucTu-
YEeCKOro ypaBHEHUsI
Z k
PspW = 0

s+k=n

HOIIAPHO PA3JIMYHBI U OTJIMYHBL 0T Hy/d. OueBuHo, cucrema dyukuuit yi(z, \) = exp(Awgx),
k = 1,n, ssasiercsa dbyHgaMeHTag bHO crucreMoit pemenuit (¢b.c.p.) ypasuenus (o(y, A) = 0 npu

A£0.
BBejiem B paccMoTpeHue CJIeyIolme BeKTop—cToionsl npu k = 1,n
T
Vk<)‘) = (U{)O(yk’ )‘)7 Ugo(?/kv )‘)’ R Ugo(yka A)) )
Wk(/\) = G_N% (U?I (ykv )‘)’ Ugl (yka /\)7 R Ugl (ykh )‘))

C wucrosib3oBaHreM 3TUX ODO3HAYEHUIT XapAKTEePUCTHUECKUil OIlpeesinTesib (X.0.) IydKa
Lo(\) 6yner numersb Bu

A = det (U (g V) -y = [HUA) Ha(A) .. Hy (V)] =
= [Vi(A) + ' Wi (A), Va(A) + X2 Wa(N), ..., Vi (A) + e W, (V)] - (7)

T

NsBectHO, 9TO OTIIMYHbIE OT HyJIs C.3. y4dka Lg(A) ects mymm A(N).
[TostozxuM 110 amasoruu c [§]

e Ji, k= 1,2,..., N, — Npou3BoJIbHBIII HAOOP U3 k Pa3/IMIHBbIX HATYPAJbHBIX YUCE], U3Me-
naromuxcesd or 1 10 n. Ipn k& = 0 monoxum yj, = 0.
B nmasnbreiiem OyjeT UCHOIB30BaTbhCsi 0003HAYEHUE

e =m+ 5+, T 20



20

Vunreisast onpenenerne dopm U;(+, ) B (6), uncen x,, Bug d.c.p. yp(z,\), k = I,n, n
packpbiBas x.0. (7), OyiemM umernb

AN) =)\ Z [PJ’“LT M.

Jk

OTMeTI/IM B KOMILJIEKCHOI IIJIOCKOCTU BCEBO3MOXKHBIE TOUKU XJk n 0603Ha“H/HVl qgepes3 M Hau-
MEHBIIHH BBITYKJIbIi MHOTOYTOJIBHUK, COJEDZKAIIIA 9TH TOYKN (MOMKET CJIyIuThCst, aro M —
orpe3ok). Toukn Yy, , KOTOpbIe OKA3a/NCh Ha IPAHMIE MHOrOyroibHuKa M, Ha30BeM rpaHmd-
HBIMH, & TOYKH, JiexKallue B Bepiuaax M, — yTJIOBBIMA.

Hna r € {0,1,...,0} depe3 (Ma), 0603HaUNM BBIIYKIIYIO 000JOYKY TEX TOUEK X, JUId
koropeix [P7+] 0. feno, uro (Ma)y C (Ma), C ... C (Ma), C M.

[To anasioruu ¢ [8] gajum ciieyrolue OnpeIeeHusl.

Omnpenenenne 5. Ilyuok Lo(\) Hazosem pezyasproim, ecamn (Ma), = M.
Omnpenenenne 6. IIydox Ly(\) Ha30BEM nowmu pezyaaprvim, eciu (Ma), = M.

Onpepenienne 7. Ilyaok Lo()\) HazoBeM caabo nepezyisprvim (I HOPMAALHBIM TIO TEPMU-
Hostoruu [8]), ecam mHOroyrosmsHuK (Ma), BMeeT He MeHee JBYX TOYeK KacaHus ¢ M, mpudem
HEePIEHIUKYISPb, IPOBEJACHHBIE U3 HEKOTOPO (PUKCHPOBAHHON BHYTpPEHEH TOYKHM K CTOPOHAM
M, Ha KOTODBIX JiezKaT TOUKH KacaHus (eC/n TOUYKa KaCaHWsl — BEpIINHA, TO TAKUX MEePIIEeH -
KYJISIPOB JiBa), pa30MBalOT KOMILIEKCHYIO IIJIOCKOCTh Ha CeKTOPBI pacTBopa < m. Ecau M ectb
OTPE30K, TO IMy4d0K Lo(\) Ha3bIBaeM caabo nepezyaaprvim, Korga (Ma), = M.

N3 omnpejiesiennit ciaejryer, 9To peryagpHbIil U MOYTU PEryJIAPHBII MyY0K ABJIAETCA B TO XKe
BpeMs CJ1a00 HEPETYJIIPHBIM.

Omnpenesienne 8. I[Tyuok Lo(A), KTOpblii He yJ0BIETBOPSIET HPEIBIIYIIEUMY OIPEIEIEHUTO,
HA30BEM CUALHO HEPERYAAPHBIM.

U3 pesynbraTos (8] ciemyer, uto ecam mywok Lo(A) ciabo Heperymsiper (uim, HO-Apyromy,
HOPMAJIEH), TO CHCTeMa ero C.1.¢d. n-KpaTHo moiHa B Lo[0, 1].

Muoroyrosmpauk (Ma), Oyaem KpaTko 0603Ha4aTh M U HA3BIBATD XAPAKTEPHCTUIECKUM
MHOTOYTOJTbHUKOM (X.M.) dyHKmm A(N).

3. ONPEAEJEHUE N CBOMCTBA OJ/THOI'O CEMENCTBA ®YHKIIU

Beenem B pacemorpenue ciefyromiee cemeiicTBo pemennii ypasaenust £o(y, A) = 0 mpu A # 0

0 hn (l’, /\) yn(x7 )‘)
G, N TN) i= | ) (8)
-\ - H(N) ... H,(\)
saucsimee o1 BekTop-ctosbna D(A) = (11(A), 12(N), . .., 7 (A))T, KoTopbiii siBIsteTcs napamer-

pom. CemeiicrBo dyHKiumii (8) urpaer BayKHYIO POJIb MPHU JIOKA3aTEIbCTBE TOJHOTHI CUCTEMBI
car.d. myuka Lo(A). dasmee morpebyrorcs HEKOTOPbIE CBOMCTBA ITOr0 ceMeiicTBa (QyHKITHIT, KO-
TOpbIe CHOPMYJIUPYEM B BUJIE JIEMM.

Jlemma 1. Ecau sexkmop—pynxyus I;j(N), 7 = 1,n, aunetino nezasucumo npu X € C\Q, 2de
— urcuposarnoe nodmmosrcecmeo C, mo dynxyuu g(z, \,T;(N)), j = 1,n, marowce aunetino
nezasucumo, no x € [0,1] npu ecex A € C\ (AU {0} UQ).

Aoxasamenvcmeo. Bynem obosnauars st kparkocrn hj(x, A) = g(x, \,I';(N)), 7 = 1, n. Torna
u3 (8) ciemyer (apryMeHTBI OITycKaeM )

hj(I,/\) = |FjH2 Ce Hn| yl(l’, )\) + |H1FjH3 e Hnl y2<l’,)\) + ..+
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+HiHy ... Hy Tl yn(2,N) = Zajkykm

e 0003HAYEHO
OéjkEOéjk()\) = |H1Hk_1F]Han| (9)
Takum obpaszom,
H(z,\) = AN)Y (z,\),

rae H(z,A) = (h(z,N), ha(z, N, .o b (2, M), Y, N) = (ya(@, A, yo(2), - yn(2, M)
A(N) := (k)] - Ecom Gyzer nokasano, uro det A(A) # 0 gz seex A € C\ (AU{0}UQ), To
TEM caMbIM JieMMa OyJleT JoKazaHa, Tak Kak cucrema dbyHkumit v (z, A), ya(x, ), ..., yn (2, N)
JIMHEHO He3aBUCHMA.

[Ipemmonokum nporusHoe, TO ecTh det A(Ag) = 0 mpu HekoTopoMm A9 € C\ (AU {0} U Q).
D10 o3Hauaer, 4To cTpoKu MaTpurbl A(Ag) JHMHEHHO 3aBUCHMBI, TO €CTh CYNIECTBYIOT YHCJIA
0By, Ba, . .., Bn, HE BCE paBHBIE HYJIIO, TAKUE, ITO

Z@@ﬂ (M), Zﬁjaﬂ o), oo, iﬁjajn(%).
C yuerou o (9) orciona moy ity B
(S5 BT500) ) Ha ) Hy (o) - - Halo)| = 0,
Hi(o) (S0 BT500)) Hs(Xo) - Ha(0)| = 0, (10)

Hi(A)Ha(No) . .. Hy s (z;;l @Q(AO)) ] —0.

Obosnarmm fanee st kpatkoetn B =) 0 351(Ao).
Ecsu onpenesuresn (10) paBHbI Hy/TI0, TO UX CTOJIONB! JHHEHO HesaBucuMbl. CiieoBaTe/b-

HO, JUIA KaxkKJIoro k = 1,m CymecTBYIOT TakKWe YUCIa Cgi,Cg2, - - -, Ckn, HE BCE PaBHBIE HYJIIO,
4TO
cuB  + cpHy + ... + cypaHpy + cnH, = 0,
ey + B+ ...+ cpaHy + e H, = 0, (11)
Canl + Cn2H2 + ...+ cnn—lHn—l + CnnB = 0.

[Tokaxkem, uto ¢y, # 0, k = 1,n. B camom zeine, eciu 661 ¢, = 0, k = 1,n, To u3 k-ro
pasencrBa (11) mosyunsm Obt
iy + coHo + -+ g1 Hy—1 + Cpoppr Hgpr + -+ + Cen iy = 0,

OPUIEM  Ck1, Ck2, - - - Ckk—1s Chkt1y - - - Ckn HE BCe DpaBHBI HyT0. CJle0BaTeIbHO BEKTOPBI
Hi(M\o),H2(Xo), -y, He—1(Mo)y Hev1(Xo), - - -, Hi(Ao) smneitro 3aBucumbl. OTCofa clie/iyer, ITo

Ao(No) = [Hi(Ao)Ha(No) - .. Hu(No))| =0,
To ecth A\g € A U {0}, a 310 HEBepHO, Tak Kak 10 npejanosnoxenuio g € C\ (AU {0} U Q).

Taxkum obpaszom, cxr # 0, k = 1, n.
U3 kaxkoro pasercrsa (11) Beipasum Bektop B. Ilomyuamm

B = 512H2 + ClgHg e+ 51an,
B = 521H2 + CQgHg oo+ 62an, (12>
B = 6711]—12 + 6'r121{3 e+ 6nn—ll{n—h

rjie 0603HAUEHO Ckj =

Ckj
e B 7T
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N3 (12) canexyer, aro Bce ¢x; = 0, k # j. B camom gete, He Hapyrmast OOIHOCTH, MOYKHO
cauTarb, 9ro k < j. Berarem u3 k-ro pasencrsa (12) j—e pasencrso. Ilomyamm

(Ck1 — Cj1)Hy1 + (Cho — Cjo)Ha + ... + (Chi—1 — Cjpm1) Hp—1+
(=) Hi + (Chrtr — Cipy1) Hipr + oo 4 (Crjor — Cjo1) Hj1+
0 Hj + (Cejr — Cja) Hja + -+ (Con — Ejn) Ho = 0.
Ho rtak xak BekTopbl Hi(Ag), Ha(No), - .., Hy(Ng) sumeiino nesasucumbl (mHade A(Xg) = 0 u
Ao € AUO, 4T0 HEBEPHO), TO OTCIOAA CIIELyeT, 9TO Cj, = C; = 0. ITosromy Bee ¢ = 0, k # j.
C yuerom storo n3 (12) momyamm, wrto B = 0, To ects ) 7 B;1';(Ag) = 0. Ho no yciosmio
BekTopbl 1'j(N), j = 1,n, /uneiino nesaBucumbl 1y Beex A € C\ Q, B wacTHOCTH 17191 \g €

C\ (AUO0UQ). CrenoBarensho, f; = o = ... = (3, = 0. Ionyuniu npoTuBopeydne, KOTopoe
JIOKA3bIBAET JIEMMY. 0

Crepyrommue jiBe JeMMbI ecThb TepedOpMyInpoBKa [T cirydas mydka Lo(A) cooTBeTcTBYIO-
mux JjgemmM u3 [13].

Jlemma 2. Jlaa duxcuposannozo j (1 < j < n) z.m. pynkyuu g(z, A, V;(A)) npu awobom
x € [0,1] codeporcumes 6 evnyraoll 0borowke mruozoyzorvruka Ma u ecex mex movex X g, , 044
KOMOpuT MHodHCecmBo Jy, codepatcum wucao j.

JIemma 3. /Jlaa ¢ukcuposarnozo j (1 < j < n) x.m. gynxyuu g(z, \, W;(X)) npu awobom
x € [0, 1] codepotcumesn 6 evinyraol 0bosowke mrozoyeosviuka Ma u ecex mex movek X g, , 04A
KOMOPHLT MHONHCECTNEO J), He codepicum “ucio j.

4. JIOCTATOYHLIE YCJ/IOBUSA TTOJTHOTHI

Bynem canrars, uro BekTrop—dyuknusg I'(\) ects nesas anamurudeckas OyHKIUA SKCIOHEH-
muaibHoro Tuna (1.¢.s.1.). HerocpeacrBeHHO MOXKHO yOeUuThCsl, 4TO BEKTOP—CTOJIONbI

(@kg(x,x,m» 9*(\g(x, ), T(\))) a’f(Amlg@,A,ru))))T

N ONF o ONF ’ (13)

A=Ay

rne k € 0,8 u A\, € A, ABISAIOTCA NPOU3BOIHBIME Mm—TelouKaMu it c.a.d. mydxa Lo(\),
COOTBETCTBYIONINUX C.3. A\, KPATHOCTH S + 1.
[Ipemmonoxkum, ato cucreMa Y = {yx} Bcex c.an.d. myuka Lo(\) m—kparao (0 < m < n)

T
ue nosna B Ly[0, 1]. Torma naiimercs Bekrop—dyukims h(x) = (hl(x), hao(x), ..., hm(x)> €
Ly]0,1], h # 0, koropast oproroHaibha B mpoctpancTse L5'[0,1] BceM NpOM3BOJHBIM mM—
HeNoYKaM Jg, HOCTPOEHHBIM 1O cucreme C.In.d. mydka Lg(A). B gwacrHocru h oproronaibha
BekTop—crosibiam (13). U3 910l OpTOroHAJIBHOCTH CJIEJLYET, U4TO C.3. A,, UMEOIee KPATHOCTD
s+ 1, aBjasgercsa HyJeM KpaTHOCTH He MeHble s + 1 dynkiun

1

H(NT(N) = /g(x, A T(N)h(z, A) dz =0,
0
re oboznadeno h(z, A) := hy(z) + Ao(z) + ... + X" h,(z). deno, uro dyuxuus H (X, T'(N))
ecTb 11.(.3.T. 10 .
Paccmorpum mepoMopdHyo (hyHKITHIO

H(AT(A)
AN
KoTOpas hopMaIbHO UMEET MOJIICa B TOUYKax A € A, HO, KaK 3T0 OBLIO OTMEYEHO BBIIIIE, BCE ITU

IIOJTFOCa, KOMITEHCUPYIOTCS IUCTUTEIEM, 32 UCK/IIOUeHNeM ciIydast, Korja A = 0 gBIAroTCS C.3.
B sToM cirydae ONOTHUTETHHOE MPEIIOIOKEeHHe 00 OPTOrOHAIBLHOCTH BeKTOp—(yHKINN h(7)

HNT(N) =
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B poctpanctee L5']0, 1] korneanomy Habopy Bekrop—dyuknuit n3 L5'[0, 1], mo3Bosser cuenarhb
BbIBOZL O TOM, 910 H (A, I'(A)) ectp m.dp.o.1.

Onpepenenne 9. Bynem ropoputs, uro Bektop—byskims ['(\) yiaoBieTBopser yeaoBuo ()
(oboznagaem I'(A) € (a)), ecam B A-IUIOCKOCTH CYIIECTBYIOT 110 KpaiiHeil Mepe TpH Jiyda, HCXO-
JIAIIIe U3 Hadasa, Kazxkble J[Ba COCEJHUX M3 KOTOPBIX UMEIOT MexKy coboil yros MeHbIIe 7, u
Ha KoTopwlx dyuknusa H(A, I'(N)) umeer me Gostee weM cTEreHHO POCT.

Ecmn T'(A\) € («a), To wucnons3ys upuniun Pparmena—/lunmenéda, momydanm, 9To
H(N,T(N) = P(A\), tne P(A) ectb mosmaoM 110 A. Tpebyst MOMOTHUTEIBHY IO OPTONOHAIBHOCTD
h(z) B mpoctpanctee L3'[0, 1] mekoTopomy KoHedHOMY HaOOpPYy BeKTOP—YHKIHMI, ycTaHABIN-
BaeM, uro H(\, T'(A)) =0, orkyaa crenyer, aro H(A, T'(A)) = 0.

Ecium nmeercs neckosbko BekTop—bynknuii I';(A) € («), j = 1,7, TO HOIy<IUM 7 TOXKIECTB

HM\T(A\) =0, j=T1r (14)

IpHU yCJIOBHUHU, ITO BeKTOp—dyHKIusA h(z) oproronanbia B npocrpancrse L3'[0, 1] HekoTopomy
BIIOJTHE KOHKPETHOMY KOHeYHOMY Habopy BekTop—dyHKuuii. Femu nabop roxkaects (14) mocra-
touno "Oorar", TO U3 HErO MOXKHO 3aKJIIOUNTH, ITO

hi(z) = ho(z) = ... = hy(z) =0, ws. x €]0,1],

U TEM CAMBIM TOJIyYUTh IIPOTUBOPEUNE C MCXOHBIM IIPEJIIOI0KEHTEM O TOM, 910 h # (.
CupaseyiuBa cireyrormas jJeMMa, (eM., Hanpumep, [10]).

Jlemma 4. Jlubo cucmema c.n.g. nywka Lo(\) n—rpamno noana 6 Le[0,1], aubo coomeem-
CMBYIOWAA CUCTNEMA NPOUSBOOHDIT N—UENOYEK Yk, NOCMPOEHHAA NO CUCTEME C.T.¢p. NYKaQ
Lo(N), umeem Geckoneunviti deghexm 6 Lo|0, 1].

Ucnob3yst 3Ty JieMMy, BBIIIEIIPUBEICHHBIE PACCYK/IEHNUs, a TAK¥)Ke JIeMMY 1, MOXKHO JI0Ka3aTh
CJIETYIOILYIO TEOPEMY.

Teopema 1. Ecau cywecmeyrom n aunetino nesasucumo uy.g.o.m. Ti(N), Ta(N),....I'y(A) €
(), mo cucmema c.n.. nywrka Lo(\) n—kpamno noana 6 Ly]0,1].

Caenctiue 1. Ecau Vi (\) € (o), s=1,k, W;,(\) € (o), t =1,1, k+1 > n u das 6cex A € C
30 UCKANOUEHUEM KOHEWHO20 MHONCECTNEA

rank (V;, (), Vi,(A) -+ Vi, (W5, (W5 (A) . W5, (X)) = n,
mo cucmema c.n.. nyuka Lo(\) n—xpamno noana 6 Ly[0,1].

IIpu Beisicuenun Toro, 4o Vi(A) € (o) mim W;(A) € (o) , y1obHO 10Ib30BaThCS JleMMaMu 2
u 3.

Beuny crnermuduaeckoii crpykrypsl dyaknuu g(z, A, ['(x)), onpenensemoit dopmyioit (8),
V/IAeTCs JIOKA3aTh, B YACTHOCTHU, CJIEYIOILYI0 T€OPeMy.

Teopema 2. Ecau cywecmsyrom m nap sexmopos {V;(X), W;(X)}, maxuz, wmo V;(X\) € (a),
W;(A) € (a), mo umeem mecmo m—kpamnas noanoma 6 Ly[0, 1] cucmemwe c.n.gh. nyuka Lo(N)
C BO3MONCHBIM KOHEWHbIM dedhekmom.

Nmerorest mpocThbie puMepbl yIKOB Lg(A), KOTOpbIE SIBISIOTCS CUJIBHO HEPEry/IgPHBIME (TO
ecTh TeopeMa O MOJIHOTE CHCTeMbI UX C.1.¢. B mpoctpancTBe Lo[0, 2] u3 (8] 3mech He paboraer),
HO, TeM He MeHee, u3 chOPMYINPOBAHHBIX TEOPEM BBITEKAET KpaTHast MoJaHOTA B Lo[0, 1] cucrem
ux C.1.¢.
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ON EIGENVALUES IN THE ESSENTIAL SPECTRUM OF
STURM-LIOUVILLE OPERATORS WITH THE INDEFINITE
WEIGHT sgnz

ILiA KARABASH
DONETSK NATIONAL UNIVERSITY, DONETSK, UKRAINE

Keywords: J-selfadjoint operator, indefinite weight, nonselfadjoint operator, differential operator, eigenvalue,
algebraic multiplicity, geometric multiplicity

Eigenvalues in the essential spectrum of a singular indefinite Sturm-Liouville operator
are studied. Geometric and algebraic multiplicities are obtained. It is proved that there
exists an operator of the form (sgnz)(—d?/dx? + q(x)) with an eigenvalue of infinite
algebraic multiplicity. An abstract formulation of the problem is given.
d? . o :
Let Ly = o + q(z) be a selfadjoint Sturm-Liouville operator in L?(R). We assume that
T

a potential ¢(-) is continuous and that the operator Ly is in the limit point case at —oo and
+00. Let J be the multiplication operator by sgnx in L*(R), (Jf)(z) := (sgnz)f(z).

The problem under consideration is a detailed description of the spectrum of the J-selfadjoint
Sturm-Liouville operator

dx?

Note that Ay is a nonselfadjoint operator. In fact, the operator A%, is defined by the same
differential expression although it has another domain

dom (A%) = {y € L*(R) : Jy € dom (Ly) } # dom (Ay) = dom (Ly).

The eigenvalue problem for a regular indefinite Sturm-Liouville operator was studied in
[10], [18], [16], [17], [2] (see also references in [2]). The asymptotic distribution of eigenvalues
of indefinite elliptic problems have been the subject of much investigation; see [3], [§8], and
references therein. The spectral properties of quasi J-nonnegative (for the definition see [9])
singular or regular differential operators were studied in [6], [5], [9].

A description of the point and absolutely continuous spectrum of a selfadjoint extension of
a simple closed symmetric operator was given in [4] in terms of boundary values of the Weyl
function. Moreover, some results on the singular continuous spectrum have been obtained in
[4] too.

The theory of boundary triples (see, for example, [7]) gives a description of the spectrum
0(Ag) and the discrete spectrum og;s.(Ag) in terms of the Weyl function, see formula (14)
below. In this paper we consider a question of the existence of eigenvalues in the essential
spectrum oes5(Ag) of the singular J-selfadjoint Sturm-Liouville operator Ay. Geometric and
algebraic multiplicities of eigenvalues are given. It is shown that there exists an operator of
form (1) with an eigenvalue of infinite algebraic multiplicity. We give an abstract formulation
of the problem. Emphasize that we do not assume that the operator Ay is definitizable. Our
method is based on a functional model of symmetric operator 7], [15].

Throughout the paper we use the following notation: the discrete spectrum og;5.(A) of an
operator A in a Hilbert space H is the set of isolated eigenvalues of finite algebraic multiplicity;
the essential spectrum is defined by ocess(A) = 0(A) \ 0aisc(A); 0,(A) stands for the set of
eigenvalues; p(A) is the resolvent set; the continuous spectrum is defined by

Ay = JLy = (sgnx) (—d—2 + q(x)) . (1)

0.(A) ={A e C\o,(A) :rtan(A—\) #ran(A)) = H }.

The topological support supp d> of a Borel measure d¥ on R is the smallest closed set S such
that d3(R \ S) = 0. We denote the indicator function of a set S by ys(+).



26

1. THE FUNCTIONAL MODEL FOR Ag.

Recall a functional model of symmetric operator following [7], [15]. We need only the case of
the deficiency indices are (1,1).
Let ¥(t) = 3(t — 0) be a nondecreasing scalar function such that

/1it2d2(t) < o0, /dZ(t) ~ . ()

The operator of multiplication Qy, : f(t) — tf(t) is a selfadjoint operator in L?*(R, d¥). Consider
the following restriction of Qs

Ay = Qs [ dom (As),  dom (As) = {f € dom (Qs) : /f(t)dE(t) o).

Then Ay is a simple densely defined symmetric operator in L*(R, dX) with deficiency indices
(1,1). The adjoint operator A% has the form

dom (A%) = {f = fo+t* +1)'h : fo €dom(Qyx), h€C}, ALf=tfo— #*+1)"'h

Let C be a real constant. Define two unbounded linear functionals '}, 1"12’C in L*(R,dX)
3= T =Cht [ s, ®
R

where f=fo+t{t*+1)"'h € dom (A%), fo € dom (Qy), h e C.

Then {C,I'}, 7"} is a boundary triple for A%. The function

1 t
M = — by by
s.c(A) C+/(t—)\ 1+t2)d (t), A e C\suppdX,
R
is the Weyl function of a pair {Ay, Qx} (see 7], [15]).
Let 3, ¥_ be nondecreasing scalar functions satisfying (2). Let C',, C_ be real constants.
Consider the operator A = A {¥,,C,,X_,C_} in L*(d¥;) @ L*(dX_) defined by

A{S,,Cy, 5., C} = A3, @ Ay | dom (A), (4)
dom (A) ={ f=fi+ [ : feedom(Ay,), Ty fr =Ty f, DyPO f =079 ).

Let J be an signature operator in a Hilbert space H, J = J* = J~!. Then J = P, — P_,
where Py is the orthogonal projection on ker(JF1). Let A be a J-selfadjoint operator in H. Put
Apin = AN A", AL .= A dom(A)N PLH. Then A,,;, and AE, are symmetric operators
and A, = Al @® A Note that the domains of A,;,, AX, may be nondense in H, PLH
respectively.

Proposition 1. Assume that A'. =~ A~ . are simple densely defined symmetric operators in

P,H, P_H, respectively, and the deficiency indices of A} . ~A_. are (1,1). Then there exist

nondecreasing scalar functions 3, 3_ satisfying (2) and real constants C';, C_ such that the
J-selfadjoint operator A is unitary equivalent to the operator A {¥,.,C.,3_,C_}.

Let us define the Weil functions Mg (A) and Mg_(A) for the Neumann problem associated
with differential expression (1) on R, and R_ respectively. Let si(z, A), cx(z, A) be the solutions
of the equation  +(—y"(z) + q(z)y(z)) = Ay(z) subject to boundary conditions

d d
s4(£0,\) = @ci(io, A) =0, %si(io, A) =g (£0,0) = 1.
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Then M4 (A) is defined by the inclusion
Si('a)\)_Msli()\)ci('a)\) € L2(Ri), )\EC\R (5)

The function Mg (A) is a R-function; i.e., Mgy (A) is holomorphic in C\ R, Mgy (A) = Mgy (N)
and Im A - ITm Mg () > 0, A € C\ R. Moreover, Mg+ (\) admit the following representation

d¥ g4 (t)

My, = [ =220 6

e =[5 (©
R

where ¥g4 (1) = 3g+(t — 0) is a nondecreasing scalar function such that /(1 + )T (1)

The function Mgy () has the asymptotics (see, for example, [14])

1 1
Mg () =+ +0(<], A—=o0, 0<d<argh<m—9). 7
=t +0(5) $A <7 —0) @)
Proposition 2. The operator A is unitary equivalent to the operator X{ESZJF, Cay, X, Cq_}
t
where Csl:l: ::/mdzsli.
R

Note that (6) gives a holomorphic continuation of Mg.()) to C\ suppd¥s (= p(@x,,,))
and Msl:l:(>\) = MEsl:t?Csl:t()\)’ )\ € C \ supp dEsli.

2. THE POINT AND ESSENTIAL SPECTRA OF A.

To classify eigenvalues of A3, we introduce the following mutually disjoint sets:

Ap(2) = { N € 0u(Qs) /|t—)\|_2d2(t):oo ,

2, (X) =3 A€ 0,(Q) : /|t —\%dX(t) < 0 2,(X) = 0,(Qx).

Observe that C = Ap(X) U, (X) UA,(X) and
Ap(X) ={A e C : ker(A} — ) ={0} },
A (8) ={AeC: ker(4f, — ) ={c(t — A", c€ C}},
A (8) = {A € C : ker(4Af — ) = {ex(t), c€ C}}.
The main result is the following description of the point spectrum of A\{Z+, Cy,%_,C_}. For
the sake of simplicity, assume that Cy = [, ¢(1 4+ %) 'd%,.
Theorem 1. Let A= A{2,,C,, X, C_} with Cy = [, t(1+1?)"d%,.

1: If X € Ao(TL) UAo(S_) then A & o, (A).
2: If A e A,(24) NAL(X) then
i: X is an eigenvalue of g; the geometric multiplicity of A equals 1;
ii: the eigenvalue X\ is simple (i.e., the algebraic and geometric multiplicities are equal
one) iff one of the following conditions is not fulfilled:

Y (A+0) =2 (N =2, (A+0)—2,(N), (8)

1
— dX, (t
| o <o ©
R\{A}



o8

1
——dy_(t ; 1
| i 0 <o (10)
R\{A}
iii: if conditions (8), (9) and (10) hold true then the algebraic multiplicity of X equals
the greatest number k (2 < k < co) such that

1 1
R\{\} R\[A}
1 1
| om0 [ e . (12)
R\{)} R\{\)}

forall jeN : 2<j<k—-1. R
3: Assume that A € A,.(X4) NA(X4) Then X € o,(A) iff

/—d2+t /—dZ (13)

If (13) holds true then the geometric multiplicity of X is one and the algebraic multiplicity
is the greatest number k (k € NUoo) such that

1 1
— dX_(t Ay, (¢
/ ‘t—)\|2j ()<007 / |t—>\‘2] +()<OO,
R\{A} R\{\}
/ L o= / L o
Y A (t—A)g T
R\{A\} R\{A\}

forall jeN : 1<j5<k. R
4: If A e A (1) NA (X)) or A e U (E2) NA(X1) then A € o,(A).

It follows from |7, Proposition 1.6] that

o(A) N p(Qs, ® Q) = A € p(Qn,) Np(@s.) = My, 0,(\) = Moo (N} Cop(A). (14)

It is easy to see that (14) and Theorem 1 yield the following description of the essential spectrum
(cf. [1, p. 106, Theorem 1]):

Proposition 3. If My, ¢, (A\) # Ms_ ¢ (), A € C\R, then 0655(11) = Oess(@x, )U0ess(Qs_).
If Ms,c,(\) =Ms_c (N, M€ C\R, then o.,(A) = C. Moreover, in this case every
point A € C\ (UeSS(QE U O'ESS(QE_)) is an eigenvalue of A of infinite algebraic multiplicity.

3. APPLICATIONS TO STURM-LIOUVILLE OPERATORS.

Recall some facts on the spectrum of a J-selfadjoint operator. If A is a definitizable J-
selfadjoint operator then :

1: the nonreal spectrum consists of a finite number of pairs A, \;
2: each eigenvalue of A has finite algebraic multiplicity.

Besides the symmetry condition o(A) = o(A)* the spectrum of a nondefinizable J-selfadjoint
operator can be fairly arbitrary (see [13]). Another example was given in [2].

Example 1. Consider the operator

in L?(—1,1). The operator A; is J-selfadjoint with J given by Jf(x) = (sgnx)f(x)). It was
observed in [2| that every A € C is a nonsimple eigenvalue of A;. Theorem 1 shows that every
eigenvalue A of A; has infinite algebraic multiplicity (the geometric multiplicity of A equals 1).
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The operator Ay can be nondefinitizable. The following criterion is a consequence of the
definitizability condition given by P. Jonas and H. Langer [11]| (see also [13, p. 11, assertion

(d)])-
Proposition 4. The operator Ay is definitizable iff the sets supp d¥,, and suppdX,_ are

separable by a finite number of points, i.e., there exists a finite ordered set {a; ?ZZI, n € N,

—o0=0ap <o <oy < < gy < Qo = +00,

such that
n—1 n—1
suppd¥_ C U[Oé2k7042k+1]7 suppdX; C U[Oézk+1,042k+2}-
k=0 k=0

Since Mgy (A) # Mg_(X) (see asymptotics (7)), Proposition 3, formula (14) and Theorem 1
imply:
1: Uess(Asl) - Uess(QESl+) U Uess(QEslf);
2: Udisc(Asl) - <Udisc(QESl+) N Udisc(QEg?)) U {)\ € p(QZSl+) N P(stlf) : Msl—l—()\) —
Msl*O‘)};
3: the geometric multiplicity equals one for all eigenvalues of Ay;.
4: if N\ € (Udisc(QESl +) N Udz‘sc(Q%;,)) then the algebraic multiplicity of Ay is equal to
1 1
Mler()‘) Mslf()\)’
5:if \y € p(QESH) N p(Qs,, ) then the algebraic multiplicity of A¢ is equal to the
multiplicity of Ay as zero of the holomorphic function Mg (A) — Mg_(A).

the multiplicity of Ay as zero of the holomorphic function

The following theorem completes some results from [12].

Theorem 2. Let Ly = —% +q be a Sturm-Liouville operator with a finite-zone potential (see,
for example, [14]). Then
d2

1: the operator Ay = (sgnz)(— 4= +q(x)) is definitizable iff the interiors of the spectrums
o(L) and o(—L) are disjoint;
2: the nonreal spectrum of Ag consists of a finite number of eigenvalues;

3: eigenvalues of Ay are isolated and have finite algebraic multiplicity.

Theorem 3. There exists a potential q such that the operator Ay = (sgn x)(—% + q(z)) has
an eigenvalue of infinite algebraic multiplicity.

The construction of an example in Theorem 3 is based on Theorem 1 and some results
concerning the Hamburger moment problem.

The author express his gratitude to M. M. Malamud and C. Trunk for numerous useful
discussions.
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SIMILARITY OF SOME DIFFERENTIAL OPERATORS TO
SELF-ADJOINT OPERATORS

A. S. KOSTENKO

Keywords: Krein string, J-self-adjoint operators, similarity problem, boundary triplets, Weyl functions

sgnz d?
p(x) dz?
obtained a Weyl function of the corresponding symmetric operator. It allows us to

describe spectral properties for a such type differential operators.

Operators of the form are studied. For the function p(-) of a special type

introduction. Let A be a self-adjoint differential operator and let r(-) be an indefinite
weight. In numerous papers the Riesz basis property of eigenfunctions of the weighted spectral
problem

(Ay)(x) = Ar(z)y(z),

on a finite interval has been investigated in connection with some mechanical and physical
problems (see [2, 18] and references therein). For operators with continuous spectrum similar
problems are of interest too. Namely, in this case one can interested in similarity of the
corresponding nonselfadjoint operator either to a normal or to a self-adjoint one.

More precisely, let us consider in L*(R; |z|%) the model operator

sgnx d?

L=— 2o da dom(L) = {f € L*(R; |z|*): f, [ € W] ,.(R), Lf € L*(R; |z|*)}.
(1)

The operator L has been investigated by Curgus and Najman [3] (o« = 0 ) and by Fleige
and Najman [8] (o > —1). Using Krein — Langer theory of definitizable operators in Krein
spaces they proved similarity to a self-adjoint operator. Different proofs of these facts have
been proposed in |7, 9, 10, 11, 12].
In recent works of Faddeev and Shterenberg [6] and Karabash and Malamud [12] the operator
d2

Jp— <_@ i q@)) | (2)

with nonconstant potential ¢(-) has been investigated. More precisely, necessary and sufficient
conditions for operator (2) to be similar to a self-adjoint one have been obtained in [6(the case
of decaying potential) and in [12] (the case of decaying and finite zone potential ¢(-)).

The criterion of similarity to a self-adjoint operator for the operators of the form

2
L:SéTax(—d—+06>, ceC, a>-1,
(here ¢ is the Dirac delta) was obtained by Karabash and Kostenko in [11, 13].

Note that the characteristic function Wy (-) of the operator L as well as the corresponding
J-form J — W} JWy, is unbounded in C,. Therefore known sufficient conditions of similarity to
a self-adjoint operator cannot be applied here (see Remark 2).

1. Let L?*(Ry; |z]**) denote the Hilbert function spaces of equivalence classes of Lebesgue
measurable functions such that fR:ﬁ: |f(t)|]?|t|*=dt < 0o, (e > —1); the inner-product is defined
by

(f.9) = / FOTONdr,  (f.g € LP(Ras |2]4)).

We put L*(R; p) := L*(R_; [z|*~) & L*(Ry; |z|*+); the function p : R — Ry is defined by

|z|*t, x>0
p(x) = 0, =0 , ap > —1. (3)
|z|*-, <0
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Consider in L*(R; p) the operator
sgnx d?

— pla) da?

It is obvious that L is a nonselfadjoint operator because dom(L*) = {f € L*(R; p) : (Jf)(x) :=

sgnz - f(z) € dom(L)} # dom(L).
Note that the restriction L, of the operator L

dom(L) ={f € L*(R; p): [, [ € W} 1n(R), Lf € L*(R; p)}.  (4)

sgn x d_2
p(z) da?’

is a closed symmetric operator. Hence L is a proper extension of L, that is, L,y C L C L
(see [1]).

The main purpose of the paper is to investigate spectral properties of the operator L of the
form (3)-(4). Our approach is based on the Naboko-Malamud resolvent criterion ([15, 17]) and
on the concept of boundary triplets and the corresponding Weyl functions ([4, 5]).

2. At the beginning we consider the operator Ly := Py - Ly, (Py is the ortogonal projection
from L?(R;p) onto L?(R; |x|*+). This is the minimal Krein—Feller differential operator in the
Hilbert space L*(R,; |z|**) corresponding to the string S with the mass distribution m(z),

d2
dm(z)dx’

Lmin = -

dom(Lunin) = {f € dom(L) : f(0) = f(0) = 0}, (5)

*
min

L, :=— dom(Ly) = Py(dom(Lyin));

m(z) = 2" /(1 + ay), ap > —1. (6)

According to [14] L, is a simple closed symmetric operator with deficiency indices ny(Ly) =1
+o0
(because [ t*dm(t) = +00).
0
Let us denote by 2//(+®) > € C, the branch of the complex root with cut along the negative

semiaxis R_ such that (—1 4 40)/ () = ¢in/(2+a),
Theorem 1 ([13]). A triplet 11y = {C,I'j, I}, where T’ : dom(L%) — C and

forms a boundary triplet for the adjoint operator L7 of L.
The corresponding Weyl function M () is

Ca
M+(A):Fa+()\) = m, Ca+ >0, AGC\R+ (8)
The general spectral function of the string S is
(2+aq)-sin(m/(2+ a4))  (1ran)/@rar)
() =1 (x) = C,, - A +, x> 0. 9)

o m(1+ o)
Remark 1. Let us consider in L*(R, ) the minimal Sturm-Liouville operator
d d
T I e —
Amln . da’; (x d:l'/‘) Y /B > 17
dom(Apin) = {f € L*(Ry) : f, f" € ACeomp(R+), Aminf € L(R1)}. (10)

Here AC omp(Ry) is the set of absolutely continuous functions with compact support in R..
Denote by A the closure of A, i.e., the minimal closed extension. Hence A is a symmetric
operator (see [1]). It is not difficult to show that
1 (—\)/2+8) 1
- - - = 11
AL5(N) Cs- A Cy - (—N)T+B/CB)’ (11)

M(A) =
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is the Weyl function of the operator A, corresponding to a boundary triplet II = {C, I, I';}
where

I f = _f(O)v Lof = mlililox_ﬁ ) f/(ZL‘), S dOHl(A*)

Therefore the simple symmetric operators A = A, and Ly of the form (10) and (6) respectively
are unitarily equivalent if . = —3/(1 + ).
This fact and formulas (8), (9), (11) seems to be new.

3. Theorem 1 allows us to describe the main spectral properties of the operator L.

Theorem 2. (i) The operator Ly, of the type (5) is a closed simple symmetric operator in
L*(R; p) with deficiency indices ni (L) = 2.

(4i) A triplet II = {C* Ty, }, where T'; : dom(L:;,) — C2,j € {0,1}, are defined by

e () e (R).

15 a boundary triplet for LY. .

(1i1) The corresponding Weyl function M(-) is

- _l/FaJr (/\) 0
M(X) = ( 0 T, (=) ) Ae C\R. (13)
Jlokasamenvcmso. (i) is an obvious corollary of Theorem 1.

According to [14] for all f, g € dom(L%;,) we have

(Liwins 9) = (fs Liwing) = [ (+0)g(+0) + f'(=0)g(=0) — f(+0)g'(+0) — f(=0)g'(=0). (14)
Using definitions of a boundary triplet and the corresponding Weyl function (see [4, 5]), we can
proved (iz) and (7i1). O

Further, note that the operator L of the form (4) is an almost solvable extension of L.

Moreover, it admits a representation L = Lp = L%, |dom(I'; — BI'y), with B = < _01 (1) >

Hence we can easily describe the spectrum o(L) of L.

Proposition 1. The operator L has a real spectrum and o(L) = R. The point spectrum of L
is empty, i.e., o,(L) = 0.

Jloxasamenvcmeso. Simple calculations show that R C o(L) and ker(L — \) = {0}, A € R.
Then 0,(L) NR = (). Using the representation (13) for the Weyl function M (-) we have

U(A) :=det(B— M) =14+Tq_ (=N)/Ta, (N), Are C\R (15)
It is obvious that W(A) # 0 for all A € C\ R. Hence (by [4], Proposition 4) C\ R C p(L) and
o(L) =R. O

The following theorem is a generalization of the Fleige—Najman result [8].

Theorem 3. The operator L of the form (4) with p(-) being of the form (3) is similar to a
self-adjoint operator with absolutely continuous spectrum.

Proof is based on the similarity criterion ([15, 17]) and Krein’s formula for the resolvents of
almost solvable extensions (|4, 5]).

Remark 2. Let us calculate the characteristic function Wi (-) of the operator L in the case
a:=ay = a_ > —1. According to [4], Comment 6, the characteristic function Wy(+) is of the
form Wi (\) = (B—M(X\))(B*— M (X)), since det((B— B*)/2i) = 1 # 0. Here M (-) is defined
by (13). Note that

U(\) =det(B— M) =1+ ™) = p_, \eC,.
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After simple calculations we get

1—2/Dy  2/(Du-TulA
Wi(A) = < —2-Fa(z/\)/Da e —2/D(a ) ) : (16)

It is easy to see that the characteristic function Wy (+) as well as its J-form J — W} (-)JWL(-),

where J = —02 é ), are unbounded in C, and known sufficient conditions of similarity to a

self-adjoint operator (see [16]) are not applicable.
Note that L is similar to an operator R = R* with absolutely continuous spectrum R = R,
because Wy (+) is unbounded only in neighborhoods of zero and infinity.

Acknowledgements. The author is deeply grateful to M. Malamud and I. Karabash for numerous
fruitful discussions.
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RESOLVENT MATRICES OF ISOMETRIC OPERATORS AND
THEIR CONNECTION WITH CHARACTERISTIC FUNCTIONS

M.M. MALAMUD, V.I. MOGILEVSKII

1. INTRODUCTION

Let $ be a separable Hilbert space and let A be a closed densely defined symmetric operator
in $) with equal deficiency indices ny(A) = n_(A) < oo. It is well known (see, for example,
[15, 16]) that the Krein-Naimark formula for generalized resolvents

Ryi= Po(A =0 19 = (Ao~ N7 =7/ + MA) (), AeCe (1

establishes a bijective correspondence between the set of all selfadjoint (canonical and exit
space) extensions A of A and the set of all Nevanlinna families 7(\) € Ry. Here Ay = Aj is
a fixed canonical extension of A, ~(\) is the so-called v-field of the operator A, and M(\)
is a @Q-function of the pair (A, Ag). Note that A is a canonical extension of A if and only
if 7(A) = 7(\)* =const. Formula (1) for canonical resolvents (with 7(\) =const) plays an
important role in the theory of boundary value problems.

Further, let £ be a subspace of §. A compressed resolvent Pr(A — A\)~'[L£ of any selfadjoint
(either canonical or exit space) extension A of A is called an L-resolvent of A. Formula (1)
implies the following description of the set of L-resolvents of the operator A

/ %(72 = PeRATL = [wi1 (M) T() + wiz(N)][war (N)7(A) + waa (V)] 7, (2)

where X(t) := P.E;(t)[£ and Ej(-) stands for the spectral measure of the extension A=A
The operator-matrix W, (\) = (wij()\))ijzl is expressed via parameters in formula (1) (see
below) and is called an L-resolvent matrix of A. It has been introduced by M.G. Krein [12]
and investigated in details in [12, 13, 14, 18|. Moreover, M. G. Krein and Sh. Saakyan [19] have
discovered a connection between the L-resolvent matrix W, (-) and the characteristic operator
function of some Y'-colligation. Note, that an interest to L-resolvent matrices is inspired by its
importance in description of solutions of numerous classical problems like moment problem.

The Krein-Naimark formula (1) has been extended in |23, 7] to the case of a nondensely
symmetric operator A. Moreover, V. Derkach and one of the coauthors have established (see [5,
6, 23, 7]) a connection between the Krein theory of generalized resolvents and the corresponding
resolvent matrices on the one hand and the theory of boundary triplets and the corresponding
Weyl functions on the other hand. To explain this connection we recall that a triplet II =
{H,Ty,T'1} is called a boundary triplet for A* adjoint to a densely defined symmetric operator
A, if T'={Ty,T'1} maps domA* onto H & H and the Green identity

(A*fv g) - (fa A*g> = (F1f7 FOQ)'H - (F0f7rlg)7‘(7 f?g € dom A*v (3>

holds. Here H is an auxilliary Hilbert space, dimH = ny(A).

More precisely, it was shown in [6] (the case of a densely defined operator), and in |23, 7|
(the case of a nondensely defined operator A) that each boundary triplet IT = {H, Ty, T'1} for
A* generates the (unique) Krein-Naimark formula (1) where

Ag=kerTy, y(A):= ([o[M\)" and M(N) :=Ty(N). (4)

In other words, M (A) is the Weyl function (in the sense of [5]) corresponding to the triplet II,
and R, g is the solution of the "boundary value problem"

{f, g} € (A" =), {ToRxg, —T1Ryg} € 7(N). (5)
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If A (resp. 7())) is a densely defined operator (resp. an operator function) then the first (resp.
second) relation in (5) takes a usual form (A* —\)f =g (I1Ryg = —7(A\)ToRng).

Further development of the theory of L-resolvent matrices of a symmetric operator can be
found in [6, 8, 9, 26|. Following [6, 9] to any boundary triplet IT = {H,T'y,T'1} of A* and any
subspace £ C $) one associates the IIL-preresolvent matrix-valued function LUz (A) with values
in [H @ L], defined for each A € p(Ay) by the equality

_ (a(N) aa(N)\ _ [ M(N) Y N[L
tne() = (amm amu)) = (mm PAAO—A)%)’ repldo) o (6)

To the matrix $ps(\) there corresponds a unique IIL-resolvent matrix-valued function,
holomorphic in p(A; £)

_ (D) wia(N)Y _ (anNan (N)  an(Nag (Aain(A) — axn(N)
Wne := (wzl()\) w22(>\)) o ( ary (N) aig(A)air(A) ) ' (7)

The following result has been established in [6, 8, 9]. For the sake of simplicity we present it
only for a densely defined operator A.

Theorem 1. ([6, 8, 9]) Let A be a symmetric operator in §, domA = §, and let I =
{H,To,T1} be a boundary triplet for A*. Suppose additionally that L is a subspace in $, S =
ALY and Pcdom A = L. Then

(1) a collection II' = {H & L, 17,1} with

Tof = {Tof,—1}, Tof ={Tf, Pef}y,  f={f,Af+1}, (8)

forms a boundary triplet for the relation S* and the corresponding Weyl function coinsides with
the T1L-preresolvent matriz Uz (N);
(i) a collection 11" = {L & L, Ty, T"|} where

//A_L _F1f+H£f //A_L 1—‘Of‘i_l
ii= () (s per

V2
forms a boundary triplet for S*.
(111) the relation T := grA 4 {0, L} is an almost solvable extension of S and

), F={LAf+, )

T = A*[L* = ker(I) —iJT}), J=1i (? _OI> : (10)
Moreover, the characteristic function of T* = A*[L* coinsides with the T1L-resolvent matrix,
that s

Wie(A) = J(M(A) —iJ) (M(\) + i)' T, A€ p(T) = p(4; L). (11)

We emphasise that even if A is a densely defined operator, the L-preresolvent matrix Uy, (\)
(resp. L-resolvent matrix Wiz ())) is the Weyl function (resp. the characteristic function ) of a
nondensely defined operator A[L+ ( resp. A*[L*.)

Later on Krein-Naimark formula (1) as well as Krein’s theory of L-resolvent matrices have
been generalized to the case of an isometric operator V' (V*V = I) with arbitrary (not
necessaryly equal) deficiency indices (see [3, 10, 20, 21, ?| and references therein).

In recent papers [24, 25| we introduced a concept of a boundary triplet for an isometric
operator V with arbitrary deficiency indices and extended some results from [6, 8, 9] to this case.
However, trying to obtain an analog of Theorem 1 we have understood that it cannot be obtained
in the framework of the approach accepted in [24, 25|. Let us explain the reason of this fact. Note,
that the Weyl function of isometric operator V' introduced in [24, 25| is a contractive operator
function in the unit disk D;. At the same time the L-preresolvent matrix Apg(A) = (ai)7 -,
of V' is not contractive in Dy, since the operator function ags(\) := Pz(Uy — A) "' [ L belongs to
the Carateodory class in D;.
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Moreover, we note that a connection between L-resolvent matrices considered in |3, 10, 21,
?, 25|, and the characteristic functions is unknown. To explain absence of such a connection we
consider, for example, the IIL-resolvent matrix Wi,(+) introduced in [25]. It is shown in [25]
that Wi (-) satisfies the identity

Wite (1) oty s Wiie (V) = (X = DG () GL(N) — 2uA T, (12)

where Jy, 3, = diag(Iy,, —In,) # Jr := codiag(Iz, Iz). Hence Wie(-)/v/2(-) cannot be a
characteristic function since it has no J-propery with any J = J* = J~1,

In this paper we change a concept of a boundary triplet of an isometry from [24, 25]. This
new concept makes it possible to prove an annalog of Theorem 1 (see Theorems 4, 6and 7).
In particular we prove the equality Wiz(A) = v2AWr()), where Wr(+) is the characteristic
function of a linear relation T" := T, = V~*[L+. To prove thsi equality we introduce a concept
of almost solvable extensions of V' and define their characteristic functions.

In passing we prove formulas for generalized resolvents of an isometry V' and formulas for I1.L-
resolvent matrices similar to that obtained in [25] under another definition of a boundary triplet.
We emphasize that if now H; = Hy, then in formulas (24) and (25) for generalized resolvents,
both Ry(Up) and Ry (Uy)~'* are the resolvents of unitary operators Uy and U, ™* respectively, in
contrast to similar formulas with a contractive operator Uy in the papers [21, 24, 25| containing
contractive operator Uy in place of unitary one.

Notations: §),H are Hilbert spaces, P is an orthoprojection onto the subspace L in §,
(91, $2]([$]) is the set of all bounded linear operators acting from $; to 2 (in $), C($H1, H2)
(C(%)) is the set of all closed linear relations from $; to $ (in HB H), Dy = {z € C: |z| < 1},
Dy = C\ D;. The closed operator T mapping ; to §, is identified with its graph grT’, so that
T € C($1, 92). Let further T*(€ C($2, $1)) be a dual relation which is adjoint to 7' € C(£1, H2)
and let dom T, ranT and ker T be the domain, the range and the kernel of the linear relation
T respectively.

Denote by p(T) and p(T') the resolvent set and the set of regular type points of a linear

relation T' € C(9) respectively. For any A € p(T') let us introduce the subspaces
M (T) =ran (T — ), M(T) :=HOMA(T), (D) :={{f,A\f}: feMm()} cT,
where 9,(7") is the defect subspace of T'.

It is clear that every linear relation 6 € C($);, $)2) can be represented as
HZ{Kl,KQ,H} = {{th,th} hEH} (13)

Here H is a Hilbert space with dim H = dim 6 and K; € [H, $;] (i € {1,2}) are the operators
such that ker K; Nker Ky = {0}.

2. BOUNDARY FOURS AND THE WEYL FUNCTIONS

Let V' be an isometry in $) with the domain dom V' and the range ran V' and let ny = ny (V)
be the deficiency indices of V| i.e.,

ny = dim(dom V)* = dimMy(V), n_ := dim(ran V)= = dimMN,(V), u,A"' € Dy.
In what follows we suppose for definiteness that n, < n_.

Definition 1. A linear relation A € C| ($)) is called a proper extension of an isometry V, if

V C Aand V! C A*. The set of all proper extensions of an isometry V will be denoted by
Ext(V).

Assume that Hj is an (auxiliary) Hilbert space, H; is a subspace in Hy, Hy = Ho © Hi,
P, = Py,, 1 € {0,1} and Iy, 3, is the operator of identical embedding of H; into H,.
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Definition 2. A collection IT = {Hg, H1,To, 1}, where T'; : V= — H; (j € {0,1}) are linear
mappings will be called a boundary four of an isometry V, if the map I' = (I'g, ;)" : V-1 —
Ho @ 'H; is surjective and the Creen identity

(f.9) — (f'.g) = (01 f,Tog) + (Tof. T19) — (RLof, PaTog) (14)
holds for all f = {f, f'},g={g, ¢} €V 1* = (V*)!

By means of the operator

J = _P2 IHl’HO : Ho D Hl — Ho D Hl, (15)
P 0

we can rewrite identity (14) as
(f.9) = (f.g) = (JT].Tg).

Remark 3. Note, that if H; = Hy, then Ho =0, P, =0, P, = Iy, and J = codiag(I1;, I, ).
Now identity (14) is essentially simplified and takes a form

(fag) _<f/7g/> = (P1f7r0g)+<F0f7P1g>7 f:{fmf/}ag:{g’g/} S (V*)il' (16)
In this case a boundary four IT = {Hy, H1,To, 1} for V turns into a boundary triplet IT =
{H,Ty,T"1} for V with H := H;, and its definition becoms close to that of an operator A* with
A being a symmetric.
Note also that the Green identity in [24, 25| has the form

(fa g) - (flv.g/) = (F1f7 Flg)?‘h - (F0f7 Fog)Hoa f = {f7 f,}ag = {979/} € (V*)_l' (17)
The identity similar to (17) was a starting point of investigation of the Abstract Interpolation
Problem in [11].

An extension Uy := ker['y is naturally associated to any boundary four II and it plays an
important role in the sequel. It is easily seen that Uj is an isometry in § with the domain
dom Uy = 9. The following properties are implied by Definition 2:

1)ny =dimH; <dimHy=n_.

2) the extension ker P;I'y coincides with the linear relation

U™ ={f.Uof +n}: f€H, ne(ranlh)}
In particular, Uy is a unitary operator if and only if P, = Iy, i.e., H1 = Hp.
3) the mapping I' = (I'g,T1)" : V7™* — Hy @ H; establishes a bijective correspondence

between the set of all proper extensions A € Ext(V) and the set of all linear relations 6 :

I'(A)(€ C(Ho, H1)). In what follows we will write A = Ay := {f € V"1 : {Tof, 1 f} € 6}
B 4) Let II = {Ho,H1,T0,I'1} be a boundary four of the isometry V. Then the equality

[' = XT establishes a bijective correspondence between the set of all boundary fours I =
{Ho,H1,T9,T'1} of V and J-unitary operators X € [Ho @ H,].

Remark 4. If n, < oo, then ‘H; = Hy if and only if n, = n_. At the same time in the case
ny = n_ = oo the subspace H; may coincide or not coincide with Hy. In what follows we do
not exclude both these cases from our considerations.

Proposition 1. Let {Ho, H1,[, 1} be a boundary four of the isometry V and let m; be the
orthoprojection in ) @ $ onto H @ {0}. Then the equalities

1

Y+(A) =m (Fo | ‘jt,\(vfl))_ , A€ Dy;
YA) =74+(N) [ Hi, NeDy;  y(z) = m (Pl PNV ))71, z e Dy
correctly define the operator-functions (y-fields) v, () : Dy — [Ho, 9], 7(+) : Dy UDy — [H1, H].
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Proposition 1 allows us to introduce the following

Definition 3. Let IT = {H, H1,T0,I'1} be a boundary four of the isometry V and let Gy =
'y — Iy be a map from V= to Hy. The operator functions M (-) : Dy — [Ho, H1] and
M_(-) : Dy — [Hy, Ho] defined by
LTV = My T (V) A e Dy;
Gy [ (V) = M_(2)PTy [ M(VTY), z€Dy.
will be called the Weyl functions corresponding to a boundary four II.

Let A € Dy, z € ;. In accordance with the decomposition Hy = H; & H, the operator
functions M4 (\) and M_(z) admit the block-matrix representations

M) = (M) Ny(V), M_(2) = (M() N_(2))". (18)
Define by means of (18) the operator functions
M():DyUDg — [Hy], Ni(-):Dg— [Ho, Hil, N_(): Dy — [Hy, Hal.

Proposition 2. Let {Hg, H1,T0,I'1} be a boundary four of an isometry V. Then:
1) the operator functions v4(-),7(:) are holomorphic on their domains and the following
equalities hold

(1) = 14 (V) + (=N (Uo — )"y (), A€ Dy
Y(z) = y(A) + (2 = VUG — 2U5) 7 'y(\), Ae€DUDy, z €Dy

2) the Weyl functions M, (-), M_(-) are holomorphic on Dy and Dy respectively and the following
equalities hold

My (M) + M*( )P = Py = (1= A7 ()7 (A); - A€ Do
M(w) + M*(z) = N2(2)N-(w) = (1 =w2)y"(2)7(w), w,z€Dy (19)
M, () + M2 (2) = (1 - A2} (2)rs(N), A€ Dy 2Dy (20)
It follows from (19) that the function M(-) belongs to the Caratheodory class in Dy, i.e.,
ReM(X) > 0, A € Dy. Moreover in view of (20) M3 (A1) = —M_()), A € Dy.

Proposition 3. Let under assumptions of Proposition 2 0 = (ran V)L, M = {{0,m} : m €
M} and let w5 be the orthoprojection in $ @ $ onto {0} & $. Then:
1)formulas

Yi(00) = m(To [V ~1, Ty [ 9= M, (c0)Tg [ M
correctly define the operators
14(00) == (7(00) 84(00)) : Hy@Hy — M, M. (00) = (M(o0) Ni(o)) : Hy®Hy — Hi,
associated to y(A) and M(\) by

1) = ~(Us = )y (o0), M(o0) = im M(A). (21)
Moreover M (o0) + M*(o0) = —v*(00)7(00).
2) the following equality holds
M, () = My (00) + 7" (00)Up(Uy — N) "ty (c0), A €Dy (22)

Remark 5. If H; = Hy, then the operator Uy is unitary, M, (\) = M(X), A € Dy, and by
(21),(22) the operator function 0(z) := —2M (z™1), z € Dy, coincides with the impedance of a
conservative linear dynamical system [1].
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3. FORMULAS FOR GENERALIZED CORESOLVENTS

Let 7;(-) be families of linear relations defined on D; with values in 5(Hi,Hi+1), 1€
{0,1}, Ha = Hyp. According to (13) the representations

10(A) = {Ko(A), K1(A); Ho}, m1(p) = {N1(), No(); Hi}, A, p~' € Dy, (23)
are valid. Here H,; are auxiliary Hilbert spaces, K;(-) : Dy — [Ho, H;] and N;(-) : Dy —

[Hl,Hi], 1 E {O, 1}

Definition 4. A pair of families of linear relations 7 = {79(-),71(-)} is referred to the class
K(Ho, H1), if the operator functions K;(-), N;(-), i € {0,1} are holomorphic on their domains
and the following relations hold:

1) ReK§(N) K1 (N) + Kj(A)PaKo(A) <0, 0€ p(K(N) — PiKo(N)), A e Dy

2) ReNy(A)PiNo(A) + Ng(A) PaNo(A) = 0,

3) KS)N(T) + KI)N(X) =0, A€y,
A pair of families 7 = {79(:), 71(-)} € K(Ho, H1) is referred to the class Ko(Ho, H1), if in the
representation (23) Hy = Hy, K;(-) = K;, N;(-) = N;, i € {0,1} (i.e., the operator functions
K;(-), N;(+) are constant on their domains ) and Ny = P, Ky, Ny = K + P2 K.

If 7 ={m(-),n1(-)} € K(Ho, H1), then in the representation (23) dim Hy = dim H;, dim H; =

dim Hy . Therefore in the case ny < n_ the equality Hy = H; is impossible.

For a linear relation T € C() we let Ry(T) := I + 2MT — A\)™*, X € p(T). Recall the
following

Definition 5. An operator function Ry = PyRy(U) | $, A € Dy UDy is called a generalized
coresolvent of an isometry V, if Uis a unitary extension of V' acting in the Hilbert space 9O 9.

Theorem 2. Let {Ho, H1, o, 1} be a boundary four of an isometry V and let My(X\) be the
corresponding Weyl functions. Then formulas

1 o ~—1

Ry = Ra(Uo) + 27+ (A Ko () (K1 (A) + Mo (N EKo(A) 9" (A ), A €Dy, (24)

~1

Ry = Ry(Up ™) + 27N N1\ (No(N) + M_(ON (V) (A7), aeDy, (25
establishes a bijective correspondence between generalized coresolvents Ry and pairs of families
7 = {n(),n()} € K(Ho,H1) defined by (23). Moreover in (24), (25) the pairs T €
Ko(Ho, H1) correspond to canonical coresolvents (this may take place only in the case dim H; =
dimHo( <= ny =n_) ).

4. RESOLVENT MATRICES AND L-CORESOLVENTS

Let £ be a subspace in $). Taking into account formulas (24), (25) we associate to every
boundary four IT = {Hy, H1, T, 1} of an isometry V' two preresolvent matrices

Ane(V) = (ay(V), (M—W ﬁ”i@_l)fL),AeDl, (26)

W=t \ =V2Py(A) PLRA(UGY) T L
100 = (3 (0)? M) V2N IL
Anc(2) = (a”O\))” L ( \/_;L%r( A) PL,;%A(UO) TL) AE D (21)

Operator-functions Apz(A) and Apz()) take on values in [Hy @ £, Ho @ L] and [Ho ® L, Hi & L]
, ~ =
respectively and Af,(\) = —Apc(A ).
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Denote by p(V, L) the (open) set of the points A € p(V'), for which the direct decomposition
$H =M\ (V) + L holds. One can easily prove the equivalences

AeDiNp(V.L) < 0 € plan(A)), A€DoNp(V,L) < 0€ plan(N)). (28)

The relations (28) allows us to introduce the following

Definition 6. The operator functions Wiz (A) : Dy Np(V, £) — [Ho®Ha, LB L] and Wiz () :
Donp(V, L) — [Hy & Hy, L & L], defined by

Wie(\) = V2 (a22( Jary (A)  az(Nag (Naii(A) — azl@\)) 7 (29)

19 (A) a1_21()‘>a11(/\)
T g2 (A )aml()\) Ao (N)agy (Man(A) — @z ()
Wie(3) := ”( i () G (Van () ) (30)

will be called the IIL-resolvent matrices of an isometry V' corresponding to a boundary four II
and a subspace L.

Let £ be a subspace in 9, let Ry be a generalized coresolvent and let E(t) be a spectral (not
necessary orthogonal) function of an isometry V. Recall that the operator functions PR [ £
and X, (t) := PcE(t) | L are called L-coresolvent and L-spectral function of an isometry V'
respectively. It is well known that the equality

et 4+ )\

ezt

PrRy [L PL(U—F)\)(U )\ ,C / dzg , A ey U]DQ,

establishes a bijective correspondence between L-coresolvents and L-spectral functions.
In the following theorem we describe the set of all L-coresolvents (hence the set of all L-
spectral functions ) of an isometry V' by means of L-resolvent matrices.

Theorem 3. Assume that V' is an isometry in $), Ly and L, are subspaces in ), D1Np(V, Ly) #

0 and Dy N p(V,Ly) # 0. Let also 11 = {Ho, H1,T0,I'1} be a boundary four of V' and let
Wiz, (A) = (wij(N)7 j=1 and Wiig, (A) = (wi5(A)); =1 be the corresponding Lo- and L,-resolvent
matrices. Then two formulas

PrRy [ Lo = (’wn( )No(A) + wi2(A) N1 (X)) X (31)
(w21 (N No(X) + waa AN (A) ™', A e Dy N p(V, Lo),
PoRy | Ly = (wu( )JEK1(A) + Wi2(A) Ko(X)) X (32)

(W1 (N K1 (V) + @as (M) EKo(V) ™, A€ Do p(V, Ly),
establish a bijective correspondence between the set of Lo-coresolvents (Lq-coresolvents) on the
one hand and the pairs of families of linear relations 7 = {10(:), 71(-)} € K(Ho, H1) of the form
(23).

Note that under the assumptions of Theorem 3 n, = dim £; < dim £y = n_. Therefore the
equality £, = Ly may take place only in the case ny =n_.

Let A € p(V, L) and let P.(\) be the skew projection onto £ in the decomposition ) =
DMAV)+ L, Qr(N) := Pr(N) — 2AP:(V — NI — Pr())). Clearly, the operator functions
Pr(-) and Q(+) are holomorphic on p(V, £) and take on values in [$), £].

Introduce the operator functions Pz(\), Qz(A) 1 p(V, L) — [ & 9, L] by setting

Pe(N) = (AP(A) Pe(N),  Qe(N) = (AQc(A) —2AP: Qc())
It is easily seen that P:(A\)L C V- and Q5(\)L C VI,



72

Theorem 4. Suppose that 11 = {Ho, H1,T0, 1} is a boundary four of an isometry V, Gy =

'y — PLy, L is a subspace in $ and Wiz (A) and Wiz (\) are the corresponding T1L-resolvent
matrices. Then
(i) the following equalities hold

_( ToQr(\)  ToPr(N) )
~ _ (PTyQ:(\) PToPi(x ) _
Wne() = () PEZEN) | xemunpivic 3
(i) for all \,p € Dy N p(V, L), z,w € Dy N p(V, L) the identity
Wit (1) Tt 7 Wiie (V) = (1= NG ()G (N) + 2pAJ (35)
Wiie (2) 3y 1o Wi (W) = (1 — 20)G(2)Gr (w) + 220, (36)
is valid. Here Ge(\) = (Qc(\) Pe(\)7,
Je= ([(l Ioﬁ) €L®L] Jrow = (ﬁj 1”5”0) € [Ho ® Hil, (37)

J’H1,7‘l0 = (IH?,HO i;) S [Hl S HO]

Remark 6. (i) Formulas (33), (34) are similar to that discovered in [6, 8, 9] for IIL-resolvent

matrices of symmetric operators. Note also that similar formulas for I1.L-resolvent matrices of V'

have also been obtained in [24, 25] under another definition of a bondary triplet of an isometry.
(ii) If Ho = H1 = L, then Jyy 2, = Jry o = Jc. In this case the identities (35), (36) yield

J-properties of the matrix-functions Wy, (). The comparison of the identities (35), (36) with

similar one from [3, 21] is contained in [25].

5. CHARACTERISTIC FUNCTIONS
Let Ho, E be Hilbert spaces, let H; be a subspace in Hy and let Hy := Hy S H;.

Definition 7. A collection v = {Ho, H1, B; K, J,E}, in which B = (B; By) € [H &
Ha, Hi], K € [E,Hy] and J € [E], will be called a V-colligation of the first kind, if J = J* =
J~! and the equality ReB; + 3B>Bj = K JK* holds.

A collection & = {Ho, H1,0; N, J, E}, in which 6 € C(Ho, H1), N € [E,H1] and J € [E], will
be called a V-colligation of the second kind, if 7 = J* = J 1, 0 = {Iy, + C,C1; H1}, C) €
[H1], Cy € [Hy, Hs], and the equality ReC) — %C’;C’g = NJN* holds.

It is not difficult to show that each operator B € [Hy, H;] can be included to the V-colligation

of the first kind. Similarly each linear relation of the form 6 = {Iy, + C, C1; H1} € C(Ho, H1)
can be included to the V-colligation of the second kind. Moreover every V-colligation of the
first kind v = {Ho, H1, B; K, J, E} generates the V-colligation of the second kind

v* :={Ho, H1,B*; K,—J, E} (38)
where B* := {I, + B;,—B}; H1}.
Proposition 4. Let {Ho,H1,T0, 1} be a boundary four of an isometry V', B € [Hg, H1|. Then
(AB>71* = Apx.

Definition 8. An extension T' € Ext(V) will be referred to the class Asi(V), if there exist a

boundary four {Hg, H1,To, 1} and an operator B € [Hy, H;| such that T = Ap = ker (I'; —
BTy).
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An extension T' € Ext(V) will be referred to the class Asy(V), if there exist a boundary
four {Ho, H1,T0,I'1} and operators C; € [H;],Cy € [Hi, Hz] such that T = Ay, where 0 =
{Ir, + Co, C1i Ha }

In view of Proposition 4 the equivalence T' € As;(V) <= T '* € Asy(V) holds.

Proposition 5. If T € Ext(V) and Dy N p(T) # O (Do N p(T) # 0), then T € As (V) (T €
Asy(V)).

Let T € Asl(V) and let II = {Ho, H1,T0,I'1} be a boundary four of V' such that T =
A B, B=(B1 By) € [H1®Hz, Hy]. Include the operator B in the V- Colhgamon of the first kind
v ={Ho, H1, B; K, J, E} and introduce the operators Je [E @ Ha,l, Be [H1 @ Hs), K, K_¢€
[E @® Ha, Hi & Hs) by setting J = diag(J, — Iy, ),

- _ - K LB\ - K %B
P05 Lo B) ©o 0 )
0 I, 0 =y, 0 —Ln,

Definition 9. The operator function W(-) = Wr(-) : p(T~*) — [E & Ha, E] defined by

W) = {PE —2K*(B*+ M_(\)"'K_J, AeD,np(T™)

~ o~ 39
Py — 2K*P(B* + M, (\)"'K.J, \€Dynp(T—) (39)
will be called the characteristic function (CF) of a linear relation T € Asy (V).

Similarly let T' € Asy(V) and let 1T = {Ho, H1, o, 1} be a boundary four of V' such that
T = 12[9 with § = {I, + C2,C1;H1}. Include the linear relation € in the V-colligation of
the second kind £ = {Ho, H1,0; N, T, E} and introduce the operators J € [E @ Hs], C €
[Hi, Hi®H,), C € [Hi G Hs), Ny, N_ € [E®Ha, Hy & Ha) by setting J = diag(J, I,), C =

(C; —Cy)T,
) N—(N 10*) N—(N 10*)
Cy —In, )7 7 \0 \}—IHQ - \0 \}IHQ

Definition 10. The operator function Q(-) = Qr(-) : p(T~") — [E, E & Ha,] defined by

Q) = Ig —2N*(C* + M_(\)P) Y Hy NJ, AeDynp(T™)
g = 2N (CH+ Mo (V) 'NT, A€Dynp(T~)

™
N\
0
o

(40)

will be called the characteristic function of a linear relation 7" € Asy (V).
Proposition 6. 1) CF W(-) and €(-) satisfy the relations
(1= ANV N)TW*(A) = J) 0, (1= [AYW(N)JW() = J) <0,
(1= PANQANTXN) = T) <0, 1= ANQNTN) - T) <0
2) Let II = {Ho,H1,T,'1} be a boundary four of V' and let Wr(-) be CF of an extension
T = Apg, corresponding to the V-colligation of the first kind v = {Ho, H1, B; K, J, E'}. Let

further Q-1 (+) be CF of the extension T~ = A/Bx, corresponding to the V-colligation of the
second kind v* (see (38)). Then

Qrn(N ) = JWE(N)J, We(\) = T (X )T, Aep(T™™)

S)UT € As; (V) (T € Asy(V)) and X € p(T) N p(T~*), then 0 € p(Wr (X)) (0 € p(Qr(N)))
and the following identities hold

Wit () = Wi DT (Q7H ) = T ) ).
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Remark 7. (1) Assume that ny (V) = n_(V), II = {Ho, H1,To,I'1} is a boundary four of V
suclri that Ho = Hy =t Hand T' = A, B € H. Then T' € Asy(V) N Asa(V), He =0, By =
0, B=DB, M_ = M, =M and formulas (39), (40) can be written by the unique expression

Wr(A) = Qr(\) = Ip — 2K*(B* + M(\)'KJ, X € p(T™).

This formula for the characteristic function is similar to that obtained in [6, 7| for the CF of an
almost solvable extension of a symmetric operator A with equal deficiency indices. Note also
that properties of W (-) and €(-) mentiond in Proposition 6 are similar to that of properties of
CF of bounded and unbounded operators proved in [4, 6, 7.

(2) It is shown in [6] that the inclusion p(T') # () is not sufficient for a linear relation T' to
be an almost solvable extension of a symmetric operator A. Therefore chracteristic functions
in the sense of |6, 7, 9] are not defined for any extension 7" with nonempty resolvent set. At
the same time by Proposition 5 at least one of CF (39), (40) makes sense for every extension
T € Ext(V) with nonempty resolvent set, p(T") # .

6. A CONNECTION BETWEEN RESOLVENT MATRICES AND CHARACTERISTIC FUNCTIONS

For an isometry V € [§)] and a subspace £L C H welet Vo, =V | L+ T, =V 1*| Lt e
Ext(Vy). It is easily seen that the extension T} is not an operator , i.e., T(0) # {0}. Moreover
if

NNL={0} and N+ L=N+L, (41)
then T, = {{f + L,V f}: fedomV,l € L} and p(T; ") = p(V, L) \ {0}.

Now we are ready to establish a connection between the preresolvent matrices Ap.(-) and

Ane () and the Weyl functions of the isometry V.

Theorem 5. Let I1 = {Ho, H1,0, 1} be a boundary four of an isometry V and let L be a
subspace in $), obeying condition (41). Then there exists a boundary four 1" = {Ho ® L, Hy @
L, 15, T} of an isometry Vp such that the corresponding Weyl functions M/ () coinside with
preresolvent matrices of V., that is

M (A) = Ape(N), 1eDy; M (2) = Ane(z), zeD.

Finally, we find a connection between the resolvent matrices Wy () and an(') on the one
hand and the characteristic operator functions of the linear relation 7 on the other hand.

Theorem 6. Suppose that additionally to the assumptions of Theorem 5, dim L =ny, Hy = L
and Jg is the operator of the form (37). Moreover, assume that B = —JP, where P is an
orthoprojection in Ho @ L onto L @ L. Then there exists a boundary four Iy = {Ho @& L, L &
LT TV of the isometry Vi such that T, = Ag € As1(V;) and CF Wy, (-) of the linear
relation Ty, corresponding to the V-colligation v = {Ho ® L, L & L, B; Jp,—J, L & L}, is
connected with the I1L-resolvent matrie Wiz (+) by the equality

Wie(A) = V2AWg, (A), A € Dy N p(V, £).

Theorem 7. Let under the assumptions of Theorem 5 dim L = n_, Ho = L and let Jpx, €
[L @ H.] be the operator (37). Then there exist a boundary four o = {LD L, H1 DL, T, I'1} of
the isometry Vi, a V-colligation of the second kind § ={L& L, H1® L,0; N, —Jr3,, L & H1}

and a unitary operator U € [L & L] such that Tp = Ag € As2(V;) and CF Qr,.(-) of the linear
relation Ty, corresponding to the V -colligation &, is connected with the 11L-resolvent matriz
Whie(+) by the equality

Wie(N) = V2\UQp, (N), A € (D \ {0}) N p(V, L).
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CONVERGENCES ALMOST EVERYWHERE
IN »-ALGEBRAS OF LOCALLY MEASURABLE OPERATORS

M. A. MURATOV
V. I. VERNADSKY TAVRICHESKII NATIONAL UNIVERSITY,
MATHEMATICS AND COMPUTER SCIENCE DEPARTMENT

Abstract

In this paper, we consider x-algebras LS(M) of locally measurable operators affiliated to
a von Neumann algebra M, and study different kinds of convergences in this algebras, the
convergence almost everywhere and the convergence locally almost everywhere. We also study
a relationship between these two convergences.

One of the first approaches to introduce a “noncommutative version” of the ring of measurable
functions was suggested by 1. Segal [1]|, who considered a x-algebra S(M) of measurable operators
affiliated to a von Neumann algebra M. Later, for purposes of noncommutative integration, one
considered the x-subalgebras of S(M), S(M, 7), of all T-measurable operators associated with
a faithful normal semi-finite trace 7 on M, see, e.g., |2, 3, 4]. The algebras S(M, 7) and S(M)
are x-algebras of closed densely defined linear operators that act on a Hilbert space H the same
for the von Neumann algebra M itself. In such a case, all these operators are affiliated to M
and the algebraic operations for these x-algebras coincide with the operation of the “strong
sum”, the “strong product”, passing to the adjoint, and the usual multiplication by scalars. The
von Neumann algebra M is a x-subalgebra of S(M, 7) and S(M), and coincides with the set
of all bounded operators in S(M, 7) and S(M). A more general class of *-algebras of closed
operators that act on a Hilbert space H and that are affiliated to a von Neumann algebra M was
introduced by Dixon in [5] who called them EWW*-algebras. In addition to the mentioned above
x-algebras S(M) and S(M, 7), *-algebras LS(M) of locally measurable operators affiliated to
M are also EW*-algebras [6, 7|. B. S. Zakirov and V. I. Chilin have shown in [§] that any
EW*-algebra A such that A(\B(H) = M, where B(H) is the algebra of all bounded linear
operators acting on H, is a x-subalgebra of LS(M). This explains uniqueness of the x-algebra
LS(M) for a von Neumann algebra M in the class of EW *-algebras.

In this paper, we consider x-algebras LS(M), study different types of convergence in these
algebras, 1i.e., convergences almost everywhere and locally almost everywhere, and study a
relationship between these two convergences.

We employ the terminology and notations used in the theory of von Neumann algebras |9, 10|
and the theory of measurable operators |1, 3, 4, 7].
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1. PRELIMINARIES

Let H be a Hilbert space, B(H) the algebra of all bounded operators acting on H, M a von
Neumann algebra in B(H), P(M) the complete lattice of all orthogonal projections in M.

A linear space D in H is called affiliated to M, denoted by Dn M, if U(D) C D for any
unitary operator U from the commutant

M ={SeB(H): ST=TSVTeM}

of the von Neumann algebra M. If D is a closed subspace of H and Pp is an operator of the
orthogonal projection onto D, then Dn M if and only if Pp € P(M).

A linear operator T' that acts on a Hilbert space H and has domain D(T) is called affiliated
to M, denoted by T'n M, if U(D(T)) C D(T) for any unitary operator U in the commutant
M’ and UTE = TUE for all £ € D(T). 1t is clear that if T'€ B(H) and T'n M, then T € M.

A closed linear operator 7" with domain D(T") C H is called measurable with respect to a von
Neumann algebra M 1], if T'n M and there exists a sequence of projections, {P,}>>, C P(M),
such that P, 1 I, P,(H) C D(T), and P;- = [— P, is a finite projection in M foralln =1, 2, ...,
where [ is the identity in the von Neumann algebra M.

Denote by S(M) the set of all linear operators on H, measurable with respect to the von
Neumann algebra M. S(M) is a x-algebra over the field C with identity I, the operations of
strong addition, strong multiplication, and passing to the adjoint.

Here, M is a x-subalgebra of S(M). In what follows, the strong sum and the strong product
of operators T" and S will be denoted in the same way as the usual operations, by T+ S and
TS.

If T is a closed linear operator with the domain dense in H and 7' = U|T)| is the polar
decomposition of the operator T', where |T'| = (T*T)2 is the absolute value of T and U is the
corresponding partial isometry, then 7" € S(M) if and only if U € M and |T| € S(M) [7]. The
following proposition gives a convenient criterion for a closed operator T to be measurable in
terms of the spectral family for |T].

Proposition 1 ([7]). Let 7" be a closed operator on H, TnM, T = U|T| the polar
decomposition of T, {E),} the spectral family of projections for |T'|, A € R, where R is
the field of real numbers. Then U € M and E) € P(M) for all A € R. Also, T' € S(M) if and
only if the domain D(T') of the operator T is dense in H and Ej- is a finite projection for some
A>0. O

To prove Proposition 1, one uses the following lemma in an essential way. This lemma will
be used later.

Lemma 1 (|7]). Let T be a closed operator on H with dense domain D(T), TnM, and {E\}
be the spectral family of projections for |T|, A € R. If P € P(M), P(H) C D(T), TP € B(H),
and |TP||gp) < A, then Ex 3 P+ (recall that the relation E 3 Q for projections E,Q € P(M)

~

means that E ~ E1 < Q, and the equivalence of projections, E ~ E1, is equivalent to existence
of a partial isometry V€ M such that V*V = E; and VV* = E.) 0

It directly follows from Proposition 1 that, in the case where M is a type 11 von Neumann
algebra or M is a type I factor, we always have S(M) = M. For von Neumann algebras of
type 11, the latter identity is not true already. The proof of this fact is based on the following
proposition.

Proposition 2 ([11]). If there exists an increasing sequence of projections {E,} in M such
that £ = sup,,», E, is a finite projection, and E, # E foralln =1,2,..., then S(M) # M. O

Corollary 1. If M is a von Neumann algebra of type 11, then S(M) # M. O

The following proposition gives conditions that are necessary and sufficient for k-algebras
S(M) and M to coincide.
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Proposition 3 (|11]). The following statements are equivalent.
(i) S(M) =M.
(ii) M can be represented as a direct sum, M = > M,,, where M is a von Neumann algebra

n=0
of type I11, and M, are factors of type I, n =1, 2, ..., m, and m is a natural number
(some terms could be omitted.)

0

A closed linear operator T acting on a Hilbert space H is called locally measurable with
respect to a von Neumann algebra M if T'n M and there exists a sequence {Z,,}°°, of central
projections in M such that 7, 1 [ and TZ, € S(M) for alln =1, 2, ... [7].

Denote by LS(M) the set of all linear operators that are locally measurable with respect to
M . It was proved in [7] that LS (M) is a x-algebra over the field C with identity I, the operations
of strong addition, strong multiplication, and passing to the adjoint (the multiplication by a
scalar is defined as usual with the assumption 07 = 0.) In such a case, S(M) is a x-subalgebra
in LS(M). In the case where M is a finite von Neumann algebra or a factor, the algebras S(M)
and LS(M) coincide. This is not true in the general case. The following proposition gives a
sufficient condition for these algebras to be distinct.

Proposition 4 ([11]). If a von Neumann algebra M contains a sequence {Z,}2, of central
projections, increasing to the identity, such that (I — Z,) is not a finite projection, n =1, 2,.. .,
then LS(M) # S(M). O

Proposition 4 gives at once the following.

Corollary 2. If a von Neumann algebra M is a direct product of an infinite number of von
Neumann algebras that are not finite, then LS(M) # S(M). O

The following proposition gives a criterion for the x-algebras LS(M) and S(M) to coincide.

Proposition 5 ([11]). The following statements are equivalent.
(i) LS(M) = S(M).
(ii) M can be represented as a direct sum, M = > M, where M, is a finite von Neumann

n=0
algebra and M,, are factors of type I, 1o, [II, n=1,2, ..., m, and m is a natural
number (some terms could be omitted.)

O
We recall one more important property of the x-algebras LS(M).

Proposition 6 ([12]). Let a von Neumann algebra M be a C*-product of von Neumann
algebras M;, i € I, where I is a family of indices, that is, M = {{T;}icr, T; € M;, i €
I sup;e; || Ti||m, < oo} with the coordinate-wise algebraic operations and involution and the C*-
norm, |[{7;}ierllmr = sup,ey || T3l ar,- Then the x-algebra LS(M) is *-isomorphic to the -algebra
[T LS(M;) (the algebraic operations and the involution in [ LS(M;) are coordinate-wise.) O
i€l iel

Let us remark that there is no an analogue of Proposition 6 for the algebras S(M). Indeed,
let M, be type III factors, n =1, 2, ..., and M be their C*-product. Then S(M) = M and
LS(M,) = S(M,)= M, for all n =1, 2, .... Moreover, by Corollary 2, LS(M) # S(M) = M.
Hence, in virtue of Proposition 6,

[[50,) =[] LS(M,) = LS(M) # S(M).

The following proposition gives necessary and sufficient conditions for the *-algebras LS(M)
and M to coincide.
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Proposition 7 (|11]). The following statements are equivalent.

(i) LS(M) = M.
m
(ii) M can be represented as a direct sum, M = > M,, where M, are type I or type
n=1
I11-factors, n =1, 2, ..., m, and m is an integer (some terms could be absent.)

O

2. CONVERGENCES ALMOST EVERYWHERE AND LOCALLY ALMOST EVERYWHERE IN THE
*-ALGEBRA LS(M).

Let M be an arbitrary von Neumann algebra, P;(M) a sublattice in P(M) of all finite
projections in M.

Definition 1 ([1]). A sequence {T,,}>°, C LS(M) converges almost everywhere to T € LS(M),

denoted by T}, =% T if for any £ > 0 there exists a subsequence {E,}>°, C P(M) such that
E, 11, Efe Py(M), (T, —T)E, € M and ||(T;, = T)Ey,|js < e foralln =1,2,....

Let M be a commutative von Neumann algebra. Then, as known [13, Part 1, Chapter 7],
there exists a measurable space (€2, ¥, p) with a finite locally complete measure p such that
M is #-isomorphic to the #-algebra L. (€2, ¥, p). In this case, the algebra LS(M) = S(M) is
k-isomorphic to the x-algebra S(€2, 3, i) of all measurable complex-valued functions defined on
(Q, 3, p) (the functions that are equal almost everywhere are considered as identical) [1]. The
introduced convergence almost everywhere coincides with the convergence almost everywhere
with respect to the measure p in the sense of the measure theory.

It is clear that if T},, T € M and || T}, — T||;s — 0, then T}, == T The following proposition
gives a sufficient condition so that the converse statement holds.

Proposition 8. Let a von Neumann algebra M be given as a direct sum, M = > M;, where
i=0

My is a von Neumann algebra of type I11, M; are type I factors, i = 1, ..., m, and m is a natural

(some terms could be absent.) If T},, T € LS(M) and T,, == T, then (T}, — T) € M starting

with some index, and ||T;, — T'||ay — 0 for n — oo.

Jloxazameavcmeo. Any finite projection F in P(M) has the form £ = Z?Zl P;, where P; are
atoms in P(M), j = 1,2,...,k, that is, the reduced von Neumann algebras P;M P; are one-
dimensional. So, if @, € Pf(M) and @, | 0, then @),, = 0 starting with some index ny. This,
together with the definition of convergence almost everywhere, imply that (7,, — T) € M for
n >ng and |1, — T||py — 0 as n — 0. O

Consider an arbitrary von Neumann algebra of type 11, M, such that its center Z(M) does
not have atoms. Then the x-algebra LS(Z(M)) = S(Z(M)) is *-isomorphic to the x-algebra
S(Q, X, ) for a corresponding measurable space with a locally finite continuous measure pu. If
T,, T € LS(Z(M)) c LS(M), T,, 2% T in LS(M), then by Proposition 8, (T,, — T') € Z(M)
starting with some index, and ||T5, — T'||z(m) = |15 — T'||m — 0 as n — oo.

Since the measure p is continuous, there exist T,,, T € S(Z(M)) such that T,, — T almost
everywhere with respect to u, but (7, — T') does not belong to M for all n = 1,2,.... This
means that convergence of T,, almost everywhere to T"in LS(Z(M)) does not imply in general
the convergence almost everywhere in LS(M).

In this connection, it is natural to modify the notion of convergence almost everywhere in
LS(M) so that this convergence would induce the convergence almost everywhere in LS(Z(M)).

Definition 2 (|7]). We will call a sequence {7}, in LS(M) convergent locally almost

l.a.e.

everywhere to T € LS(M)), denoted by T,, —= T, if for any € > 0 there exist sequences
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(B}, € P(M) and {Z,}2%, C P(Z(M)) such that E, 1 I, Z, 1 I, Z,E+ € P;(M), (T), —
T)E, € M and (T, = T)E,||m <cforalln=1,2,....

It is clear that the convergence T,, == T implies the convergence T, Lae (it is sufficient to
take Z, = I, n =1,2,....) Moreover, it is clear that if M is a factor or a finite von Neumann
algebra, convergences almost everywhere and locally almost everywhere coincide. The following
theorem gives a relation between convergences almost everywhere and locally almost everywhere
for an arbitrary von Neumann algebra M.

Theorem 1. Let M be an arbitrary von Neumann algebra, {T,,}>2,, T in LS(M). The following
conditions are equivalent:

la.e.

(i) T, = T;
(ii) there exists a sequence of pairwise orthogonal central projections {Pn,}o_, such that
>  Pn=1and T,P, 2% TP, as n — oo, for each fized m =1,2,. . ..
Jlokasameavcmso. (i) = (ii). Let T,, 2% 7 ¢ > 0 and the projections {E.}2, € P(M),
and {Z,}>°, C P(Z(M)) be such that E, 1 I, Z, 1 I, Z,Ex+ € P;y(M), (T,, — T)E, € M and
(T, —T)E,||m <eforalln=1,2,....
Let P, =21, P,= 24, — Z,,_1 for m > 2.
It is clear that {Py,}oe_; C P(Z(M)), >0 P = Sup,,5 Zm = 1.
Fix m and set Qun = E,P,, + PL for n > m and Q,,, = 0 if n < m. Then Q,,, 1 I for
n — oo and

L —I—-(E,P,+P}) =P, —E,P, = E-P, = (E-2,)P,, € P;(M)
for n > m. Moreover,

and [[(T,,Py, — TPy)Qum|| < €. This means that T, P,, ~= TP,,, as n — oo, for each fixed
m=12,....

(i1) = (i). Let {Pn}>_, C P(Z(M)), PuPy, =0 for m #mn, >.°0_ P, = I and T,,P,, ==
TP, as n — oo for each fixed m = 1, 2,. ... Then, for each € > 0 there is a sequence { E,,, }22, C
P(M) such that E,,, 1 I for n — oo, Ex. € Py(M), (T, — T)PyEpym € M and ||(T,, —
T)PnEnm|lm < e foralln,m=1,2,....

Set Z, =% " _Pnand Q, = | EppPr.

Then {Zn}%ozl C P(Z<M))7 {Qn}?zozl - P(M)v Zn T ]7 Qn T I, Q#Zn = 22:1 Eqi_mpm €
Pe(M), (T, — T)Q,, = > _ (T, = T)EpmPrm € M and, since (T, — T)E,,, Py, are pairwise

m=1

orthogonal for fixed n, we have
[(Tn — T)Qunllar = [hax (o — T) Epm Pl < €.
Consequently, T;, Laes . O

Let us find a class of von Neumann algebras for which the convergences almost everywhere
and locally almost everywhere coincide.

Theorem 2. The following conditions are equivalent.

(i) Every sequence in LS(M), which is convergent locally almost everywhere, is convergent
in LS(M) almost everywhere.

(i) The von Neumann algebra M can be represented as a direct sum, M =", M;, where
My s a finite von Neumann algebra, and M; are factors of type I, Ils, or 111,
i=1,2,...,m, and m is a natural number (some terms could be missed.)
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Jlokasamenvcmeo. (i) = (i1). Assume that M is not a finite von Neumann algebra and choose
a central projection Q € Z(M) such that My = Q+M is a finite von Neumann algebra and
QM is a properly infinite von Neumann algebra (it can happen that Q = I.) Let us show that
the center Z(QM) = QZ(M) is a finite dimensional von Neumann algebra.

If this is not the case, then there exists a subsequence {Z,}52, C P(QZ(M)) such that

Z, 1 Qand Z, # Q for all n = 1,2,.... Then it is clear that Z, Lo Q@ in LS(M) and by (i)
we have that Z, = @ in LS(M). Hence, there exists a sequence {E, }>°, C P(M) such that
E, 11, Ex € Py(M), (Z, — Q)E, € M and ||(Z, — Q)E,||y <e=3foralln=1,2,....

Since Q—Z, = Z:-Q, we see that (Q—Z,,)E,, = Z+QE, is a projection such that || Z1QE, | <
5. Consequently, Z;QF, = 0 and, hence, Z;Q < E,. This means that Q — Z, = Z;Q is a
nonzero finite projection in )M, which contradicts that the von Neumann algebra QM is
properly infinite.

Consequently, the algebra @QZ(M) is finite dimensional, that is there exist atoms
Q1, Q2, ..., Qm in P(QZ(M)) such that ", Q; = I and M; = Q;M are not finite factors,
i.e., they are not factors of types I, I1, or I11. Hence, M is a direct sum, Y .*  M;, where
My = QM is a finite von Neumann algebra, and M; = Q;M are factors of the above types.

(77) = (7). Assume that the von Neumann algebra M can be represented as the direct sum
M =35"", M;, where My, M;, i =1,2,..., are the same as in (ii). By Proposition 6,

LS(M) = LS(My) B i LS(M;).

Denote by @; the identity element in the von Neumann algebra M;, ¢+ = 0,1,2,...,m. Let

T,, T e LS(M)and T, 2% T in LS(M) as n — oo. Then T,,Q); 2% TQ, in LS(M;) asn — oo
for any fixed : =0,1,2,...,m.

Since M, is a finite von Neumann algebra and M, are factors, we have that 7,Q; == T'Q;
in LS(M;) as n — oo. Since Q; € P(Z(M)), we see that T,,Q; ~— TQ; in LS(M) as n — oo.
By Theorem 1, T, == T in LS(M). O

Remark 8. Let a von Neumann algebra M be represented as a C*-product, M = [[;2, M;,
where M; are factors of types I, I[l., or III, i = 1,2,.... Then, by Theorem 2, the
convergences locally almost everywhere and almost everywhere do not coincide in LS(M).
In particular, there are von Neumann algebras of countable type for which these convergences
do not coincide (recall that a von Neumann algebra M is of a finite type if any family of nonzero
pairwise orthogonal projections in P(M) is at most countable.)

Remark 9. Let M be a factor of type I or II1 (in this case LS(M) = M), {T,}>2,, T in

la.e.

M and T,, = T. Then, for each ¢ > 0 there exists a sequence {E,}32, C P(M) such that
E, 1 I, Ef € P;(M) (that is, E;- = 0 starting with some index ng), (T, — T)E, € M and
(T, —T)E,||m < € (ie., |1, —T|| < e asn >ng.) This means that convergence locally almost
everywhere coincides with the uniform convergence.

Proposition 9. Let T,,, T € S(Z(M)). The following conditions are equivalent.

(i) T, “% T in LS(M);
(ii) T,, — T almost everywhere in S(£2, 3, u) (the x-algebra S(Z(M)) is identified with
the x-algebra S(Q2, ¥, 1) and the center Z(M) with the x-algebra L. (€2, 3, u).)

Let M be an arbitrary commutative von Neumann algebra. Then as was noted above, there
exists a measurable space (€2, ¥, 1) with a locally finite complete measure p such that M is x-
isomorphic to the x-algebra L. (2, ¥, 1) and the x-algebra LS(M) = S(M) is *-isomorphic to
the s-algebra S(£2, 3, u). So, together with a well-known convergence in S(2, ¥, u) with respect
to measure, we also consider the convergence locally with respect to measure. This convergence
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is defined as follows: a sequence {f,}°2, C S(€, 3, p) converges locally with respect to measure
to f € S(Q, X, u) asn — oo if fxa — fxa with respect to measure for any set A € 3 with
1(A) < 0o, where x4 is a characteristic function of the set A.

A similar convergence can be also defined in the algebra LS(M) in the case of an arbitrary
von Neumann algebra M.

Denote by ¢ a #-isomorphism of the center Z(M) of the von Neumann algebra M to the
s-algebra Lo, (€2, X, p) and by ST (Q, X, u) the set of all measurable functions f : Q@ — [0, oo]
(functions that are equal almost everywhere are identified.) It was shown in [1] that there exists

a mapping
d: P(M) — SL(Q, Z, )

such that

(i)

(ii) d
(i) d
iv) d
(v) d

P) =0 if and only if P = 0;
P) is finite almost everywhere if and only if the projection P is finite;
P+ Q) =d(P)+d(Q) if PQ = 0;

(iv) d(U*U) = d(UU*) for any partial isometry U € M;

v P) =@ (Z)d(P) for all Z € P(Z(M)) and P € P(M);

(vi) if P,, P € P(M) and P, T P, then d(P) = sup, d(P,).

A mapping d: P(M) — SE (2, ¥, ) satisfying the properties (i)—(vi) is called a dimension
function on P(M).

For each ¢ > 0 and A € ¥ satisfying p(A) < oo, we set

d(
(
(
(
(Z

V(A,e)={T € LS(M) : there exists P € P(M) such that TP € M,
TPy < e, and p(AN{w € Q: d(PH)(w) >e}) < e}

Theorem 3 ([7]). (i) The system of the sets
H{T+V(A, e)}: TeLS(M), e>0, A X, ulAd) < oo} (1)

defines in LS(M) a Hausdorff vector topology t for which sets (1) form a base of
neighborhoods of the operator T € LS(M).

(ii) (LS(M), t) is a complete uniform space with respect to the dimension induced by the
topology t.

(iii) The involution is continuous, and the multiplication in (LS(M), t) is continuous in the
totality of the variables (that is (LS(M), t) is a topological x-algebra.)

(iv) The topology t is metrizable if and only if the Boolean algebra P(Z(M)) is of countable
type, that is, any family of nonzero pairwise orthogonal projections in P(Z(M)) is at
most countable.

(v) If {Tu}aes, T C LS(M), then the net T, converges to T in the topology t (denoted by
T, — T) if and only if E-(|Ta — T|) == 0 for any X > 0, where {E\(|T, — T|)} is a
spectral family of projections for |T, —T|. In particular, T, T = |To —T)| 15 0.

(vi) If {P,}>2, C P(M), then P, == 0 if and only if xad(P,) — 0 with respect to the
measure ji for each A € ¥ with pu(A) < oo.

U

It was found in [7] that the topology ¢ does not change if the measure p is replaced with an
equivalent measure and the dimension function d with another dimension function.

Convergence in the topology t is called a convergence locally in measure.

It follows from the definition of the topology t that the convergence of a net {T,}qes to T
locally in measure means that for any ¢ > 0 and A € ¥, pu(A) < oo, there exists oy = a(e, A)
such that, for each a > ayg, there exists a projection P(«) € P(M) satistying

[(To = T)P()|[mr <€ (2)
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and
p(AN{w e Q: d(I — P(a))(w) >¢e}) <e. (3)
If inequality (2) is replaced with the inequality
[1P(a)(Te = T)P(a)llm <, (2)

then it is said that the net {7, }aes converges to T two-side locally in measure.
It is easy to see that the two-side convergence in measure is equivalent to the convergence in
the vector topology in LS(M), with the base of neighborhoods of zero formed by the sets

W(A, ) ={T € LS(M) : there exists P € P(M)
such that PT'P € M, ||PTP|y <e¢
and p(AN{w e Q: d(PH)(w) >¢e}) < e},
where e > 0, A€ X, p(A) < oo.

In fact, this vector topology coincides with the topology ¢, which is directly implied by the
following proposition.

Proposition 10 ([11]).
V(A,e) CW(Ae) CV(A,2e)
forany e >0, A€ &, u(A4) < 0.

If there exists a faithful normal semi-final trace 7 on a von Neumann algebra M, then, for
the x-algebra LS(M), one can consider convergence in measure induced by the trace 7, see,
e.g. |2, 3]. This convergence coincides with the convergence in the vector topology ¢, in LS(M),
with a base of neighborhoods of zero formed by the sets

Ve, ) ={T € LS(M) : there exists P € P(M)
such that TP € M, ||TP|x <e,7(P*) < 8},
where ¢, § > 0.

Proposition 11 ([11]). Let 7 be a faithful normal semi-finite trace on a von Neumann algebra
M. Then we have the following.

(i) If {E,}>, ¢ P(M) and 7(E,) — 0, then E, —— 0. Conversely, if £, —— 0 and

7(I) < 00, then 7(E,) — 0.

(i) If {T,,}°2,, T C LS(M) and T}, == T, then T,, —— T

(iii) If 7(1) < oo, then the topologies t and ¢, coincide.
Remark 10. If the trace 7 is not finite, then the convergence T, L , in general, does not
imply the convergence T, 7, T even for commutative von Neumann algebras.

Example 1. Consider the von Neumann algebra

M=l,={{c},: c,€Cn=1,2 ... suplc,| < oc}.

n>1

Set 7({cn}) =D 07 ¢ and T ({cn}) = > 7 27 "¢y, where {c,} € I, ¢, > 0.
Then 7 is a faithful normal trace on M that is semi-finite but not finite, and 77 is a faithful
normal finite trace on M.
Consider a sequence of projections, £, = (0,0,...,0,1,1,...),in [, converging to zero. Then
——

T(En) =Y pe 0127 =2""— 0 as n — oo and, by Proposition 11(i), E, 0.
However, 7({E,, > 3}) = +o0 for all n =1,2,..., and so E, 0. O
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Remark 11. Let M be a factor. Then Z(M) = C = Lo({w}, 3, ), where ¥ =
{0, {w}}, p({w}) = 1. In this case, the dimension function d is a faithful normal semi-finite
(finite) trace on M if M is of type I, Il (correspondingly, I,,, 11;), and d(E) = +oo for all
nonzero E € P(M) if M is of type I11.

So, if e € (0,1), A= {w}, we have that

V(A,e)={T € LS(M) : there exists P € P(M) such that TP € M,
|TP|a < e, and d(P') < e}
In other words, if M is of type I11, then
V(A e)={T e M : ||T|\m < e},

that is the convergence locally in measure coincides with uniform convergence, and if M is
of type I or II, then convergence locally in measure coincides with convergence in measure
induced by the trace d.

Remark 12. If M = B(H) is a factor of type I, then convergence locally in measure coincides
with uniform convergence.

Indeed, let 7 = tr be the canonical trace on B(H), T,,, T € B(H), and T,, — T (note that,
by Proposition 7, LS(M) = S(M) =M = B(H).)

By Theorem 3 (v), (vi), we have that tr(E{(|T,, — T|)) — 0 as n — oo for any A > 0.
Consequently, F5-(|T;, — T'|) = 0 starting with some index n()). This means that ||T,, — T'||x =
o —T||lar < A for n > n(A), that is, |1, — T||yy — 0 as n — oo.

Remark 13. If T},, T' € S(Z(M)), then T,, — T if and only if T, — T in the measure y for
each A € ¥ with u(A) < oo (we identify S(Z(M)) with the x-algebra S(Q2, ¥ u).)

Indeed, if {E\(|T,, — T|)} is a spectral family of projections for the operator |T,, — T'|, then
by Theorem 3 (v), T, — T if and only if E-(|T,, — T]) — 0 for any A > 0. Since T, T €
S(Z(M)), we have that E\(|T, — T|) € P(Z(M)) for all X > 0. By Theorem 3 (vi), Ex(|T;, —
T|) = 0 if and only if x4 EL(|T, — T))d(I) = xad(EL(|T,, — T])) — 0 in the measure u for
each A € ¥ with p(A) < oo, where we identify Z(M) with the x-algebra L. (€2, 3, p) (see the
definition of the dimension function d.)

Consequently, T, — T if and only if Ei-(|T, — T|) converges to zero in the measure y for
each A € ¥ with pu(A) < oo for all A > 0. The latter condition, clearly, is equivalent to the
convergence T,, — T in the measure p for each A € ¥ with pu(A) < oc.

The following theorem gives a criterion for the convergences locally almost everywhere and
locally in measure to coincide in LS(M).

Theorem 4. The following conditions are equivalent.

(i) For{T,,}s>, and T in LS(M), T, LS T if and only if T, — T.
(ii) The von Neumann algebra M can be represented as a C*-product, M = [],., M;, where
M; are factors of types I or II1, 1 € J, and J is an index set.
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ON SIMILARITY OF CONVOLUTION VOLTERRA
OPERATORS IN THE SOBOLEV SPACES

G. S. ROMASHCHENKO
DONETSK STATE UNIVERSITY OF MANAGEMENT
DONETSK, UKRAINE

A criterion for a pair of convolution Volterra operators K; on WI’)”[O, 1] with kernels
from the Liouville-Sobolev spaces W;‘i+m_2[0, 1] (i = 1,2) to be simultaneously similar
to powers of the operator of integration J is obtained. Simultaneous similarity means
that there exists an automorphism S on W;,"[O, 1] such that ST K;S = J%. The proof
of the main result involves a careful analysis of fractional powers of weak positive type
convolution Volterra operators.

1. INTRODUCTION.

Consider a convolution Volterra operator K on the Sobolev space W;"[O, I|lmeZ,pce
[1,400] defined by

K f—>/K(x—t)f(t)dt (1)

with a kernel K(-) € W;*[0, 1]. The simplest Volterra operators of the form (1) is the operator
of integration J

J:f—>/f(t)dt (2)

and its positive powers J
[ (z— 1)
> ——f(t)dt R..
rop— [SE—rma acr, g
0

Recall that two bounded linear operators A and B acting in a Banach space X are called
similar if there exists a bounded operator 7" with bounded inverse such that TAT ! = B.

Similarity of a Volterra operator to the integration operator J and its positive integer powers
J™ in the spaces L,[0, 1] has been investigated in numerous papers [2| - [§], [11] - [12] starting
from works of G. K. Kalish [4] and L. A. Sakhnovich [11].

The first results on similarity in L,[0,1] of a convolution Volterra operator K to the
operator (3) with arbitrary positive (noninteger) « have been obtained by R. Frankfurt and
J. Rovnyak [2].

Using another approach M. M. Malamud [7] has improved their (sufficient) results and
obtained criteria of similarity between the operators K and J in L,[0, 1]. He has also obtained
(see [8]) sufficient conditions for a nonconvolution Volterra operator K to be similar in L,][0, 1]
to the operator (3).

We have obtained [1] sufficient conditions for a convolution Volterra operator K to be similar
in Sobolev spaces W;"[0, 1] to the operator (3). This result reads as follows.

Theorem 1. Let k(-) € Wor™=2[0, 1]nW{*0,1] and k=9(0) = 0 for j € {1,...,m}, either

a>m— % or a € N. Then the operator

T x

J*+ K f— ﬁ/(m—t)a1f(t)dt—|—/k;(x—t)f(t)dt (4)
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is similar to the operator J in the Sobolev spaces W[0,1], p € [1, +o0].

In this paper are interested in the following problem:

Given two Volterra operators K; i € {1,2} of the form (1) satisfying the conditions of
Theorem 1 with o; > 04 € {1,2}. Find a criterion for a pair { K7, K>} to be similar to the pair
{J1, J*2} in the Sobolev space W;"[0, 1].

In other words, the problem is to find a criterion of existence of an automorphism S of
W;0,1] such that

STUKS =J%  ie{1,2}. (5)

In the case m = 0, that is for the spaces L,[0, 1] this problem has completely been solved by
R. Zuidwijk [13] (the case of integer «; € N) and by M. M. Malamud and R. Zuidwijk [10] (the
case of any «; > 0).

Notations: I1, := {z € C: Rz > 0} stands for the right half-plane of the complex plane C;
Ry () := (T — X\)~! is the resolvent of an operator T' defined on a Banach space X; o(T) and
p(T) stand for the spectrum and the resolvent set of an operator T respectively; (f * g)(x) :=
Jy f(z —t)g(t)dt is a convolution of functions f and g.

2. FRACTIONAL POWERS OF OPERATORS

We say that a bounded operator T" on a Banach space X is of weak type if its spectrum is
contained in the closure of the right half-plane, o(T") € 11, and with some constant M > 0 the
following inequality holds

[Br (=)l = (T + =)~ < % x> 0. (6)

It is known (see [6], Sect. 5.8) that inequality (6) yields a similar inequality in each sector
Sg={AeC\0:|arg\| < 5}

- My
IR (=M = (T + 37| < R A€ S, (7)
where 3 € (0,7/2) and M;(> M) is a constant depending on M.

We put an operator 7" on X in the class SA(3, M;) if inequality (7) holds true.

If T is an operator of weak positive type, then so is an operator A = L™'T'L similar to T
Moreover, if T € SA(B, My) then A= L™'TL € SA(3, My) with a constant My < ||L|| - || L] -
M;.

Let T be an operator of weak positive type on a Banach space X. Following [5] and [6] we
define its fractional powers 7%, ¢ € (0, 1) as

(T} = %/AH(M +T)'TdA, g€ (0,1), (8)

and {T}" = I. For any 7 = n — ¢ where n is the positive integer, n € Z,, and ¢ € (0, 1), the
operator 17 is defined as
{T}y =TT} (9)
At first we consider the operator of fractional integration of the form (3).

Lemma 1. The operator of fractional integration J* (o > m) is of weak positive type on
Wr0,1] for m € Zy and p € [1,+00]. Moreover J*7 = (J*)Y = {J*}Y for v > (m —1/p)a".

We follow [10] for proof. Namely, we prove that the resolvent (A + J%)~! is a convolution

operator with integral kernel i,(t) = $t* 'Ey/o(—t*/A; @), where E,(z; ) is Mittag-Leffler

function. Then we estimate the norm of ¢ * f in W;"[0, 1] and obtain desired estimate (7) for
T:=J~
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Proposition 1. Let K be a convolution operator of the form (1). Then the operator J*(I + K)
is of weak positive type on W0, 1].

We estimate the resolvent (M + J*(I + K))~! using the estimate of the resolvent of the
operator J¢.

3. FRACTIONAL POWERS OF VOLTERRA OPERATORS

Here we consider a convolution Volterra operator of the form
K:f— /k;(m —t)f(t)dt, feW;0,1], (10)
0

with a smooth kernel. Following 9] we introduce fractional powers K? 3 > 0 of K under
additional restrictions on its kernel k(-).

Let us recall a definition of Liouville-Sobolev spaces Wpﬁ [0,1], B > 0. If 3 = m is integer, then
f € Wr[0,1] if and only if f has continuous derivatives up to order m — 1, f (m=1) is absolutely
continuous and f™ € L,[0,1].

Otherwise, let m be the nonnegative integer such that m < § <m+ 1 and put e = § — m.
Then f € WP[0,1] if and only if J¢f € W"[0, 1].

We may define fractional derivatives by means of fractional powers of the operator of
integration. This relies on the fact that the differential operator acts as a left inverse on the
operator of integration. Therefore, if 3 > 0 and n an integer such that n — 1 < g < n, then

D°f=D"J"f.

It is known (see for instance [7]) that any function & € W*[0, 1], with n the integer such that
n —1 < a < n, admits a representation

xT

k(z) = Zlkm—j)(())ﬁ +/%g(ﬂdt (11)

with g € L,[0,1]. In the case when the derivatives at zero are given by
Eem0) = = k@ 20) =0, E*D(0) =1,
then the function k is of the form

(x =

+ O/ Wg(t)dt, (12)

xafl
k p—

() (o)
i. e, k=[1]+[1]** g where [1]* := 27! /T'(c). Accordingly, the convolution integral operator
(10) with kernel (12) admits a factorisation

K =J%I+G), (13)

where G is the convolution integral operator with integral kernel g € L,[0, 1].
Following [9] we define fractional powers K7 for K = J*(I + G) in W}*[0,1] as follows:

K7 o= J(I 4+ G)y > (m— 1/pla (14)
where JoVf = [1]*7 x f for f € W0, 1] and
r+ay=Y (Z) e
k=0

Here we assume that @ > m. As usual (Z) denotes a generalized binomial coefficient.
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According to previous proposition an operator K of the form (13) is of weak positive type on
W0, 1]. Therefore it is appropriate to check whether the two definitions of fractional powers
given above coincide for the convolution Volterra operators of the form J*(I 4+ K).

The following theorem presents a positive answer to this question.

Theorem 2. Let K be a Volterra convolution operator on W0, 1] of the form (10). Then the
operator T'= J*(I + K) (a > m) is of weak positive type on each W;"0,1], p € [1,+oc] and
satisfies

{TY ={J" U+ K)} =JI+K), 7>(m-=1/p)a”

4. SIMULTANEOUS SIMILARITY

Theorem 3. Let K; be convolution Volterra operator of the form (10) with a kernel k; €
Wyre=2[0,1] N Weitho, 1) i € {1,2) (i — 1 < a; < n; ) satisfying the conditions

Elemmd(0) = - = K@ D0) =0, K>V =1, ie{l1,2}. (15)

Then the following two statement are equivalent:
(i) K = K3's
(ii) The pair { K1, Ky} is similar to the pair {J*, J*2}.

Jloxasamenvcmeso. The proof is close to that of [10]. It follows from conditions (15) that the
kernel k; admits a representation (12) with g; € W*72(0,1] N W0, 1]. Hence K; admits a
factorization (13), that is K; = J* (I + G;) where

G f— /gi(x—t)f(t)dt (i=1,2).

Accordlng to functional calculus (14) there exists a convolution Volterra operator R f—
fo ri(x f(t)dt with r; € L1[0,1] ( = 1,2) such that H; = J™(I + R;) satisfies Hm = K;
(i e {1, 2}

Observe that Ki* = K3' implies Hl172 = HQITQ, and by taking the power 7— at both
sides, we get H; = Hy = H.

It can be easily proved (see [8])that r; € W/"~2[0,1]NW]'[0, 1] since g; € W,*~2[0, 1]NW [0, 1].
Hence by Theorem 1 with o« = m the operator H is similar to the operator J™, that is there
exists a similarity transformation S on W,"[0,1], p € [1, 00|, such that H = S~'J™S. Therefore
H is of weak positive type operator on each W]" [0,1] because so is J™. Hence combining
Theorem 2, Lemma 1 and definition (8) of {-}7, with v; = a;/m i € {1,2} we arrive at the
equality

o0

/A oi/m=V(\T + H)"'Hd\

0

sin 7r6Z

K; = H/m = {Hi}ai/m =

_ sin (7e:) / A/ 4 §TLI™S) LS ™S d
T
0
_ Sin Erﬂ'gi) Sfl //\ai/ml()\[ + Jm)fljmd)\s — Sfl{Jm}ai/mS — S*lJmS.
0

This proves that the first statement yields the second one.
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To prove the converse, note that if K; = S™'J%S i € {1,2} then H := S~'J™Sis a
convolution Volterra operator of weak positive type on W" [0, 1] because so is J™. Therefore
by Theorem 2

Hom = {[Hyedm = §Hgmye/ms = ST S = K;, i€ {1,2}).
It follows that K = (Ho/™)%2 = (H2/m)o = K9, O

Example 1. It follows from Theorem 1 that an operator J+-J**¢ is similar to J* on W}"[0, 1]
if e > max{l,m —1—1/p}.

By Theorem 3 a pair {J* (I 4+ J¢), J**(I + G)} where G is a Volterra convolution operator,
is similar to the pair {J*, J*2} on W0, 1] iff G = (I + J5)*27*1 — [

In particular, for arbitrary «;,e; € Ry a pair {J* (I 4+ J°), J**(I + J**)} is not similar
on W;'0,1] to a pair {J*,J*} since the equality (I + J%)*27% = [ + J* is not valid if
|OéQ — @1| + |51 — €2| > 0.

Note also that the pair {J* (I + J¢), J*2(] + G)} with G defined above and ¢ > 0, is similar
to the pair {J*, J*2} if € > max{1l,m — 1 — 1/p}.

Theorem 3 can be easily extended to the case of N-tuples operators K;, i € {1,---,N}.
Namely, the following theorem is valid.

Theorem 4. Let K; be a convolution Volterra operators of the form (10) with a kernel k; €
Wmtea=2(0, JNW 0, 1] (i € {1, , N}) satisfying conditions (15). Then the N-tuple {K;}Y
is similar to the N-tuple {J*}Y, that is there exists an automorphism S of W'[0,1], p €
[1,4+00], such that K; = S7'J*S (i € {1,--- ,N}), iff

KM =K% ie{l,-- N}
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INVARIANT AND HYPERINVARIANT SUBSPACES OF THE
OPERATOR J“ IN C*|0, 1]

SUROVTSEVA V.V.

Introducion. It is well-known |[5], [12]| that the operator J defined on L,[0,1] by J : f(z) —
[ f(t)dt is unicellular for p € [1,00) and its lattice of invariant subspaces is anti-isomorphic to
0

the segment [0, 1]. The same is true (see [5], [12]|) for the simplest Volterra operators
r —¢ a—1
J f(x)»%/%f(lﬁ)d?ﬁ, Re a >0,
0

being the complex powers of the operator J.
Namely (see [5], [2]) :
LatJ* = HyplatJ* = {Eq : = X[a11Lp[0,1] : 0 <a < 1} (1)

A description of the set CycJ® (cyclic vectors) immediately follows from (1)
feCyc® & / |f(x)|Pdz > 0, &> 0. (2)
0

The last condition is said to be the e-condition. The result about unicellularity of the operator

J defined on L,[0,1] ( see [4]) was extended to the case of the operator Jy : f — [ f(t)dt
0

defined on the Sobolev spaces W50, 1], WF[0,1] and C*[0,1]. It was shown in [15] (see also [13]

and [8]) that the operator J; defined on X : = W[0,1](C[0,1], C*[0,1]) is unicellular too and
its lattice LatJ, consists of a continuous part Lat®Jy, where

Lat®Jy ={E,: 0 <a< 1}, E,={feX: f(z) =0,z €[0,al},
and a discrete part Lat?.J;,, where
Lat"Jy = {EfY,, Ef:={feX : f(0)=---=f*"9(0) =0} (3)
1€{0,1,...,k—1}. It is obvious that
E, C E,, C Elkl C E;Z for any a; > ag, Iy > 1s.

A description of the set of cyclic vectors for the operator .J;, defined on X = Wzﬁ‘ [0, 1] immediately
follows from the description of the lattice of invariant subspaces LatJy:

f e Cycd, < £(0) #0. (4)

The integral operator J;* defined on Wlf [0, 1] has been investigated in [3]. Spectral properties of
the operator J* defined on W)[0, 1] has been investigated by I.Yu.Domanov and M.M.Malamud
in [3]. Namely, a description of the lattices LatJg and HyplatJ{ and the commutant {J2} have
been obtained in [3]. In particular, it turned out that J is unicellular in Wy[0,1] (k > 1) if
and only if a = 1.

In [14] these results have been extended to the case of the operator Jg defined on Sobolev
space W3[0, 1] with noninteger s > 0.

In this paper we generalize some results from |3| to the case of the spaces C*[0, 1] and C%/0, 1],
where C£[0,1] := {f € C*[0,1] : f(0) =--- = f*®(0) = 0}.

Namely, we prove the unicellularity of the operator J2, : = J& defined on C%[0, 1]. Moreover,
we describe the lattice of invariant subspaces LatJy and the set of cyclic subspaces CycJ' of
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the integral operator J@ defined on C*[0, 1]. Besides, we investigate the commutant {Je} of
the operator Ji; defined on

Co'[0,1] := Ef[0,1] = {f € C*[0.1] : f(0) = --- = f*7V(0) = O}

Notations. X stands for the Banach spaces j € {1,2}; [X;, X5] is the space of bounded
linear operators from X; to Xo; [X]| := [X, X]. AlgT denotes the weakly closed subalgebra
of [X] generated by T and the identity [; LatT and HyplatT are the lattices of invariant
and hyperinvariant subspaces on an operator 7" € [X] respectively. supp f is a support of f;
Zy :={n: n € Z, n > 0}; r* [ stands for the convolution product of functions r, f €

L]0,1] = rx f —fo r(z —t)f(t)dt.
1. INVARIANT SUBSPACES OF THE OPERATOR J IN C*[0, 1].

In this section we present a description of the lattices LatJy, and LatJi'. Let us introduce

Definition 1. Let X be a Banach space. An operator T’ € [X] is called unicellular if its lattice
of invariant subspaces LatT is linearly ordered.

Theorem 1. Let Rea > 0 and Jg, defined on C§[0,1]. Then
LatJ* ={E,: 0 <a<1}, E,:={fe€C¥ko0,1]: f(x)=0, 2 €]0,d]}.
In particular, the operator Jiq is unicellular.

To present a description of LatJy® we recall a description of Lat() for a nilpotent operator

Q € [C¥].
Proposition 1. ([1], [6]) If @ is nilpotent on a finite-dimensional vector space V. Then
Lat(Q) = J{IM,Q7'M]: M € Lat(Q | QV)}, (5)
M

where [M, Q' M] is an interval in the lattice of all subspaces of V. Each interval satisfies the
equation
dim Q™M — dim M = dim ker Q. (6)

For any bounded operator T defined on a Banach space X (T € [X]) and E € LatT we denote
by T the quotlent operator acting on the quotient space X /F according to the natural rule

f (Tf ) where f stands for a coset f f+ E. Following theorem gives a description of the
lattice of the invariant subspaces of the operator J& in C*¥[0, 1].

Theorem 2. Let w be the quotient map,

7 C*0,1] — X : = C¥[0,1]/Ck[0,1] (7)
and jka be the quotient operator on Xy. Then LatJ¢ = Lat®J* U Lat®J¢, where
(a) Lat®J ={FE,: 0<a<1}, (8)

15 a "continuous part”of LatJy;

(b) Lat®Je = 7" (LatJ®) Uw*{ NTIM] . M e Lat(J¢ | JoM)} (9)

is a "discrete part"of LatJ. Here [M, (Jl?)*lM] is a closed interval in the lattice of all subspaces
of Xi. FEach interval satisfies the equation

dim(J)*M — dimM = d, (10)
where d = min{—|—al, k}.
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Corollary 1. The operator Jy, is unicellular and its lattice has a description LatJ, = Lat®J, U
Lat®Jy, where

Lat®Jy = {E,: 0<a<1}, E,:={feC¥ko,1: f(z)=0, x € [0,a]},
Lat®J, = {EFYMS . EF i ={feX:f(0)=---= f*D0) =0},

1€{0,... k}, Er = CH0,1].

2. CYCLIC SUBSPACES OF THE OPERATOR J& ON C¥[0,1].

Definition 2. A subspace F of a Banach space X is called a cyclic subspace for an operator
T e [X]if span{T"E :n >0} = X. A vector f(€ X) is called cyclic if span{T™f :n > 0} = X.
The set of all cyclic subspaces of an operator 7" is denoted by Cye(T).

Definition 3. We set

pr = i%f{dimE . E is a cyclic subspace of the operator T' € [X]}.

pr is called the spectral multiplicity of an operator T in X.
Note that pr can be oo.
Definition 4. The operator 7' is called cyclic if up = 1.

Theorem 3. Let Rea > 0 and either o € Z, or Rea > k. Then the operator J, defined on
C{f’l[o, 1] is cyclic. Moreover the following equivalence holds:

f € Cyedy < f(0) #£0.

Theorem 4. The operator J defined on C*[0,1] is cyclic. Moreover the following equivalence
holds :

f € Cycd & f(0)#£0.

Proposition 2. Let either Re o € Z,\{0} or Re a > k and the operator J; defined on
C*[0,1]. Then:
1) The spectral multiplicity pjo of Jg is

(11)

o _)Jmin{Rea,k}, acZ {0}
HEET %, Rea ¢ Z\{0}

2) The system {f;}{ of vectors f; € C¥|0, 1] generates a cyclic subspace for J¢ if and only
if:

i) N >

i) rankW,{f1,..., fn}(0) = p, where

Si(z) falx) . (@)

fi(z) fole) . fiy(@)
@) @ . )
Corollary 2. Let p1 be defined by (11). Then a system {f;} generates a cyclic subspace of Ji*
on C*[0,1] if and only if detW,{ f1,..., f.}(0) # 0.

Wl fi,-- o Ind(@) =
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3. COMMUTANT OF THE OPERATOR Jg'; .
The results of this Section have been obtained jointly with M.M.Malamud.
Definition 5. Denote by { R}’ the commutant of an operator R € [X].
First we describe the commutant {J*} of the operator J* in C0, 1].
Proposition 3. Let Rea > 0 and X = C[0,1]. Then R € {J*}' if and only if R is of the form

(RA)@) = [ rrte o), (12

where () is a continuous function of bounded variation and it is normalized at zero by 7(0) = 0.

Proposition 4. The operator J; defined on Cé“’l[O, 1] is isometrically equivalent to the
operator J§ : = J* defined on C]0, 1].

Combining Proposition 3 and Proposition 4 we arrive at

Theorem 5. Let Rea > 0 and X = Ci'[0,1]. Then R € {21} if and only if R is of the form

<Rﬁ@»:/}uMMx—w7 (13)

where r(+) is a continuous function of bounded variation and it is normalized at zero by r(0) = 0.

The author expresses her gratitude to the scientific adviser M.M.Malamud for posing the
problem and help and to I.Yu.Domanov for useful remarks.
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GEOMETRIC ASPECTS OF COMPACTNESS IN OPERATOR
ALGEBRAS

I. G. TODOROV

The theory of C*-algebras has been linked from its beginning to considerations of geometric
nature. Kadison’s well known description of the surjective isometries between C*-algebras
depended on the identification of the extreme points of the unit ball of the algebra. In his
celebrated paper [5] he showed that the extreme points of the unit ball are the partial isometries
which satisfy a certain degenerateness condition. Recently, Akemann and Weaver [1] gave
geometric characterisations of various classes of elements of a (unital) C*-algebra such as
arbitrary partial isometries, unitaries and invertible elements.

The present note is a survey of some known results related to geometric characterisations of
compact operators in C*-algebras. The main problem that will be addressed is the following.

Problem How can one characterise in geometric terms the elements of a given C*-algebra
whose images under some faithful *-representation of the algebra are compact operators?

The main geometric tool for tackling this problem was introduced by Anoussis and Katsoulis
2]
Definition 1. [2] Let X be a Banach space, X(,) be the closed ball of X of radius r, and
S - X(l). Let
cp(S)={reX:|latz]| <1, VaeS}
cp'(S) = cp(8S) and cp"™(S) = cp(cp™(8S)), n > 1. Call cp™(S) the set of the nth contractive
perturbations of S, and write cp™(a) = cp™({a}).

The following properties of the set of contractive perturbations are either evident or easy to
verify:
e cp(S) is a closed convex subset of X1
o S Ccp?(S)
o If S C S, C X1y then cp(Sz) € cp(Sy)
e a is an extreme point of X1y if and only if cp(a) = {0}, if and only if cp?(a) = Xy).
From the second and the third of the above properties it follows that cp?**!(S) = cp(S) and
cp?™(8) = cp*(8S), for all n > 1. Thus, of interest are only the sets cp(S) and cp?(S). Note that,
by the last property, not every convex and closed subset S of X1y has the property S = cp*(S).
We will first restrict our attention to the case X = B(H), the space of all bounded linear
operators acting on a complex Hilbert space H. The following proposition was established in

2].
Proposition 1. Let T € B(H)1). Then TB(H)1,T € cp*(T).

From Proposition 1 it follows that the properties of cp?(T') are closely related to those of the
operator X — T XT.

Proposition 2. Let T' € B(H). If TB(H)T is separable then T' is compact.

Jlokasamenvcmso. We will only consider the case H is separable. Let {e; };eny be an orthonormal
basis of H and P, be the orthogonal projection onto the span of eq,...,e,. We may assume
that T is selfadjoint since the separability of TB(H)T implies that of (TT*)B(H)(TT*). If
T is not compact then we can choose € > 0 and vectors z;, of norm at least 1/2, such that
vy = (Py,,, — P, )%k, for some increasing sequence {n;} of positive integers, and ||Tz;|| > e.
For each subset J of N, let Sy = >, 7 ® x;, where the sum converges in the strong operator
topology (we have denoted by x ®y* the rank one operator z — (z,y)z). We have that T'S;T =



98

Yopes(Txy) @ (Twy)*. If J,J' C N and J # J' then, letting & be such that either £ € J\ J' or
ke J\ J, we conclude that ||TS;T — TSyT| > |[(Txy) @ (Txy)*|| = ||Txx||?> > €2 Since the
cardinality of the subsets of N is uncountable, this is a contradiction with the separability of
TB(H)T and the proof is complete. <

Note that the separability if TB(H)T is equivalent to that of TB(H)yT. Propositions 1 and
2 hence establish the implication (iii)=- (i) in the following theorem, which is a special case of
the results of Anoussis and Katsoulis [2].

Theorem 1. Let T' € B(H)y. The following are equivalent:
(i) T is compact;
(11) cp?(T) is compact;
(1) cp®(T) is separable.

The implication (ii)=-(iii) is trivial, while for the implication (i)=-(ii) we would like to give
the following intuitive argument. Suppose that (i) holds and that moreover T has finite rank.
Write T as a block 2 x 2 matrix T = (7(;0 8), where Tj is an operator in a finite dimensional
space. Then all operators of the form 7" = (§ %), where ||S|| < 1, are obviously in cp(7"). From
this it follows that every operator 7" € cp?(T') must have the form 7" = (Té' 8), for some T}

Hence cp?(T) is contained in the intersection of the unit ball of B(H) and a finite dimensional
space, and is hence compact.

We now want to consider algebras generalising B(H). One possibility is to replace B(H) by
an arbitrary C*-algebra. Recall that a C*-algebra is a Banach algebra with an involution
in which the C*-identity ||zx*|| = ||«||*> holds. The space B(H) is clearly a C*-algebra, when
endowed with the involution taking an operator to its adjoint and the usual operator norm. A
representation of A on a Hilbert space H is a morphism 7 : A — B(H); 7 is called faithful if it
is injective. By Gelfand-Naimark theory, every C*-algebra possesses a faithful representation,
so it can be regarded as a closed *-subalgebra of B(H). If A is a C*-algebra and a € A, there
are two plausible options for when a is to be called “compact”

(a) the operator  — axa is compact as an operator on the Banach space A;
(b) there exists a faithful representation 7 of A such that 7(a) is a compact operator.

It was shown by Ylinen [8] that these two statements are equivalent. Anoussis and Kastoulis
found the following geometric condition, equivalent to the conditions above.

Theorem 2. [2] Let A be a C*-algebra and a € Ayy. The following conditions are equivalent:
(i) there exists a faithful representation m of A such that w(a) is a compact operator;
(ii) cp?(a) is a compact set.

We would like to note that the separability of cp?(a) is no longer equivalent to the conditions
above: indeed, in every separable C*-algebra cp?(a) is automatically separable, but if a C*-
algebra is unital then its identity is compact if and only if the algebra is finite dimensional.

It should be pointed out that in [2] it is moreover shown that the existence of a faithful
representation 7 for which 7(a) has finite rank is equivalent to the linear space generated by
cp?(a) being finite dimensional.

We would now like to turn our attention to another generalisation of B(H), namely the
algebra of all adjointable operators on a Hilbert module. Let A be a C*-algebra. Recall that a
Hilbert module over A is a complex linear space X which is also a right A-module endowed
with an A-valued sesquilinear form (-, -) satisfying

(1) (z,y-a)=(z,y)a;
(H) (iL‘, y)* = (yv .Z');
(iii) (z,x) >0, and (z,2) = 0 if and only if x = 0,
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which is moreover complete with respect to the norm |z| = ||(z,2)|'?. Let X be a Hilbert
module over a C*-algebra A. If A = C then we clearly obtain the notion of a Hilbert space (with
the antilinearity condition on the inner product holding with respect to the first variable). An
operator T' : X — X is called adjointable if there exists a mapping 7™ : X — X such that
(Tz,y) = (x,T*y), for all z,y € X. Let B(X) be the space of all adjointable operators on
X. Of course, in the case A = C, all bounded linear operators are automatically adjointable,
but this is no longer true for more general algebras. In all these cases B(X) is an appropriate
analogue of B(H). With the operator norm and the natural involution, it becomes a C*-algebra.
An analogue of a compact operator can also be defined. We first define rank one operators on
X:if z,y € X, let, in analogy with the Hilbert space situation, ©,, : X — X be given by
O.y(2) = 2 (y,2), 2 € X; the operator O, is adjointable with ©; = ©,,. The closed hull
IC(X) of the span of all such operators is a C*-subalgebra of B(X); its elements are called
compact operators on X.

The simplest example of a Hilbert module over a C*-algebra A is A itself, with the inner
product (a,b) = a*b. In this case B(X) = M(A) and I(X) = A, M(A) being the multiplier
algebra of A. Thus, if A is unital then all elements of A are compact operators when viewed
as adjointable operators acting on A, but cp?(1) = A1y is not compact unless A is finite
dimensional. But if A is separable then cp?(a) will be automatically separable for each a € A.
It turns out that separability is the appropriate condition to replace compactness with. The
following version of the previous results was found in [4].

Theorem 3. Let X be a separable Hilbert module over a separable unital C*-algebra and T €
B(X)y. The following are equivalent:

(i) T € K(X);

(ii) cp*(T) 1is separable.

As a direct consequence of this result we obtain that if X and Y are separable Hilbert
modules over a separable unital C*-algebra and ¢ : B(X) — B(Y) is a surjective isometry then
(X)) = K(Y).

Theorem 3 is proved in two steps. First the theorem is established in the case X = [5(A) is
the so called standard Hilbert module over A, by a suitable generalisation of the proof of
Proposition 2. Recall that

lo(A) = {(a;)ien : Za;*ai < oo},

the inner product being given by ((a;), (b;)) = >_ alb;. A theorem of Kasparov’s [6] characterises
the countably generated Hilbert modules over a C*-algebra A as the direct summands of l5(A).
A lemma establishing the “good” behaviour of c¢p? with respects to direct sums allows to use
Kasparov’s result to complete the proof of the theorem.

In conclusion, it should be noted that geometric characterisations of compact operators in
non-selfadjoint operator algebras have also been studied. Anoussis and Katsoulis [3| have used
the contractive perturbations to study the compact operators in nest algebras, while Katsoulis
[7] has given analogous characterisations of the elements of an operator algebra whose image
under an isometric representation of the algebra is compact, for a large class of non-selfadjoint
operator algebras including classes of limit algebras and function algebras.
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ITOJIVI'PVIIIIBI, CBA3AHHBIE C CUCTEMAMMU,
KOPPEKTHBIMU 110 ITETPOBCKOMY

V. A. AHY®PUEBA !
YPAJIbCKUN TOCYIAPCTBEHHBINM YHUBEPCUTET
EKATEPUHBYPT, Poccus

Keywords: [luddepennmaniphast cucrema, HeKOppeKTHasI 3aa4a KoImm, moryrpyIna onepaTropos, 1peodpas3o-
Banne Oypbe, 0000ITIEHHBIE (DYHKITIT

s cucmem dugdepenyuarvroix ypasreruti, xoppekmuuz no Ilemposcromy, nocmpo-
envt R-noayepynnw 6 npocmpancmeazr Ly(R™) ¢ secom.

1. BBEJEHUE

Pacemorpum 3ajaay Komm s cucrembl quddepeHnnaabHbIX ypaBHEHUIH

% —A (z%) u(z;t), tel0;T], (1)

u(z;0) = f(x), (2)

e ¢ = (x1,...,2,) € R

zg T zi h zi - zi - a=(a,«a an)
gr) ~\'ow) \om) ~“~\'oz,) + °7 0Tk

A (z’a%) — MaTPUYHLIA onepaTop: A (ia%) = {Aj, i (z’a%) };Tfk:l, muddepeHInaabHble OIEPATOPDI

Ak (ia%) UMEIOT TOpsAJoK He Bbime p. [lpn mobbix x € R™, ¢ € [0; 7] pemenne u(x,t) ecthb
m-mepHbIit BekTop: u(x,t) = (u1(x,t),. .., un(z,t)) € R™.

B macrosineit pabore nccsenyercss BO3SMOXKHOCTD TOCTPOEHHS TTOJIYTPYIIIIOBBIX CeMEHCTB J1Ist
cucrem (1), koppekrHbix 110 [TerpoBckomy. B ocHOBe uccieoBanust JIEXKUT METOJ OOGOBIIEHHOTO
npeobpaszosanust Pypbe, KoTropoe nepesoauT 3aja4y Kommu (1), (2), paceMarpuBaeMyio B HEKO-
TOPOM IpOCTpaHcTBe 0600meHHbIX dyHKImA O’ B 3ama1y Komm st cucreMbl 0OBIKHOBEHHbBIX
nuddepeHIuaibHbIX yPaBHEHMI

ou(s;t ~
KD _ Asyitso), te 07 )
u(s;0) = f(s), (4)
B npoctpancTse (®') — IMpoCTpaHCcTBe, COCTABIEHHOM U3 0000IIeHHbIX TpeobpasoBanuii Pypbe
Becex pacrpegesenuit u3 O, 3nech s = (s1,...,5,) € C", a marpuunas dyukuust A(-) cucrembr

(3) mpu kaxjom s € C™ ompe/iesisier orepaTop yMHOYKEHHsI HA MATPHUILY, JIEMEHTaAMEU KOTOPOi
CJIy?KaT MHOI'OYJIEHBI CTEIIEHU HE BDLIIIE p. N

Pemennem 3ayaun (3), (4) ciysxur obobmennas dynkims u(s; t) = e f(s), koropas onpe-
nenena B Tex npocrpancrsax ('), riae skcnonenra e'4() onpenenser orpanmueHHbIil omepaTop
ymuoxkenust. Torga o6obientoe perrenre 3a1aun (1), (2) cyimecTByeT B COOTBETCTBYIOIIUX TIPO-
crpancrBax ¢’ u mmeer Bu

u(w:t) = F 1 (a(s; 1) = FH (O fs)) = (Gr + f)(a),

rae Gy(z) = F~1 (etA(s)) — obobmennas marpuna-dyukius ['puna. CooTBeTcrByIolee Ipo-
crpancTBo O’ HazbIBaeTCs KiiaccoM 0600IIeHHOl KoppekTHOCTH 3a1a4u (1), (2). B [1] mokazano,
YTO JIJIA CUCTEM, KOPPEKTHBIX 110 IleTpoBckomy, pojib mnpocrpadcTs $' urpaioT mpocTrpaHcTsa

tuma W', S’.

IPagora mojyiepkana  rpantoM  POOU  Ne03-01-00310 m  rpanTOM YPaJbCKOIO I'OCYIapPCTBEHHOI'O
YHUBEPCUTETA.
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B nmanmnoit pabore Mbl ojoupaeM 6anaxoBbl (PYHKIIMOHAIbHBIE TPOCTPAHCTBA X — HACKOJIb-
KO BO3MOXKHO IIMPOKHE, JIEJKaIlue B Kjacce 0000mennoii koppekrnocrn 3agaqn (1), (2). B
BBIOPAHHBIX IIPOCTPAHCTBAX X MBI CTPOUM (perysisipu30oBaHHbIE) R—TIOJIyTrPYIIbI OLEPATOPOB.
OcroBHas WJiesT TOCTPOEHHS HOJYTPYIIIBL COCTOUT B TOM, YTOOBI BBECTH "KOppeKTHpyronmit"

vuouTenb K (+) B obparHoe npeobpasosanne Pyphe mpomssenenna eA0) f(+) tak, arobbI mo-
JydaeMas CBEePTKa,

(Gox K 5 f)(w) = F (¢OR (5)(5))

obuta omnpejesnena s jgoboro f € X u gBisiach (BYHKIUEH — 3JIeMEHTOM OaHaXoBa IPO-
cTpancTBa X . MbI MOKa3bIBaeM, 9TO IMIOCTPOEHHBIE TAKUM 00Pa30M OIEPATOPHI CBEPTKU C S IPOM
(Gy * K)(+) obpasytor R-mosyrpynmy B X.

Nnes nocrpoenns R-1I0JIyrpyIIl yTeM KoppeKIiun obpaTHoro npeodpasoBanus Oypbe, npu-
Hajuiexkamag V.B. MenbHukoBoii, peasnsosana B [4| mis ciaydast mpocrpancts X = Lo(R™),
IJIe J0Ka3aTe/IbCTBO CYIIECTBEHHBIM 00pa30M HCIOJIb3YyeT creluduKy mnpeodpasoBanus Pypbe
B X = Ly(R™) — reopemy Ilnanmepess. B Hacrosieii pabore Mbl pacCcMaTpUBaeM B KadecTBe
X mpocrpanctea L¢(R") (1 < ¢ < oo) dyHKImil, HHTErpUPyeMBIX CO CTENEHbIO ¢ C BECOM

w(z) = e~V rrne py u ~ 3aBHUCST OT ¢ U OIPEJIEISIIOTCS OIEePaTOPOM CucTeMbl A (ia%).

2. BCIIOMOT'ATEJIbHBIE CBEJEHN
B [1] mokazamno, uTo MaTpudHas sKkcronenTa e4l) yrosmersopser onenke
HetA(s)H < Cleb1t-|8|p0’ t>0 seCm <5>

rjie po < p — NPHUBEICHHBIN MOPsIOK cucTeMbl (1).
Paccmorpum dyHKImIIO
A(s) = max R\(s), seC",

1<j<m
rae A;(s) — coberBenmble 3Hadenust MaTpunnl A(s).
Onpepesienne 1. Cucrema (1) maswiBaercs koppexmuot no Ilemposckomy, ecau QyHKIsA

A(-) orpanmuena cBepxy IpH JEfCTBUTEIBHBIX 3HAUCHUAX S = 0, T.e. €CJIU HafiJleTcsa Takast
nocrogauasg C' > 0, aro A(o) < C npu mobom o € R™.

B [2]| mokazano, uro st cucreMbl, KOppeKTHOH 1o TleTpoBckomy, Haiigercst 061acTh

H,={s=o0+ir: |1| <v(l+|o|)"}, l—po<u<l, v=v(b,h),

B KOTOPOII JIJIT MaTPUIHON (DyHKIIUN etAt)

||etA(5)H <C(1+ o), t>0, se€H, (6)

BBIIIOJIHCHa OIICHKa

B nacrosiieit pabore Mbl paccMaTpuBaeM ciaydaii pg > 1. (1o cBazaHo ¢ TeM, uTo mpu py < 1
cucrema (1) sBsgieTcst rUMEPOOJMIECKON U JJIsi Hee MOXKHO CYIIECTBEHHO PACIIUPUTH KJIACCHI
KOPPEKTHOCTH, a, CJIeJIOBATEJIbHO, HHAYe OCYIIeCTBUTH BHIGOP GaHaxoBbix mpoctpancts X .) [Ipu
po > 1 umcso p, oupeesndromniee obaacTb H,, MOXKET OKa3aTbCAd KaK IIOJIOKUTEIbHBIM, TaK 1
OTPUTIATETHHBIM.

JL1st IpOCTOTHI U3JI0XKEHUs TTPOBEJIEM BCe rmocTpoenus pu n = 1, To ects jyis s € C, x € R.

1. B ciyuae 0 < i < 1 Ha OCHOBe CBOWCTB aHAJIUTUYIECKUX (DYHKINI, JOKA3aHHBIX B [2], MOXKHO
TI0Ka3aTh, 9TO MaTpUdHas KcronenTa e() ynosmersopser npu t € [0; T] yemosuro

HetA(S)H < C(1 4+ |o])retem), s=o+ir, (7)

Mpo/u

R _ (bpoT ©/Po 6 b b
po/u’TE "0_<T) IIpu JIIOOOM 0 > 07.

BosbMmeM mpousBosbHOe 3 > 0 u pacemorpuM mpocrpancrsa WHE W A+r,

rae Q(7) =
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IIpocrpancrso W8 — 310 cyeTHO HOPMIPOBAHHOE TTPOCTPAHCTBO BCEX TEIBIX (DYHKIHIT (o(-), KOTOpBIE TIpH
J000M p > 0 yIOBJIETBOPSIIOT HEPABEHCTBAM

12K 0(2)| < Ch, e PPV s =g tiyeC, keNU{0}
Teopema 1. [1] Ecau yeaas dynruua f(-) ydosaemsopaem nepasencmesy

[f()] < CA+ 2", z=z+iyeC,

mo ona onpedessem ozparurenHuili onepamop ymmoscenus, deticmsyrowut uz W8 ¢ WP npu aobom
6> 0.

Oyukuusa M (z) = @fl, r € R, asngerca npoiicteennoit (mo HOury) x dynkmmm Q(7) =
/
|Tp|:—(/);, 7 € R, upn pil + pol/u = 1. Jlna npoiicrBennbix o FOHTY dyHKINN nMeeT MecTo Hepa-

BerncTBO OHTA:
xT < M(x) + Q(7), z, T € R (8)

Bosbmem npoussosibHoe o > 0 1 paccMoTpuM IpocTpancTBo Wy 4.
Bsenem npocrpanctso Wy, o — 3T0 C4eTHO-HOPMUPOBaHHOE IIPOCTPAHCTBO OecKOHEeTHO auddepeHnupyeMbIx
Ha R dyrkumii ¢(-), KoTopbie npu Jgr06oM 6 > 0 yIOBIETBOPSIOT HEPABEHCTBAM

‘w(m)(ﬂﬁ)‘ < Cppse” M@= 2 e R me NU{0}.

B npocrpamcrsax Wiy o, WP crpasepymsa ciemyiomast Teopema TBOfCTBEHHOCTIL.
Teopema 2. [1] Ecau M(-) u Q(-) — Pynryuu, dsoticmsennvie no FOney, mo

Wm = Wﬂ’l/a, W6 = WM,l/ﬁ~

Corstacao teopeme 1 u3 ycsopus (7) ciemyer, 9T0 MaTpudHast (QyHKIIA etA0) ompenensier

OTpaHIYeHHbI OIepaTop yMHOKeHns (MyILTHILIIKATOP), AeiicTytomuit uz WH 5 W E+e,
a CJIeJI0BATe/IbHO, U W3 (WQ’ﬁJ”’)/ B (WQ”B )/. [To Teopeme 2 NBOMCTBEHHBIM K IPOCTPAHCTBY
W8 gpnsteress poctpanctso Wy /p- OTcIoma cieyeT BasKHBI Pe3yJIbTaT, KOTOPDIi JIeZKUT
B OCHOBE JaJIbHEHIIEro IMOCTPOEHHS TOJIYIPYIIIOBBIX CEMECTB.

Teopema 3. [1] ycmov das cucmemwt (1), xKoppexmnoti no Ilemposcromy, ouenxa (6) cnpa-
sedausa npu 0 < p < 1 u nyemov evnoansemen (7) npu nexomopom p > 0. Tozda npu aobom
B > 0 obobuwenroe obpammoe npeobpasosarue Pypve Gy(-) mampuvnoti sxcnonernmon eA0) onpe-

densam HEnPepueHbIt ONEPAMoOp CEEPMEKY (CEEPMBLEAMEND), JeUCMEYIOULUT U3 NPOCMPAHCTNGG
/

/
<WM7%+’J> 6 NPOCMPAHCMEO (WM%) .

2. Pacemorpum remepn caydait 1 — pg < p < 0. Kak nokazano B [2|, eciin anajmTuaeckast
dbyukius ynosrersopsier B obsactu H, npu p < 0 mepasencrsy (6), To /st e IPOU3BO/IHBIX
IPU JeHCTBUTE/ILHBIX 3HAUEHUAX S = 0 BBINOJIHAIOTCA OIEHKH BUJIA

9 AN < 0 (1 + |o|rm t>0, meNU{0}), oceR. 9
3 <C, o] , >0, {0}, 9)
g

OTO HEPABEHCTBO IIOKA3BLIBAET, YTO OLEPATOPHAS SKCIIOHEHTA €tA(‘) IIOPOXKJIAET OIPAHNYEHHBIN
) ut

olepaTop YMHOXKEHHd B IPOCTpaHCTBe S, a cjeloBaTesIbHO U B IpocTpaHcTse S'.

O6osnaunm S MHO)KeCTBO Geckoneuno juddepennupyembix Ha R dbyrkimii ¢(-), KOTOpbIE, TAKXKe KaK U UX
POU3BOJHBIE, CTPEMATCS K HYJIIO TIPH |x| — 00 GBICTpee JIIo6ol cTernenn ﬁ IIpocrpancTso S ¢ 3amanHOl Ha
HEM CHCTEeMOM HOpM
2k (2)

lell, =" sup ., peNu{o},

z, m<p, k<p

SIBJISIETCST CIETHO—HOPMUPOBAHHBIM. /IBORCTBEHHBIM K IIPOCTPAHCTBY .S CHOBA SIBJISIETCSI IPOCTPAHCTBO S S=28.

Orciona cegyer uro dyukius Gy(-), 0606menHoe obparHoe npeobpaszoBanne Pypne mar-
puraHoii sKcronenTh 40) | onpejiesgeT HepepBIBHBII ONepaTOp CBEPTKH (CBEPTLIBATEID), JIeii-
CTBYIOIINI B IIpocTpaHcTBe S’
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B saibHeiiiem KpoMe MoBeJIeHus oriepaTopa pelienns cucreMbl (1) HaM morpebyercs IoHs-
THe R-T0JIyrpylIbl OlepaTopoB B 6aHAXOBOM ITPOCTPAHCTBE.

[Iycrs X — 6aHaxoBO MPOCTPAHCTBO ¢ HOPMOIi ||- ||, o6osHaunm L£(X) — mpocTpaHCTBO JTHHET-
HBIX OT'DAHUYIEHHBIX OIEPATOPOB, JEHCTBYIOMUX B X, ¢ TOMOJOTHENl PABHOMEDPHOI CXOIUMOCTH
Ha OrpaHMYeHHBIX MHOXKecTBaX. [lycte R € L(X) — uHbeKTUBHBIN OnepaTop ¢ IIOTHON B X
obmacThio 3Hadenuit Ran R.

Onpenenenne 2. [6, 3| CemeiicTBo smHeHbIX orpannveHHbIx oneparopos {S(t), t € [0;T]},
JIeHiCTBYIONIUX B IIPOCTpaHcTBe X U YAOBICTBOPSIONINX YCIOBUAM
(R1) S(t+71)R=St)S(r), t,1,t+7€]0;T],
S(0) = R;
(R2)  oneparopuast dyukims S(+) cuibHO HenpepbiBHa 110 ¢ Ha oTpeske [0; T7;
Ha3bIBACTCS A0KAAbHOU R—noayepynnod.

Bamernm, uto B ciaydae R = [ xapakrepucrudeckoe cBoiicrBo R-mosyrpymmer (R1) cosma-
Jaer ¢ mosyrpymnmnoBbiM cBoiictBoM U(t + s) = U(t)U(s) u, caegoBaTebHO, MOJYTPYIIIIOBOE
ceMefcTBO MOXKeT ObITh ompejiesieno i Bcex t > (0. Takasg R-1oyrpyiina gBIgeTcd MOJTy-
rpymmoit Kiaacca Cy.

3. IIOCTPOEHUE R-TIOJIYI'PVIIII

[TockosbKy Kiaccesl 06061eHHOiT KoppeKTHOCTH 3a1a4u (1), (2) 3aBucdT OT BeJIMYIUHBI apa-
MeTpa [i, €CTECTBEHHO OKHJIATh UTO BBIOOD OAHAXOBBIX IIPOCTPAHCTB TaKzXKe Oy/IeT OTINIaThCs
st 0> 0 mop < 0. Ogeako cxemMa HOCTPOEHUST HOJIYIPYIIILI 00Iast JIst 00OUX CJIydacs,
o9TOMY JIst (4 > 0 MBI IPHBOANM (CXEMATHYECKOE) JO0KA3aTEeIbCTBO, a it (4 < 0 — JIumimb
dbopMyIpyeM pe3y IbTaT.

1). Cayuait p > 0. Corstacuo TeopeMe 3 B 9TOM ciIydae 06001eHHoe pererue 3a1aan Kormn
/

/
(1), (2) cymecrByer npu Jjirobom f € (WM . ) U SIBJISIETCS 9JIEMEHTOM ITPOCTPAHCTBA (WM 1 > :
k) +p 7

_ l=Pro1 1
Lae M(:IJ) T oop ' p + po/p 1

Paccmorpum npocrpancrso X, ,, = L;’(]R) dyukIumit, aOCOJIOTHO UHTEIPUPYEMBIX CO CTerre-

mpio ¢ (1 < g < 00) ¢ Becom w(z) = e 2 € R, v > 0, 10 ectb npocTpancTso ynKmit
u(+), IS KOTOPBIX

o0
/ lu(z)|%e™ 7" do < oo.
— 00

B CUJIy ollpeaeJIcHHA IIPOCTPaHCTB, UMEIOT MECTO BJIOZKEHUA:

1
X, C (W ' mpu ¥y < ———,
17 ( le/ﬁ) ’y pl/Bpl
! o q
Xgw C (WM,l/ﬁ) upn 7y = p—1(ﬁ1)p1’ fr>p6, q=1

Teopema 4. [Iycmo daa cucmemw (1) evnonnenve ycaosus (5), (6). Tozda onepamop A (i)
noposicdaem 6 npocmpancmee X, , Aokasvruyro R-noayepynny {S(t), t € [0;11)} ¢ onepamo-
pom R, onpedeasemvim paserncmeom

Rf(z) = / K(z—6f(€)de, weR, (10)

¢ unmeepupyemot Ppynxuyuetd K(-), ydosaemeopaowei npu |s| — oo ycaosuro [?(s) =
O (W), ho > h+ 2, s € C. /launa nosyunmepsara T onpedessemes napamempamu

3adavu po, i, by u napamempamu npocmparcmed q, .
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Hznoorcum cxemy doxaszamesvcemea. st nocrpoennst R-10JyrpyInnbl B BLIOPAHHOM IIPO-
crpaHcTse X, ,, BOCIIOIb3YyeMCA PE3YJILTaTOM 00 00paTUMOCTH KJIACCHIECKOTo IIPeobpa3oBaHmd
®ypoe B npocrpanctse Ly(R) (em., mampuvep, [5]). Yvuoxmum e40) ma mekoropyro dynkmmio
K (+) Tax, atobs e A0 K (-) € Ly(R). U3 onenxu (6) crenyer, uto taxas dbymnxmus K (-) gomkua

VIOBIETBOPSTH 1pH || — 00 yeaosmo K (o) = O ), ho > h+ 1/2. Torga, mo Teopeme

1
(1+|o[)"o
[Lnanmepesns, Haiinercs dyukiusa Sy(-) € Lyo(R), paras obparaomy npeobpazoBarnio Pyphe
by A0 K (4):

Sy(z) = FL (etA<U>f?(a>) (), a,0€R, t>0. (11)

tA(o) h+1

C apyroii CTOPOHBI, €CJIM PA3JIE/JIUTh € Ha (1 —i0)" ™! 10, Takxke B cuny Teopembr [lnan-
epestst, Hajijercs dyakius g(-) € La(R), 11 KOTOPO#i BBITOTHAETCS
) 6tA(U)
gi(x) = F <m) (z), z0€R, t=0,

cJIeJTI0OBATEILHO, TI0 CBOMicTBaM mpeobpasoBanus Pypbe, oHa onpe/iesndeT 0000IeHHoe 00paTHOe
npeobpazopanne Pypbe MATPUIHON IKCIOHEHTHI B BH/IE:

0

Gy(x) = F 1 () () = Ph+1<%) 9+(z), reR, >0,

rjie P11 (+) — mexoropsriit MuorowsieH crernern h+ 1. B utore nmosydaem ciemyroree 06001eHHOE

/
PaBEHCTBO B IIPOCTPAHCTBE <WM7 1 ) :

Sy(x) = F! (etA<<f>f((a)) (z) = Phﬂ(a%) 9:(z) % K(2) = g,(z) % {Phﬂ(%) K(x)} .

ITokazkeM, 4TO, HECKOJIBKO ycmus TpeboBaus K pyHkimu K (-), moxkuo Jyist jiodoro f € X, ,
MMOJIYIUTH PaBEHCTBO

(S04 £)) = G K 5 1)) = )+ | P 51 ) K o) 10 (12)

y2Ke He B 000OIIEHHOM CMBICTIE, & B IpocTpaHcTBe X, . TeM caMbIM MBI OIIPEJEINM OePATOPLI
CBEPTKH C s71poM Sy (+), AeficTBylomue B IpocTpancTse X, ,. DT0 U OyJeT PeryIspU30BaHHAsT
nostyrpymma. Pasercto (12) onuckiBaeT CTPYKTYPY 9TOi MOy TPYIIIIHL.
[Lnan obocHOBaHUS MPEJJIOKEHHOW KOHCTPYKIIMA COCTOUT B CJIEJIYIONIEM:
1) ompegenuTs cBepTKy Jmoboit dyukmuun f(-) € X, , ¢ nmocrpoennoit o dopmyse (11) dynk-
mmeit S(+);
2) mokazare, uro Sy * f € X, , upn mobom f € X,
3) J0Ka3aTh OrPAHUYEHHOCTD OLEPATOPOB CBEPTKH C SAPOM Si(+) B mpocrpancrse X, ,;
4) noKazaTh ClIpaBeInBOCTL paBeHcTBa (12) B X, o
5) mokaszarb, 4ro A jioboro f € X, , dyukims (S;* f)(-) aBagercsa 000OIEHHBIM PEIIEHIEM
sajaan Konm (1), (2) ¢ maganbusiv yeaosueMm (K * f)(-);
6) J10Ka3aTh, 4T JyIsl J1o6oro f u3 obiacru onpesenerus oneparopa A (i) byukius (Spx f)(+)
SIBJISIETCS KJIaccmaecKnM pernenueM 3aga4du Kommn (1), (2) ¢ nagansaeiv yemosuem (K f)(+).
Tem caMbiM OyJIeT JOKA3aHO, YTO OMEPATOPHI CBEPTKH C sApoM Sy(-):

S(z;t) f(z) = (Se* f)(x), te[0;Th), zeR,

00pa3yior R-1oyyrpymuily B IpocTpaHcTse X, ,, ¢ omeparopoM R cBepTku ¢ sypoM K (), ompe-
sesisieMbiM popmyitoit (10). O

2). Caywuait 1 < 0. Kak 6610 yKa3aHo BbIIlie, B 9TOM CJIydae 0O0OIIEHHOE PEIIeHne 3a/[adn
Komu (1), (2) cymecrByer npu jrobom f € S’ n npunamiexkur S’. [lockonapky S — mpocTpaH-
cTBO GeckoHewHO uddepenimpyeMbix (hyHKIWIA, yObIBaOMUX Ipu |r| — 0o GeicTpee 0007
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1 !
CTETICHH 7, TPOCTPACTBO S’ cozepkuT Bee peryispHbie (pyHKIIMOHABI, TOPOXK ICHHBIE (DYHK-
IUSIMU JIFOOOT'O CTEITIEHHOTO POCTA.
Paccmorpum npocrpancrso X, , = L‘;(R) dYHKINI, THTETPUPYEMBIX CO CTEIIEHBIO ¢ C BECOM
w(z) = (14 |z])~7, v > 1, To ectb npocrpancTso GyHKImit f(-), 1151 KOTOPBIX

/ @)1+ |2]) di < oo,

OueBnHO, UMeer MecTo Biiokenne X, , C S’
Kak n B mpegpiiyiieM ciaydae, B BLIODAHHOM IIPOCTPAHCTBE X, MOXKHO HOCTPOUTD DPETyisi-
PU30BAHIHYIO HOJIYTPYIILY OLEPATOPOB.

Teopema 5. Onepamop A (i%) nopootcdaem 6 npocmpancmee X, , R-noayepynny c onepa-
mopom R, onpedeasemvim paserncmeom

16
1+4¢2

rfa) = [Ke-0lhe  wer

u unmezpupyemoti dynryuetd K(-), npeobpasosanue Pypve komopotl ydosaemseopaem npu

o] — o0 yeaosur K (o) = O (1 +]o])~+3+9)), 2de e > 0, r = max{h — pm}, k = [77—1]
m=0,k
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O ITPOBJIEME 9KBUBAJIEHTHOCTU KJIACCOB |
BECKOHEYHO JUOPEPEHIIMPYEMbBIX ®OYHKIINUN

I'. C. BAJIAIIOBA
MBU (TVY)
MoOCKBA, Poccud

Paccmampusaromes xaacco C’R{Mn} beckoneuno dupdepeHyupyemur 1a ecet ocu ne-
puoduueCKuUT PYHKUUL, onpedessemvie HeKomopol NOAOAHCUMENHOT NOCAEO0BAMENDHO-
cmwio { M, }. Vemanoenena sxeusarenmmocms xaaccos Cr{ My} u Cr{MS} u noxasa-
HO, HIMO U3 NOAYHEHH020 DEZYALIMAMA CAedyem udeecmnbill pesysomam Mandeavbpoti-
ma C. 06 oxeusasenmuocmu kaaccoe Cr{Mp} u Cr{MES}.

PacemarpuBatorcs kjaccbl Oeckonedno juddepeHimpyeMblx Ha uHTepBajie J QYHKIWMII,
orpe/iesisieMble HEKOTOPOU MOJIOKUTEIHHOI T10C/Ie/10BaTeIbHOCThIo { M, }

CHAM,Y ={f(x) e C=(J): |f™(x)| < K"M,, n>1, z € J}, (1)

e Kaxkjgad QYHKIAS OrpaHUYeHa 110 MOJYJIIO Jjisd Bcex © € J m Koncranta K > (0 3aBuCHT
TOsIbKO OT (yHKIMH f(7).

Kapieman T. [1| mocraBuia npobiemy: YKazaTh yCJIOBHs, KOTOPBIM HAJ0 HOIIMHUTH [OCJIE-
nosaresbHoctu { M, } u {M]}, arobbl nMeI0 MECTO BJIOKEHUE

Cy{M,} C C;{M,}.

Pemenne 31oit 1pobJieMbl I03BOJIIET PEMIUTL TPOOJIEMY SKBUBAJIEHTHOCTH KJIACCOB, COCTOS-
Y10 B HAXOXK/IEHUU TAKUX YCJIOBUIl, IPU KOTOPBIX JIBE MOC/IeI0BATEILHOCTI OIIPEAEISIIOT OJUH
U TOT 2Ke KJiacc, T.e. OJJHOBPEMEHHO

Ci{M,} C Ci{M,} un C{M)} C C;{M,}. (2)

Takum 06paszoM, 110 3a/aHHOil nocsieoBareabroctu { M, } Has10 nocTponTh GoJiee PeryssipHyTo
nocsie1oBaTesibHOCTb { M)}, 9T00BI nMen MecTo BIOKeHus (2).

[TocTpoenne Takoil MOCIEOBATEIHOCTH CYIECTBEHHO 3aBUCHT OT IIPUPOJBI MHTEepBasa .J
(OTKPBITHII, 3aMKHYTBIi, KOHEUHBII nim OeckoHewHblit). OcTanoBuMcs Ha ciaydae J = R — Beeid
OCH, TIPH 9TOM €CTEeCTBEHHO PacCMaTpPUBATH IMOCJIEI0BATETHHOCTE { M, }, yIOBIETBOPSIOIILYTO
YCIIOBHIO

1
lim M, = co. (3)
n—oo
Torna, kak nokasasn C. Mangensopoiit [2], kinace Cr{ M, } sxsusasnenren kiaaccy Cr{ M}, rae
{ME} ecTb BBIMYKIIAs peryssipusalius MOCpeIcTBOM Jorapudmos mociaenobarebaoct { M, },
CYIIECTBOBAHNE KOTOPOH BO3BMOXKHO B CHJIY YCJIOBHA (3).

Bosuukaer Bompoc, mpejcTaBisier Jiu mocjegoBareibHocTh { M} "nanmydmmm obpazom”

COOTBETCTBYIONHH KTacc (DYHKIHI, T. €. CYIIECTBYET JIH, HAIIPUMED, TaKas [0C/Ie[0BATe/IbHOCTD

{A,}, aro
(AT
i ()" =0 W

u ipu sToM Kitaccsl Cr(A,) u Cr(ME) sxsusanentusl. [ITpu Beinossennu ycirosus (4), oueBui-
HO,

C
CR(An) C CR(Mn),
TaKUM 00Pa30M, OCTAETCs YCTAHOBHUTH, MMEET JIM MECTO 00PaTHOE BJIOYKEHUE

Cr(M;) C Cr(A,).
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Teopema (C. Mangens6poitr [3]). Ecau lim, e M7 = 00, mo xaxosa 6v. 1y Gvuia nociedo-
sameavrocmv { Ay}, ydosaemsopsrowasn yeaosuro (4), cywecmeyem nepuoduueckas Gynryus,
npunadaesrcausas Cr{ME} u ne npunadaescawan Cr{A,}.

Teopembr BioxKeHus jiyisi npoctpancTB CobosieBa GECKOHETHOTO TIOPSIIKA TO3BOJIUIINA TIOJTY-
YUTh HOBBIE PE3YJILTATHI B pAcCMaTpUBAeMOil mpobiieme.
Hamomunm pesysbrar (em. [4]) masg npocrpancts CoboseBa GECKOHETHOTO HOPSIIKA

W {an, p, 1}y = {f(2) € C®(R) : > an || f(2)]|] < o0}, (5)
n=0
e || f0)( H:fT|f 2)|" dz)", r>1,1<p< o0, a, >0, ag#0.

HpOCTpaHCTBo (5) HeTpI/IBI/IaHbHO 1 GecKoHeTHOMEpHO, Kak nokazano 0. A. Jlybunckum [5],
TOTJIa U TOJBKO TOIJIA, KOIJa

1
lim af =

n—oo

D710 ycioBue BIIpE/Ib IIpeaIiojaracTCd BbIIIOJTHEHHDBIM.

Teopema 1. Ecau daa nocaedosamensvnocmed {a,} u {c,}
a
lim — =0,
n—oo Cn

mo umeem Mecmo 6A0IHCEHUE
00 %s)
W {CTwp? T}(T) C W {an7p7 r}(T)
NPpUHEM OHO KOMNAKIMHOE.

Ecim pacemorpers OoJtee y3K#e Kjacchl 6eCKOHEIHO MudDepeHnupyeMbiX Ha BCEl MpsiMOit
MEPUOUIECKUX (DYHKITHI

Cr{M,} = {f(x) € C*(R) : max|f™ ()] <A(f)M,, n=0,1,..., My =1},

zeT

¢ nocJieoBarebHocTbio { My, }, yaoBiersopsitoreii ycioBuio (3), To OHU TaKKe SKBUBAJCHTHBI
kiaccam Cr{ME}, 1. e. cupasenBa

Teopema 2. Ecau nh_)rgo Mn% = 00 U 0AA HEKOMOPOT NOCACIOBAMEALHOCTNY Uy, ! io Uy < 00
A, = o(Myvy,), (6)
Mo UMEEM MECMO CMPO20E BAONCENHUE
Cr{An} C Cr{M,},
m. e
Cr{M,}\ Cr{A,} # 0 (7)
Jlokasamenvcmeo. 3 onpenenenns kiacca Cr{A,} n ycaosus (6) cieyer, 9ro
Cr{An.} C W®{A 1 v,,1,00}. (8)
I[Ipescrasum ycmosue (6) B Buje
M _ & ),

torja 1o Teopeme 1 mosydaem, 910

Wwee {A;lvn,l,oo}(T) C Wee {Mil 1700}(T)’ (9)
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npudeM BIIOKeHne KoMmiakTHoe. Tak kak oba mpocrpancTsa B (9) 6aHAXOBBI 1 GECKOHETHOMED-
HBIe, TO BIOXkeHEe (9) cTporoe, T. e.

WM, 1,00} 0 \ W {A] vn, 1,00} 0 # 0.
Tem Gostee (cm. (8))
W { M1 1,00 )\ Cr{An} # 0. (10)
[TockoubKYy, KaK CJIe/lyeT U3 OIpe/IeIeHNs] KJIacCoB, UMEeT MECTO BJIOYKEHUe
W {M; 11,00} 5 © Cr{M},
TO ¢ ydaerom coorHomenns (10) momywaem cupasenmBocts (7). Teopema mokasana. O

3ameuanme. Teopema ManaeabOpoiiTa sIBIsIeTCS CJIEACTBAEM T€OPEMbBI 2.
B camom jsieste, ycsioBue (4) IpejcTaBuM B BHJIE

A, = M,v,,
e
lim vé = 0. (11)
[Tokaxkem, 9TO B 3TOM cJrydae T X
Cr{A,} C Cr{M,}. (12)
Ecmm f(x) € Cr{A,}, To cymecrByer nocrognuas K = K(f) > 0, takas, 910
ri?%df(")(mﬂ < K"A,, n=1,2,.... (13)

o0
B cuny yemosus (11) s sroboro K > 0: > v, K™ < 00, HOITOMY IIOCJIEI0BATETHHOCTE
n=0
v, K™ orpannuena, T. e. max v, K" = A\ < 00, u Torja umeem
n

AM, =M, A, > K"A,, n=12,... (14)
Hnst dyuxmun f(z), yaosaersopsitorneii yeaosuio (13), ¢ yaerom (14) nosydaem
majg(\f(")(xﬂ <AM,, n=12,...
xre

D10 3naunt, uro f(x) € Cr{M,}, 1. e. cupaBeymBocTh BIoKeHus (12) roKa3aHa.
Omnpegenenne knaccos Cr{A,}, Cr{M,} u Brnoxenue (12) HO3BOIAIOT 3aIUCATDH [EIOYKY
BJIOZKEHU I

Cr{A.} € Cr{M,} C Cr{2"M,} C Cr{M,},

U3 KOTOPOIl ¢ y9eTOM TeopeMbl 2 CJIeJlyeT CIIpaBe//IMBOCTh TeopeMbl Manie/ibopoiiTa.
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O SAJAYE PUMAHA — I'MJIBBEPTA C YCJIOBNAMM POCTA

C. . BE3POIHBIX
BBIYMC/IUTENBHBIN LEHTP M. A.A. JToPOJIHULILIHA PAH
MoCKBA, Poccud

Paccmompena zadaua Pumarna — luavbepma 60 8HEWHOCTAU KPY2a € YCAOBUEM DOCTIG
60 GHYMPEHHET MOUKE 0OAACTNU U GHANOZUYHAA 300A%A 8 NOAYNAOCKOCTIU C YCAOBUEM
pOCMA 8 2PaHUYHOT movke. JoKa3anb, MEopemvl 0 PA3PewUMOCTU IMUX 3a0a% U no-
CMPOEHDBL UL PEUEHUS.

BBEJIEHUE

3Bajiatua O MOCTPOCHUM AHAJUTUYIECKON B 00aCTH (PYHKIIUU T10 33/ JAHHOMY COOTHOIIECHUIO
MEXK/Iy ee BEIeCTBEHHOW M MHHUMOW YacTsIMHU Ha TpaHulle, Ha3biBaemas 3ajaqdeit Pumana —
I'mipbepra, Tak Ke, KAK W TECHO CBI3aHHAsI ¢ HEH 3a/1a9a CONPSIKEHUs JIBYX aHAJIUTHIECKAX
YHKIWIA B CMEXKHBIX 00JIACTSAX, MCCIEJI0BATACh BO MHOTUX paboTax, cM., Hampumep, [1]-[7].
B nannoit pabore Ha OCHOBe MO/IX0/IA, PA3BUTOIO B IIUTUPOBAHHBIX PA0OTaX, JeTaJbHO N3ydeHa
3asiada Pumana — ['mibbepra ¢ ycJoBHAME pocTa pelleHus B HEKOTOPBIX TOYKax O0JIACTH MJIN
ee rpanuilpl. Takas MocTaHOBKA BO3HUKAET, B YACTHOCTH, IIPU MOJIEJIMPOBAHIT HEKOTOPDIX sABJIe-
uuit B pusuke miasmor [8]-[10]. Pemenune paccmarpusaeMoit 3a/1a4u ¢ KOHEIHBIM YUCIOM TOUEK
pocra (0COOBIX TOUEK) CBOJIUTCSI, B CUJIy €€ JIMHEHHOCTH, K CyMMe pelleHnil 3ajiaun Pumana —
['mnbbepra ¢ 01HOI 0CO0OI TOYKO#, PACIIONIOKEHHON MO0 BHYTPH, JIUOO Ha TpaHurie 0OJIacTH.
[Tocnenane ¢ momoIbi0 KOH(MOPMHOTO OTOOPAYKEHUsT TTPUBOJISATCS K COOTBETCTBYIONINM 3a/1a-
JaM B KaHOHUYIECKUX o0JacTdaX. B Hacrodiieit pabore B KadecTBe KAHOHMYECKON 00JIacTh JIjIs
cIydas BHyTpeHHel 0co00it TOUKM BEIOpaHa BHENTHOCTH €IMHITHOTO KPyTa, a caMa TOYKa pOCTa
pacriojioykeHa B OECKOHETHOCTH; JIJIsA CJIydas TPAaHUIHONW 0cOOON TOYKM B KadecTBE KAHOHMYE-
CKOili 06J1acTH BBIOpAHA TIOJIYILJIOCKOCTh, & TOUKa POCTa — OMsITh OECKOHEYHOCTD (HO Teleph 3T0
IPAHUYHAST TOYKA).

1. PEHHEHUE 3AZTAYU JIJ14 BHEIITHOCTU KPYT'A

1.1. TTocTaHoBKa 3a/ja4u U IIPUBEJeHNE K 3a1a4e conpsixkeHust. O6oznaunm gepes K+
u K~ cooTBETCTBEHHO BHENTHOCTH U BHYTPEHHOCTH €JIMHUYHOIO KPYTra Ha 3aMKHYTOHN ILJIOCKOCTH
C KOMILJIEKCHOTO TIEPEMEHHOT0 2 = T + 1y:

K" :={z:]z| > 1}, K™ :={z:|7] < 1},

a uepes TT u T~ — rpanuner obnacreit KT n K™, npeacrasnsmonme coboii ¢ IMHIYHYIO OKPY K-
HOCTB C HaIlpaBJIeHHEeM 00XO/a COOTBETCTBEHHO 10 U IIPOTHB 9acoBoil crpesku. Ecmm dynkims
F onnosHauna u aHaauTudHa B obsiactu B (ecim oHa HenpepbiBHA Ha MHOXKecTBe M), TO 310
6yaem obosnadars F € O (B) (coorsercrenno F € C'(M)). Sanucy F(z) = O*(z%), z — o0
(a > 0), 6ymer osHadars F(z) = cz® + o(2%), 2 — oo, rze ¢ # 0.

[Tycrs ma TT 3azanbl komiutekcHas dyuxiums h(t) u BemecrBenHas dbyHkuus c(t), yuoBie-
TBOpstoIue ycaosuo esbiepa ¢ nokasarenem g < 1, npudem h(t) He oOpanaroTcs B HyJb HU
upu kakoMm ¢ € TT. ITocranoska sadawu Pumana — [uavbepma 3aKI09a€TCA B CIIEILYTOIIEM:
HafiTu OJHO3HAUHYIO aHajuTHIeckyo B obaactu K1\ {oo} dynkuuto PT(z), Henpepoiayio B
K+ \ {o0}, Te.

P e Xt :=0(K"\ {oo}) NC(KT\ {o0}),
UMEIONLYIO B TOUKE z = OO IIOJIIOC N-TO MOPSJIKA;
Pr(z) =0"(z"), 2— 00 (1)

1 yJAOBJIETBOPLIONLYIO HA €IMHUYHON OKPY?KHOCTH KPAeBOMY yCJIOBUIO

Re[h(t) P ()] = c(¥), teTt. (2)
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C nomorpio noxona [3]-[5] samaga Pumana — I'masbepra cBomuTest K 3a/1a9€ CONPsIZKEHUS
PE) = GWOP() + f(), teT, (3)
rae dynkumn PF(z) n P7(2) npumagzexar coorsercrsenno KT u K~ = O(K™ \ {0})N
NC(K-\ {0}) u cBasanbl ycioBuem
P (z) =P (1), z e K7, (4)
KoTopoe, cienys [11], Gyjem Ha3bIBATH YCJIOBHEM KOMILJIEKCHOIO ypaBHOBelmBanusg. OyHKinu
G(t) u f(t) B bopmyste (3) ompe/esisioTest paBeHCTBAMI
. - -1
G(t) =exp [2iO(t)], O(@t) =arg[ih(t)]; f(t) =2ct) [R()] (5)
dbyukius G(t) HenpepbiBHA 1 OTJIMYHA OT HyJst npu Beex ¢ € TT. Ormerum, uro corsacuo (1),
(4) dyuxius P~ (z) umeer 10JIIOC N—T0 MOPsI/IKA B HAYAJE KOOD/MHAT.
Pemenne 3anaun (1), (3), (4) Gysem uckarnb B Bujie cymmMbl obiero perenust WE(2) oxnopoji-
HOi1 U HeKOTOpOTo perienus 1= (2) HeogHOpoHOI 3a1a4u conpskenus: PE(z) = UE(2)+19%(2).
1.2. Pemenne ogHopoauoii 3agauu. Ilycrs dynknun ¥ € KT u U~ € K~ cocraBidior
pertterne onHOpoHOM 3asaqdu (1), (3), (4), tae ¢ = 0, T.e. yIOBIETBOPSIIOT COOTHOIICHUSIM

TH(t) = G (1), teTT; T (2)=TFH(z1), ze K™, UT(z)=0%(2"), 2 — oo. (6)

O6GosHaunM uepes » undekc epanuurol Gynkyuy h, T.e. eJ0e YUCI0, PABHOE JeJIEHHOMY Ha
27 NPUPAIIEHHIO apryMeHTa 910l (HenpepblBHON 1 He paBHOiT Hy/10) dyHKImu npu ooxoxe T
»x:=indh = (27)"' Aps argh. (7)
[Mpunumast Bo BauManue coornomenus (5), (7), Haxomum, uro ungekc koaddunnenra G B
kpaeBoM ycsioun (6), paBen
indG = (27) ' A+ argG = — 2,
a unjiexce pyukimu g(t) := t~2* G(t) no kourypy TT pasen nyso. [Teperuiem Kpaegsoe ycioBue
(6), ucnombzys g(t) Bmecro G(t): U (t) = t**g(t) U (t), t € TT, u Gymem uckarp U u W
B Buje npoussegenua WE(2) = ¢t (2) % (2), 2 € K%, te byukiuu ¢t € Kt u o= € K-
HO/IYMHKUM YCJIOBUSAM

pr(t) = gt) o™ (1), tETT ¢ (2) =T (z71), 2€K7; ¢T(2) =0"(1), z—00. (8)

Torna dynkmm ¢+ € K+ u &~ € K, Kak 310 ciaeayeT n3 crnocoba npenacrapierns VT u n3
(6), (8), ABIAIOTCS PeIeHUeM CJIeLyToIeil 3a1a9n

OT(t) = 0 (t), t € TH;, d (2) :=dF(271), z€K; dT(2) =0*(¢"), z — o0. (9)

[Tpucrynast K mocrpoeHuio @' m =, 3aMeTHM, IPEXKJe BCEro, U4TO 3TU peryspHble B KT
n K~ ¢dbyuknum He odOpalamoTes B HY/Ib COOTBETCTBEHHO B 3aMbIKAHUSAX ITUX 00JacTeil, B yeM
HETPY/IHO YOeIUThCs, NCHOJIb3Ysl 0000IeHHbIH puHI apryMmenTa |3]. Takum obpaszom, dbyHK-
i In ™ (2) uln @™ (2) gaBistioTest peryaIgpHBIMU U OJIHO3HAYHBIMEI cooTBeTCTBeHHO B KT 1 K.
Jlorapudmupyst nmepBoe paBeHcTBO (8), IPUXOIUM K 3aja4de 00 UX HAXOXKJCHUH TI0 3a[aHHOMY
CKaYKy Ha €IMHUIHON OKPY2KHOCTU. Buibupast perenne moceHeil 3a/1a4u, yI0BICTBOPSIOINIEe
YCJIOBUIO KOMILIEKCHOTO YPABHOBEIUBAHNUST, HAXOAUM, UTO PellleHne 3a1a49u (8) eInHCTBEHHO C
TOYHOCTBIO J10 (MyﬂbTMHﬂHKaTHBHoﬁ) BEIIECTBEHHON IMOCTOAHHONW, KOTOPYIO IOJaraeM paBHOU
HYJTIO, U TIMeeT BU]T

p(z) = exp [iv +T%(2) [; (10)
I*(z) =71 / %, z € K¥; v=—2mi)"" o(t)t 1 dt, (11)

rie 0(t) onpenensiercs pasencrsom 0(t) := (1/2) argg(t) = argt™> + O(t),

[Tpuctynum K nocrpoennto dyuximit @ u ¢~ 3aMeTuB, 4T0 HEOOXOIUMO OTIEIBLHO PACCMAT-
pHUBaTh CJIydan, KOIjla UHJIEKC > IPAHUIHON (DYHKIMU IIPEBBIIIAET UJTH HE [IPEBbIIIAET TOPSJIKa,
nosoca n, T.e. 1) 2 <mn, ii)x > n.
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i) Tockobky @+ 1 ®~ UMEIOT MOJIOCHI TIOPSAJIKA 1. COOTBETCTBEHHO B GECKOHEUHO Y/IAICHHON
Touke M B Hadajie Koopjaunat, To dbynkuun O (z) = 2" ®T(z), Dy (z) = 2" (z) pery-
nagpubl B obnactax KT u K~ Hcnonssys nepoe pasercrso (9), copmymupyeM ycioBue Ha
eauHmaHol oKpy Knoctu g dynxmuit OF: 2N dF (1) = &y (t), t € T+, rae N :=n — . Us
nero Boitekaet, uro 22N ®f (2) u @y (2) 06pasyloT eUHYIO0 AHATUTHIECKYIO BO BCEil KOHETHOI
IUIOCKOCTH (DYHKIIHIO, KOTOpasi UMeeT Ha GECKOHETHOCTH MOJTIOC TTopsijika 2N 1, CIe/l0BaTesIbHO,
siBjisteTcss MHOrodeHoM. Obo3Hadass ero KoaduimeHTs epe3 ax_y, k= 0,1, ... 2N, nmomaun-
nag O ycJOBMIO KOMILIEKCHOTO YPaBHOBENIHBAHMS, HAXOMUM aj_y = Gy_, k =0, ..., N u
BLIHCHIBACM BhIpazkenus s T &F(2) = 27N Q (2), e

N
Q(z) ==ap + (arz"+a,27"), Imag=0. (12)
k=1

Taxum obpasom, pemenne 3agaun (9) umeer sug &+ (2) = 2% Q) (2), u, BozBpalagch Tenepb K
pemenmio UE 3anaun (6), opMymupyeM ciieyioniee

IIpennoxenue 1. Ilpu Boimonnenun HepabencTsa » < n penrenme Y+ € K+ sagaun (6)
npezcrasavo B suge VE(z) = 25 Q(z)exp [iv + T'*(z) | . Oynxmm U 1 U™ onpegenens
¢ TOYHOCTBIO /10 N = M — 3¢ KOMILJIEKCHBIX ITOCTOSIHHBIX A1, . ..,aN, ay 7 0 U BelecTBeHHOI
IIOCTOSTHHOH Q.

ii) Ecn BbimosHsieTcsi HEDABEHCTBO > > n, TO, NepeluchiBag Kpaesoe yciaosue (9) B Tep-
yrmax O (2) u &y (2), mpuxomuM K BBIBOMLY, UTO yHKIMHM 27 (=) ®f (2) m @, (2) obpazyroT
enunylo anajnTudeckyio B C GpyHKIMIO, mCYe3aionyo Ha 6ECKOHEIHOCTH; TaKas (DYHKIUS €CTh
TOXKIECTBEHHBIN Hy/b. OTCIOHA Ceayer

IIpenJioxkennue 2. IIpu BBITOTHEHIH HepaBEeHCTBa, »x > n 3aja4a qia UV € K+ ¢ yenopnamm
(6) me umeer pemennii Takux, aro Wt (z) pacrer me Gpicrpee, wem O*(2"), npu z — 0.

C yuerom Toro, uro dyukius Y1 npejgcrasisomas perenne 3aga4n (6) B obmactn KT,
VJIOBJIETBOPSIET OJJHOPOJIHOIN KpaeBoMmy ycsioBuio (2), u3 npejyioxenuii 1, 2 ciaenyer

Teopema 1. (i) Ecim N = n — 3 > 0, 1o pemernne W+ € KT onnoponnori 3anaun Pumana
— TI'mipbepra ¢ kpaesbiM yeaouem Re [h(t) U (t)] = 0, t € TT u ycrobuem pocra U (z) =
O*(z"), z — 00, UMeeT CJAeYIOUIH BII:

Ut (2) =2"Q(z)exp [iv + T'*(2)], z € K,

rae uncio v u Gyaknqun I (2) u Q(z) patorest coornomenusivu (11), (12). @ynrims U onpe-
JIeJIEHa, ¢ TOYHOCTBIO JIO IIPOU3BOJIBHBIX N KOMILIEKCHBIX ITOCTOSIHHBIX Gy, ..., Gn, ay 7# 0 1
OIHOH BEIIECTBEHHOH ITOCTOSTHHOM Gy .
ii) IIpu N <0 P — I'nipb, K+ -
ii) IIpu N < 0 ogHoponuas 3aja4a Pumana nibbepTa B Kiacce C yKa3aHHBIM yCJIO
BHEM POCTa HePa3PEIIIMA.

1.3. YactHOoe peineHue HeomHOpoAHOU 3amadu. [locTtpoum HekoTOpble GYHKINHT
Yt e KT u ¢~ € K7, yjaosiersopsiioniue yeJoOBUIO CONpszKeHust (3) U YCJIOBUIO KOMILIEKC-
HOT'O yPaBHOBENTUBAHUS, T.€.

V() =t gt) v (t) + f(t), teT, V7 (2) =9T(z71), z€K, (13)
npudeM roJiaraeM, 9to ¥ (z) umeer Ha GECKOHETHOCTH MOPsiIOK pocta e Bbine O*(z"). B (13)
yareno, uro G(t) = t** g(t); manomunm, aro ind G(t) = —2» u indg = 0.

Oynkiuu 1+ Gynem uckath B Bujle npoussenenus = (z) = ¢*(2) FE(z), B xoropom ¢t u
@~ sBJstioTcs perenneM sajaqu (8) u parores dopmytamu (10), (11), a dyukiuu F£ € K
CJIEJJOBATEILHO, SIBJIAIOTCA PEIICHIEM 38/ 1a49K

1

Fr)=t>*F @) + F @) [¢" )] T (2)=F+(z1), zeK, (14)

npuuem FT(z) pacrer He Gpictpee O*(2") npu z = 00.
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i) Ecn 2 < n, To dyukimuu FE(2), onpenensgemble o dopmyne FE(z) = 2F* =% (2), e

Z*(2) malores paBencTBaMu

I
S

= () = —(r) [ ewyetar + et [ SOD
T+ ™ t—=2
VJIOBJIETBOPSIIOT YKA3AHHBIM TPEOOBAHUSIM.
ii) Ecoin ke 3¢ > n, 10 perenns 3agaqu (14), nmeromniero Ha 6ECKOHETHOCTH HOPSIIOK POCTa
He Bbie O*(2™), BooOIIE TOBOPsi, HE CYNIECTBYET, U JJis PA3PENTIMOCTH 3a1adi HEOOXO MBI
CJIEJLYIOIINE YCJIOBUS

R rdt =0, k=0,1,...,[N[—=1, &)=t [¢"@®)],  (16)
T+
O3HavaloIme HaauIne y QyHKIUI E*(z) HYJIsl TIOPsiJIKa 3¢ — N B TouKe z = 00. CrpaBejinBo
cJieyrouiee
ITpenmoxxenue 3. (1) IIpn BeImOTHEHNM HepaBeHCTBa »x < N (DYHKIIIH wi S fKi, orpeze-
JIsieMble 110 (bopMyie

YE(2) = 25" exp [iv + [F(2) | 2 (2), z € K%, (17)

VZIOBJIETBOPSIIOT YCJIOBUSIM 3a1a491 conpsikenust (13), u JIst HUX CIIPABEJTUBBI CJIEJLYIOIIHE OLleH-
ku: Y1 (z) = 0*(2%), z = 00; ¥ (2) = O*(27%), z — 0.

(ii) Ecsu 3¢ > n u BbuiosHeHs! ycioBust (16), TO €JMHCTBEHHBIM DEIIEHHEM 3aJ[a9U COIIPSIXKe-
mnst (13) us xiraccos K+ apisrores pyuxmun 1+ (z), onpenensemple 1o opmye (17), npuadem
vt (z) = 0*(z"), 2 — oo; ™ (2) = O*(27™), 2 — 0. Ecoiu 3¢ > n u ycioBus (16) He BBIIIOJIHEHBI,
10 3asa4a (13) B kiraccax K+ me mmeer pemenuii, pacryimux ue 6pictpee O*(2"), z — 00.

1.4. OO1iee perlieHne HEOAHOPOAHON 3a/Ia4M BO BHEIITHOCTH KpPyTra. 3aMeTUM, YTO
paszHocTb JoObIX jByXx pemennit Py u P zamaum Pumana — Twisbepra (1), (2) asiaserca
pemenunem U onHOpoHOl 3a1aun (6) u, ciegoBaTesbHO, oaHOE penterne 3agaqu (1), (2) mo-
JydaeTcs 100aBJIeHIeM HeKOTOPOro 9acTHOro pemenns ¢+ k pemenuro W' ogropoanoit 3a1a4m
(6): Pt = Ut + ¢t Takum 06pazom, u3 TeopeMbl 1 U IPEJJIOKEHNs 3 BBITEKAET CJIEIYIOIAst
Teopema, rje x, v, I't(z), Q(z) u Z%(z) natorcs pasencrsamu (7), (11), (12) u (15).

Teopema 2. (i) Eciu » < n, ro pemenne P+ € K sanaun Pumana — I'mibbepra (1), (2)
UMeeT BHJL

+ _ ; + =+ +
PH(z) =2%exp [iv +T7(2)] [Q(z) =T (2)], z e KT, (18)
U OIIpeseIeH0 ¢ TOYHOCTBIO JIO MPOU3BOJBHBIX N = n — 3¢ KOMILIEKCHBIX ITIOCTOSHHBIX
ay, ..., ay, ay 7 0 H O1HOI BeleCTBEHHOI MOCTOSIHHOMH a.

(ii) Ecim ¢ > n u BbimosHenst ycaosus (16), o 3amada Puvmana — I'mibbepra (1), (2) B
kiacce KT mmeer equncrsennoe pemenne (18), rae Q(z) = 0. Ecou npu » > n ycaosus (16)
He BbIITOJIHEHbI, TO 3aya4a (1), (2) B kinacce KT He umeer perreruii.

1.5. HeogHopoaHasi 3aj1ada BO BHEHIHOCTUA Kpyra C 3aJJaHHBIMU KO3 duimeHra-
MU B ryaBHoil wactu. PaccmorpuM 3anaay Pumana — I'mianbepra s dynkmuu P e K,
YZOBJIETBODSIIOIIEHl KPAGBOMY YCJIOBHUIO (2) M MMeroIeil BuI

Pt(2) = Pd(2) + AT (2), AY(2) = Az + Ay 22+ ..+ Ay 2",

rie Pl (2) — perynapnas B KT uacts bynkiuu PT(z), a ee rnasnas wacts AT (2) 3anana, nnade
roBopsi, Ko3ddurnmenTsr Ay onpeeseHsl.

Beesem dynkuuio at(z) no dopmyne at(z) = —zF* AT(2)[p" (z)]fl, a dyskmio Q(z)
— 1o dopmyne @ (z) = fo:l (ak 2 +ay z_k) , T 9NCJIA () ABJIAIOTCH Ko3(hdUImenramu B
pazsoxkennn at(z) B Touke z = 00: a’(2) = > o gan—kz" F. Ilpu N = n — » < 1 dbyukuus
Q(z) cunraercst pagHoii my/mo. [losoxum TakzKe 1o onpesetenuio Af (z) == a™(z) — Q(2).
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Teopema 3. (i) Ecir 3 < 0, To pemenne P+ € K+ sagaun Pumana — 'uinbepra (1), (2) ¢
3a/1aHHOM V1aBHOIT YacTbio AT (z) umeer Bij

|
Pr(z) = 2%exp [iv + 7 (2)] [bo + Z(bkzk—i—gkz*k) + Ag + EF (z)] + A*(2);  (19)
k=1
9TO penreHue OHPEJNEeJeHO C TOYHOCTBIO J[O IIPOH3BOJIBHBIX || KOMILIEKCHBIX MOCTOSHHBIX
bi,... b, bsq # 0 m oHOIl BemecTBeHHOH HOCTOSHHOI by.
(i) Ecsm 3¢ > 0 u BBIIOJHEHBI YCIOBHS

/ (AL () + £(t)/2] 4t = o, / (AT + €] 7 dt =0, k<sx—1, (20)

To 3ajada Puvana — ['minbepra (1), (2) ¢ 3amannoii riaBroii dacTbio uMeer B kjaacce KT
equHcTBeHHOE permenne (19), rxe Bee by = 0. Ecom 3 > 0 u yciosus (20) He BBIIOJHEHBI, TO
yKazaHHasl 3aja49a He uMeer perienuii B kiacce K.

2. PEHIEHUE 3AJAYN J1JI14 TTOJIVIIJIOCKOCTU

2.1. ITocranoBka 3aja4u U NIPUBEJIEHUE K 3ajiade conpsizkeHus. [lycTh Ha BerecTBen-
HOit ocu R 3ayianbl kKomiiekcHas GyHkinus h(x) u BerecrBerHast byHKIwst ¢(x), yI0BIETBODSI-
tonue ycsosuio Lesbyiepa, npudem h(x) #0 Vo € (—oo, +00).

[Iycts ¥(x) — HekoTOpas BeTBL aprymenta dyukinun h(z). Obosnadnm depe3 2md pasHOCTh
npeJie/IbHBIX 3HadeHuil ¥(400) u ¥(—00), a depes » 1 o — HeJIyio U JIPOOHYIO YaCTU BeJIMINHBI

0, me. § = (2m)~" (I(400) — ¥(—00) ), =[], a:=09— . (21)
[TpeioIoKuM TakzKe, 9TO sl JJOCTATOMHO GOJIBIIMX 110 MOJLYJIO X BBIIOJHAETCA HEPABEH-
crBo |¥(x) —J(xoo0)| < C|z|™#, n>0,C > 0.
[TocraBum 3a/a1y 06 OTHICKAHWE aHAIUTHYECKON B BepxHeil mosymiaockoctn HT dynkimm
P+(2), menpepwisroit B HT \ {00}, Te.

PTeHT :=0(H") N C(H\ {oo}) (22)
1 YJIOBJIETBODSIONIE] Ha BEIIECTBEHHON OCU KPAeBOMY YCJIOBHUIO
Re[h(z) PT(z)] = c(), r € R. (23)

[Tocranoeka 3adavu Pumana — luavbepma (22), (23) GymeT J0MOIHEHA HUZKE HEKOTOPBIM YCJI0-
BHEM pOCTa B TOYKE Z = OO.

O6branbiM o6pasom [3]-[5] comum a1y 3amaqay st PT K caemyiomeit 3a1a4e conpsizkeHust Ha
BemecTBeHHOM ocu 1y1st ynkumit P e HY u P~ e H™ =0 (H") N C (H- \ {oo}):

Pra) = x@)] 7 g(@) P~ (2) + flz), z€Ry P (x)=PH(z), z€H. (24)

Ourypupyiomas 3ech GyHukims x(z) naerca dopmyinoit x(z2) := (2 —a)(z —a)™!, rue a € HT
— HEKOTOpasl TOYKa BepXHeil moJyItockoctn, a ¢(x) u f(x) oupenessioTcs COOTHONICHNSIMI
g(z) ==exp[2i0(x)], O(z):=arg[ih(z)(z —a)**]; f(z) :=2¢(x) [h(x)}_l :
BameruMm, 4To ¢() HempepbIBHA U OTJIMYHA OT HYyJIs P BCeX & € (—00, +00).
Pemmenne sajaun (24) apigercs cymmoit obiiero penenust W=(2) oHOPOHOMN 1 HEKOTOPOTO
permenus 1= (2) neoaHOpOHON 3asaun conpskenus (24): PE(z) = UH(2) + ™ (2).

2.2. OHOpOAHAs 3a4a49a B BepxHeii nosymiockoctn. Pemenne UF € H* onropoHoit
3asa4n coupszkenus (24), T.e. 3a1a9n

\I/+(.I‘) = [X(ZE)]_Z%Q(ZE) U~ (z), z€R, U (2) = F(E>’ z e H, (25)

Oysiem uckatTh B Buje npousseienus WE(z) = ¢ (2) ®*(2). Ourypupyronme saech Gynkiun
¢* € H* noguunum yesosusm

ot (z) = glx)p (z), zeR; p(2)=¢T(z), zeH, (26)
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KOTOPBIM, KaK HETPYIHO YOEUTHCH, YJIOBJIETBOPAIOT (DYHKIINU, OIpeiesisieMble (hOpMYyIaMu

+ + £,y . ~ 0(x)dx £,

e (2) = exp [TF(2)], r (z).—w /Rx(x—z)’ z € H¥; (27)
371eCh MHTErPaJsl MOHNMAECTCHA B CMBIC/IE [VIABHOTO 3HAYCHUS. 3aMETUM, UTO BOIM3U OECKOHEYTHO
V/IaJIeHHOM TOUKH JUIs (T ClIpaBe IMBbI HpeacTaBienns ot (z) = 22 o1 (2), rae ¢i(2) orpamu-
YeHBI U UMEIOT TIPEJIEN TP 2 — 00.

U3 pasencts (25) u (26) BbiTekaet, uro dynxmun ®* € HE,| burypupyromme B npeacTasie-
mun jyis W (2), yIOBIETBOPSIOT YCIOBUSAM

O (z) = [x(2)] 2 ® (2), z€cR, O (2) =dT(z), ze€H . (28)

Bynem uckars neorpanmdenusie Ha Geckonednoctn 1 (z) n ¢ (z), nmeromue MOPAI0K PoCTa
O*(z"), z — oo. Ilpu M :=n — 23r > 0 rakuMu QYHKIUAME SBJISTIOTCSI

(2) = (z—@)" Pu(2), @7 (2) = (2 — @) Py (2);

snech Py (z) — muorowten crenenn M ¢ BermectBeHHbIME KO3 dunmentavu; npu M < 0 He
cymecrByer @1 (z) u @7 (2), obaasanomux yKazaHHBIM POCTOM MPH 2 — 0C.

[Mockosbky dyukius W (z), npeacraBisionas B BepXHeil MOJIYIIOCKOCTH PEIeHne 3a,/1auu
cotpsizkeHusi (24), yJI0BIeTBOPsIeT OJHOPOJHOMY KPaeBOMY yCJIOBHUIO (23), TO U3 HPUBEJIEHHBIX
pacCyKIeHU BBITEKAET CJIEJTYIONAsd

Teopema 4. (i) Eciim M = n — 23 > 0, 1o pemenune ¥ € Ht onroposnoii 3amaun Pumana
— I'mipbepra
Re[h(z) UF(z)] =0, r €R, (29)
¢ 3aJlaHHBIM Ha GECKOHEYHOCTH ycJ0BHeM pocta nopsaka O*(2%1") umeer Buj

Ut (2) = (z —a)* exp [F+ (z)} Py (2),

e Py (2) — muOrowien crenenn M ¢ Mpou3BOJIBHBIMH BEI[ECTBEHHBIME KOI(D(DUITHEHTAM.
(ii) Ecoim M < 0, To onHOopoaHas 3anada Puvana — I'nibbepra (29) ¢ yKasaHHBIM yCJIOBHEM
pocra st T (z) He numeer pemennit B kiaacce H™.

2.3. HeognopojHas 3a/1a4a B BepxHeil mosynsockoctu. Yacrhoe pemenne - € H*
HeostHOpo MOl 3aaun (24), GyaeMm uckarh B Buge YE(2) = ¢ (2) FE(2), tae dynxuun ¢
natorest bopmymamvu (27), a FE € HE ceazaHbl yclIoBUEM KOMILIEKCHOTO yPaBHOBEITHBAHMI
F~(2) = FF(Z), yIOBIETBOPAIOT YCIOBHIO COMPSKEHUs

(x—a)*Fx) — (z —a) T (z) = (xr —a) > f(z) [gpﬂm)]*l, r € R. (30)

1 UMeIOT Ha GEeCKOHEYHOCTH MopsAoK He Bbime O*(22°T™). TIpu HaxoxKjIeHUun Takux byHKIMit
PaCcCMOTPUM OTJIEJIBHO JIBa Caydas: 1)n > 23, ii)n < 2.

i) Ilpu BbinOIHEHUN HepaBeHCTBa N > 23 hyukiuu FT u F~, onpeiessembie cJielyOMUMA
dopMyIaMu, YI0BIETBOPAIOT YKAZAHHBIM YCJIOBUAM:

FHE) = (2 - DR ) = (- PR (s 25 = o [ S e
durypupyiormme 371ech 7(z) u {(x) ma0TCs paBeHCTBAME
n(z) = (z—a)"(z-a)", m=[n/2 - )= (@-a)f(2)[e"(@)n(x)] . (32)

Taxum obpazom, dbynxuun = (z) = ¢=(2) F5(2), rae pF oupejensiores cOOTHONEHUAMM

(27), a F* — pasencrsamu (31), gBjigerca YACTHBIM pellleHueM 3aj1a4uu (24), IMEIoIUM B 2 = 00
pocra He Bbime O* (22017,

ii ) Ecsin cipaBeiinBo HepaBeHCTBO 1 < 23¢, To QyHKIHUA 1)(2), onpegessieMast u3 (32), uMeer
TIOJTIOCHI TIOPsIJIKA M B TOYKaxX a 1 a. Torja s peryaaproctu dbynknuit F£ us (31) neobxomumo,
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4TOOBI (PYyHKIMH Ei(z) AMeJIN HYJIb HOPAJIKA 7 COOTBETCTBECHHO B TOYKAX G U @, YTO IKBUBA-
JICHTHO CJICAYIOIIAM YCJIOBUAM:

/§(x) (x—a)dz =0, k=01, .. |m|—1. (33)
R

Herpyio y6euThest ¢ HCIOb30BanueM TeopeMbl 4, ato nipu m < () ¥ BBIIOJHEHAN YCJIOBHIT
(33), dyukmuu v*(2) = ¢*(2) F£(2), rae ¢* naores coornomenuavu (27), a F£ — pasen-
creamu (31), npunajekar Kiaccam HE 1 ABIAIOTCS €JIMHCTBEHHBIM pelenueM 3aadu (24).

[TockosbKy obiree perenne 3a1aun Pumana — Tuibbepra (23) sB/IsieTcst CyMMOIt MOJTHOTO
pemmenuss U (z) ofHOPOHOlN 3a/a41 M HEKOTOPOTO YACTHOIO PElIeHUs] HEOJHOPOJIHOM, TO U3
[IPUBEJIEHHBIX PACCYKICHUN U U3 TeopeMbl 4 BBITEKAET CJIE/yIOIIas TeopeMa, T/1e, HAOMHUM,
» ¥ « jarorcs pasercreamu (21), a Z7(z), n(z) u £(z) — pasencrsamu (31), (32).

Teopema 5. (i) Eciiu M = n—23¢ > 0, ro perternne P+ € HT neonnoposnoii 3amauu Pumana
— TI'mibbepra (23) ¢ 3ajanHbIM Ha GECKOHEYHOCTH ycjoBHeM pocta nopsiaka O*(2207T™) umeer
BHJL

PH(2) = (2 — @) exp [[* ()] [Pur(2) + n(2) 2 (:)]; (34)
31eck Py (z) — mHorowren crernenn M ¢ mpon3BOJIBHBIME BEIIECTBEHHBIMU KOI(DDUITHEHTAMH.

(ii) Ecim M < 0 u BbiiosHeHsr ycaoBus (33), TO €IHHCTBEHHOE PEHICHHE HEOJHOPOHOMH
zajaun Pumana — [uabbepra (23) ¢ ycaosuem pocra O*(z20T) 2 — oo umeer Bug (34), rie
Py = 0. Ecoim M < 0 u yesoBust (33) He BBIIOJHEHBI, TO YKa3aHHAS 3a/[a9a HE HMeeT DEITeHHUIt
B kaacce HT.

Agrop Beipazkaer 6iarogapraocts B.M.Biacosy (Bberauncaurensubiii iearp PAH) 3a pykoBo-
CTBO pabOTOI M TOJIE3HBIE 0OCY K IEHU.

Pabora Beimosaena mpu dunancosoit mojgepkke PODU (mpoekt Ne 04-01-00723), rpanTa
DoHa coeiCcTBIS 0OTEeYeCTBEHHOI HayKe 1 porpaMMbl Ne 3 (byH1aMeHTaIbHBIX UCCIeI0BaHMIT
OMH PAH "Berauciurensable u nadopManuoHabie mpodsembl perenns 6osbimux 3aga4d" (K

10002-251/OMH-03/026-024,/240603-805 or 24.06.2003 1.).
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K BOITPOCY OBb N3JIYVUHEHNUN 3APAT0B C
KBAJIPATNTYHBIMU 'AMNJIBTOHNAHAMU

E. B. IBAHOBA
MOCKOBCKUIT ABUAITMOHHBIN UHCTUTYT
(TOCYNAPCTBEHHBIN TEXHUYECKUI YHUBEPCUTET)
MoCKBA, Poccud

This article is devoted to considering of motion and radiation of a charged particle in
homogeneous magnetic field and field of quadrupole condenser by the integral of motion
method and the coherent states method in following cases: electric and magnetic fields
arbitrary depends on time, periodical by time fields. Radiation of charge transferring
between coherent states is viewed. The radiation of transferring between quasi-energetic
states is computed for periodical by time fields. It was noted that effect of amplification
of incident radiation on satellite’s frequencies is possible.

B pabome memodom unmeepasos 08udCeHUs U KO2EPEHMMHBLL COCTNOANUL, PACCMOMPE-
HO OBUINCEHUE U USAYUEHUE 3APANCEHHOT YACTNUYDE 6 0OHOPOOHOM MALHUMMHOM NOAE U
noae K8aIPYNOALHO20 KONIEHCAMOPG 8 CAYUAE, K020 INEKMPUNECKOE U MALZHUMHOE NO-
AR 3ABUCAN, OM BPEMEHU NPOUSBOALHBIM 00PA3OM, G MAKHCE 6 CAYYUAE NEPUOOUMECKUT
no epemeru noaet. Paccmompeno udaysenue 3apada npu neperodaxr Mexicoy xozeperm-
HOLMU COCTNOARUAMY. AR NePpuoduteckur no 8pement noset PaccHumaro USAYLeHUE
npu neperodar Mencdy K6a3UuUIHEPLEMUBECKUMU COCMOAHUAMU. OMMeEUeHo, 4mo 603-
MoOdICEH, APPerm YcuseHus NadaouLe2o USAYUYEHUA HA YACTNOMAT CAMEANLMOE.

Bolpochl JIBUKEHN U U3/TYYeHUsT 3aPAKEHHBIX JaCTUIL B 9JIEKTPOMATHUTHBIX HOJIAX IPUBJIE-
KalOT BHUMAHKE B CBA3H € IpobIeMaMy acTpOGU3UKH, ¢ 3aJ1a9aMi pabOThl YCKOPUTEJIeH 1 T. I1.
Ocoboe 3HaueHue 3Ta mnpodaemMa mprodbperaeT npu paspaboTke TPUOOPOB, B KOTOPBIX HCIIOJIb-
3yercs UHJLyIIUPOBAHHOE U3JIyYeHHEe IIOTOKOB KOJIEOJIIONIUXCS JIEKTPOHOB B 3JIEKTPOMAIHUT-
HBIX TIOJIIX pasnnaHoil kouduryparmn [1], OgHako aHATUTHYECKOE pellleHne TOI0OHBIX 3a/1ad
CTAHJAPTHBIME METOJaMU, OCOOEHHO B CJIydae MepeMeHHbIX T0JIeil, yaaeTcs JIUIb B HEMHOTUX
ciyvasax. BecbMa II0MOTBOPHBIM IIPU MX PENICHUN SBJISETCA METOJ, MHTErPAJIOB JIBUKEHUA 1
CBsI3aHHBIl ¢ HIM METOJ[ KOPepPEeHTHbIX cocTosuuil |2, [3], paspabarbiBaBuiuiicst 11 periennst
3a/1a4 n3aydenns B paborax [4]-[8]. MeTo KOrepeHTHBIX COCTOSHUI YI00eH TaKzKe U TeM, ITO
JIA€T BOBMOXKHOCTD HATJISIHO IPOCJIEAUTD CBA3L MEK1y KBAHTOBBIM M KJIACCHUECKUM MOIXOI0M
K pacueTy M3JIydeHHus, CBECTH KBAHTOBYIO 3aJady K 3aa49e KJIacCUIeCKOIl.

B macrosieii pabore paccMaTpuBaercs JBUKEHHE U W3JIyUCHUE HEPEJSITHBUCTCKON da-
CTHIBI C 3apSAJIOM € U MACCOW M B 3aBUCSIIEM OT BPEMEHH OJIHOPOJHOM MArHHUTHOM II0JIE
H = {0, 0, H(t)} ¢ BEKTOPHBIM IOTEHIHATIOM

U 3aBUCSAIIEM OT BDPEMEHU HEOJHOPOIHOM 3JIEKTPHYECKOM TI0JI€ C HOTEHIINAIOM
Ul(t
= 2](%2) (y* — 2*); R = const, (2)

KOTODBILIT MOKeT ObITh CO3/IaH IIPH IIOMOIIH KBaIPYIOJIBLHOrO KoHgeHcaTopa. Cileyer OTMeTUTh,
gro norernuassl (1), (2) yaoBiaerBopsior ypasHeHusM Makcsesia.

351y aenne HepesIITUBICTCKOIO 3apsi/ia B IIEPEMEHHOM MarHUTHOM 10J1e Buja (1) paccmarpu-
BAJIOCh METOJIOM KOTEPEHTHLIX COCTOSIHUIA B padore [9]. 3i1ydenne HepeIsaTHBUCTCKOTO 3apsiia
B cTanuoHapuelx nojax tana (1), (2) paccmarpusasocs B paborax [10], [11]. dsurkenue pess-
THBHCTCKOI'O 3apsijia B CTAIMOHAPHBIX ToJisAx Tuia (1), (2) paccmarpusasocs B padore [12].
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[aMuibTOHIAH 3apsizKeHHON JacTuIlpl B oJistx (1), (2) s3ammceiBaeTcst B BUje

0 eH(t)
H = Hx,y“‘Hz; P:Jc = _Z%; WO@) = m ;

p: P
Hx7y = 4 —;l + wo(t)ny + |i

m eU(t)] o
L alt) + G2 | 97 3

2 2R?
P? Ut
Hz — z € ( )22'
2m 2R?
31ech 1 Jajiee mojaraeM JJis IPOCTOThI, uTo ¢ = h = 1; e > 0.

Herpymao ybemurbes B Tom, uto oneparopsl A u B Buja

A:

(0P + P, — mey); (4)

ﬁ@
3

1
\V2m

SIBJIAIOTCS MHTErPaJaMi JBUXKEHUS, T. €. KOMMYTHUDYIOT ¢ omneparopoM H, , — 10/0t. B BeIpa-
xennsx (4), (5)

B= (uPy + sP, —imx — msy) (5)

o= jwo(T)E(T)dT;

1 W Q
s = 5(0’6* —o%e); n=1+ f(wo(T)s(T) +d)dr,
to
a €(t) — peleHne ypaBHEHUS

€(t) + Qz(t)e =

JJIgd KOTOPOI'O BBIIIOJIHAETCA YCJIOBUE

e(t) = 1€(o)] exp |i [le(r)2ar| ®

=+ 7)

OHGp&TOpbl AuB YAOBJIETBOPAIOT KOMMYTallMOHHBIM COOTHOIIEHUAM 0O30HHBIX OIIepaTOopOB
POXKAECHUA U YHUITO2KCHU A

[A, A*] = [B, BY] =1, [A, B]=[A, B*]=0. 9)

[IpuBesieM BbIpazKeHUe Jisisi KOTEPEHTHBIX COCTOsiHUIT 3apsiaa B mossax (1), (2), asisonmxcs
cobcTBeHHBIMU (DyHKITUSIMHI orrepaTopoB A u B:

Ala, B; t) = ala, B; t); Bla, §; t) = Bla, 5 t);
oo, B 1) = Haylo 5 )
2 [ da d®B o, B; t){a, B; t| =1; d*a = d(Rea)d(Ima);
o 35 8) = e = s bexp { 1l + 197+ 10)
+(epu — so)7t [—%exz + i%(é,u — $0)y* + moxy+
+V2m(pa — o)y + v2m(ef — sa)x — %(26 — ep+ so) 3 —
—%(26* — € + s*0*)a? + QSozﬁ} + (P(t)} :

e o« u ﬁ — IIPOU3BOJIbHbIE KOMIIJICKCHBIE YHCJIA.
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Paccuuraem renepb usiyuenue 3apsja B nojax (1), (2). Cuemys obineit cxeme pacuera us-
JIy9€HUsT METOJIOM KOT€PEHTHBIX cocTosumil [4], [5], BBIpa3u1 raMuIsTOHHAH B3aMMOIEHCTBUS
3apsjia ¢ HoJIeM M3JIydeHns depe3 uurerpassl apmxennd (4), (5). B aumoasnom npubimkennm
raMUJILTOHIAH B3aMMOJIEHCTBHS IMeeT BUJL

e 2m
Hypy = — ] £ V(01 A+ 0" A" + 03B + 0iBT), 11
t \/% Azp Vo (CA7P + CA,p) (Ul +0; + 0255 + 0y ) ( )

I7e Cy (c; p) — OmepaTopbl pOXKJeHWs (YHUITOXKeHHsi) (HOTOHA ¢ IaCTOTON W), BOJTHOBBIM

BEKTOPOM kj W BEKTOPOM MOJAPHU3AINN €) ,; V — HOPMHUPOBOYHBIN 00beM, a IepeMeHHbIe
oi, 1 =1, 2, onpenessgioTcs Kak

2 olui , (12)

IIPH 9TOM moJs1araeM, 9to € , = {(€\ p)z, (€) )y, 0}
[IpearmoaoKiM, 9T0 9JIEKTPOMArHUTHOE T10JIe OBLIIO MOCTOSTHHO B JIAJIEKOM MTPOIIIIOM U CTaHO-
BUTCS IIOCTOSHHBIM B OymyteM, T. e. lim H(t) = H;,; lim H(t) = Hy. IIpu stux ycimosusx cy-
t——o0 t—+o00

IECTBYIOT HAYAJbHBIE U KOHEUHBIE CTAIIMOHAPHBIE COCTOSHUS [Ny, Ng; t — —00); |my, me; f) u

HavYaTbHbIE W KOHEUHbIe KOT€PEHTHbIe COCTOsIHUS |ay, [1; t — —o0); |ag, [a; f). Pacemorpmm
MePEXO/Ibl ¢ U3JIydeHneM (pOTOHA MEXKJTY ITUMU COCTOSTHUSIMH.

MoMIHOCTD CIIOHTAHHOTO JIUTIOTLHOTO U3JTyYeHnst POTOHOB € 9aCTOTOM, JIeXKalleil B HHTepBaJie

MEXKLY Wy B wy~+dw)y, ¢ BEKTOPOM MOJISIPU3AINN €), ,; (€), ). = 0 BOJIN3H HAIPABIIEHUS 1) = —;

Wi

kx = {kxz, kry, 0} IIpH mepexozax CHCTEMBI MEZK/Iy KOI€PEHTHBIMHU COCTOSHUSAMH |0y, J1; ) —

— |ag, Ba; f) pasna [5]

2.2
e“wy

1 | PadBidasdBy Pnlaa, Br)Py(as, f2) %

X /dT emIATYY <t - Z) W <t + Z) . (13)

P(iiy, wa, €N, p) =

2 2

rie

(5 ) (2 )]
1 1
x {ag, B2; flan, fi; t — —o0). (14)

B Boipazkenun (13) uepes P-upejcrasienne [naybepa [2] sammcanbl MaTpuIibl II0THOCTH

Pin, f = fd204 dQﬁ Pin,f(&7 B) |Oé, ﬂ; ina f)(Oé, ﬂ; ina f|>

. . (15)
|, B;in) = lim |a, 55 1),
Jaronime pre,ILHeHI/Ie 110 Ha4YaJIbHBIM COCTOAHUAM U CyMMI/IpOBaHI/Ie II0 KOHEYHbIM.
Boeibepem B MaTpuiiax rmioTHOCTH (15) P-dyuknuu B Buse
P = 0% (a —a)0P (B - By); Pr=n""2 (16)

[Toraras, aro Bektop {g, By} 3a/aeT HAYATBHY IO TOUKY KJIACCHIECKOI TPAeKTOPHUHU B (ha3s0BOM
[POCTPAHCTBE YaCTHIIBL, B ciaydae |ag| > 1, |Fp| > 1 momyumm kiaccudeckoe BbIpazKeHue Jiist
MOIIHOCTH W3JIyICHUS.
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AmaJjioromM cTanuoOHapHBIX COCTOABIIN MaMUIbTOHHAHA [, , B Cilydae IepEeMEHHBIX HOJIel sIB-
astorest cobcrsennbie hynkimu oneparopos AT A u BT B, 1. H. dokoBekue cocrostus [3]:

AT A|ny, ng; t) = nq|ng, no; t);
Bt Blny, ng; t) = na|ny, ng; t);

ia‘”b ng; t) = Hx,y|”1> no; 1); (17)

<m17 ma; t|n17 na; t) = 5n1m15n2m2;
my 2, Ni,2 = 0,1,2,...

[Tocko/IbKY aMILIUTYbL {Qvo, [Fo; fla, [i; t) SABISIIOTCS TPOU3BOJAIIUMU JIJisl AMILTUTY/L T1e-
pexosoB (mq, mo; t|ny, no; t), KOTOPBIE BBIPAKAIOTCS Yepe3 IOJUHOMBI DPMHUTA OT UETHIPEX
HepeMeHHbIX [13], To HETPYIHO paccuuTaTh BEPOATHOCTH MEPEXOIOB [Ny, No; t) — |my, ma; f)
¢ u3jIyderHneM (poToHa.

Y1006bI paccMOTPETH IEPeXoIbl ¢ u3J1ydeHrneM (POTOHA B HEJUIIOJIHLHOM CJIydae, KOIa FaMuIb-
TOHHAH B3aMMOJEicTBIs 3apsia ¢ mnoeM usiydenns (11) comepxut MuosKurean exp(£ikyr),

HY?KHO TIpeJicTaBuTh [4], [5] omeparopsr exp(tik)7) Kak BeileBcKue onepaTopsl casura [2[:
expli(kra® + kxyy)] = D1(A1) Dy(Ag) exp[Wa (1)), (18)

rie

Dl(Al) = exp(A1A+ - ATA), DQ(AQ) = ?Xp(AQB+ — A;B),

2 2
Ay = ————(0ky, +€kyy); Do =— kxz + skxy); 19
1 \/%(0— A € Ay) 2 \/%(:u A Ay) ( )

[Tostaraem, uaro ky, = 0.
Bripazkenne j1s1 MOITHOCTH U3JIyYEHUsI B 9TOM CJIydae JIEFKO MOJIYy4IUTh, €CJIM yIeCTh Jeii-
CTBUE BEHJIEBCKUX ONMEPATOPOB C/IBUTA HA KOPE€PEHTHBIE COCTOSHUS [2[:

D1 (A1) Dy(Ag)|a, Bs t) = |a+ Ay, B4 Ag; t) exp Uy;

Uy = ilm(Ara” + AgfB%). (20)

Paccmorpum gacTHBI ci1ydaii mepeMeHHbIX modeit (1), (2), Korja MarHuTHOE 1oJIe OTCY TCTBY-

2
€T, a JEKTPUIECKOE TI0JIe ABJISETC EePUOIMIecKoil pyHkImeit Bpemenu ¢ nepuojom ' = —. B
w

9TOM CJlydae CJIeJlyeT BOCIIOJIb30BaThCA MMOHATHEM KBA3UIHEPIUN M KBA3UIHEPreTUIECKUX BOJI-
HOBBIX yukuii [14], [15] (em. Takxke [7]). [lomaraem takzke, 970 BUXPEBBIM MATHUTHBIM TIOJIEM
MOYKHO ITpeHeOPeYb.

Herpynamo BumeTs, 910 cobcTBeHnble hyHKImMN oneparopa AT A aBIgI0TC KBa3usHEpreTIe-
CKAMU COCTOSTHUSIMU, T. €. YAOBJICTBOPAIOT COOTHOIICHUIO

1
|n1, t+T1) = exp [—inT (nl + 5)] n1, t); (21)

gnl = ZQl (m + %) s (22)

rie
T
1 )
Oy = = [ |e(7)|dr, (23)
T
0
HOCKOJIbKY JIJIsI MHTErpaJia ABUZKeHnst A ClpaBeInBO PABEHCTBO

A(T) = 1T A(0). (24)

Haubosiee nHTEpECHBIM B CIydae MEPUOJNIECKUX TOJeil sBjsieTcs paccMoTpenue dddexra
WH/TY [IIPOBAHHOTO n3Jiydenus (cm. [6]).
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st MomHOCTH cyMMapHOro 3ddekTa OJJHOBPEMEHHO MJIYIIUX JTUIOJIbHBIX ITPOIECCOB UHLY-
[APOBAHHOI'O U3JIYYEHUS U WHJIYIIMPOBAHHOI'O IOIJIOMIEHUS IOy YAM

- . 2m2e? . Nk
Psum(”)\, |Ql - WZ|, eA’p) = — up(nAJ |Ql — wl|) %’
w L (25)
h # VE; v=0,+1 42, .. &, ={0, (&x,)y 0},

rae U,(7iy, wy) — MHTEHCUBHOCTD BHEIIHE} 9IEKTPOMATHATHO BOJIHLI C 9acTOTOM, a Koabdu-
IIUEHTHI ABJSIOTCH Koddduimentamu pazioxkenns B psji Pypbe ciemylonieil mepuomiaecKkoi

dyHKIIN:

n(t) =n(t+T): n(t) =or(t)e™". (26)
Paccmorpum gacTHBIN cirydaii, KOrjaa MOTEHIIHAJ SJIEKTPUIECKOIO MOJId UMeeT BU/I
U(t) = Uy + U coswt; Uy, Uy = const; (27)
U Ui
IIPH 9TOM II0JIaraeM, 4To ﬁl < law=20(1+e¢), rue Q2 = €R02; ¢ — 0. Torma ycroitunsbie
0 m
perenus ypaBaenus (7) MoxkHO 3anucarh B Buje [16], [17]
et +T) = enTe(t), (28)
rue
1 GU() U1 2
O == yfe2 — “1) 29
LoV T iRz <Uo) (29)

U3 coorHormenus (25) BUJHO, YTO HHJIyIUPOBAHHOE U3JIyUeHUE B CHCTEMEe BO3MOXKHO Ha Ja-
CTOTaX COOTBETCTBYIOMMX caresuiuToB [6]. TakuM oOpasoM, pacCMOTPEHHYIO CHCTEMY MOZKHO
HCIIOJIb30BaTh KaK B KaYeCcTBEe NeHepaTopa, TaK W B KaYeCTBE YCUIUTEA SJIEKTPOMATHUTHBIX
KoJieOaHuii.
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HEJIMHEMHBIX TN®PEPEHIINAJIBHBIX YPABHEHUI C
NCITIOJIbBSOBAHUEM METOHA ITPOAOJIZKEHN A PEINTEHN A
110 ITAPAMETPY

Kracuukon C./1., Ky3HEIOB E.B.
MOCKOBCKUI ABUAIIMOHHBINT NHCTUTYT, MOCKBA, Poccus

IIpedaazaromes cnocobol, YAYHWAIOULUE BIMUCAUMENDHDBIT NPOUECC UNHMELPUPOCAHUA
Kkpaesoti 3a0avu OAf cucmemsv, HEAUHETHBE 00bIKHOGEHHBLT OUPPHEPEHUUAALHBLT YPas-
HEHUT ¢ HEAUHETHBMU KPAESLLMU YCAOBUAMU.

1. BBEJEHUE

OstarM U3 cocobOB peleHnsi KpaeBoii 3ajaun SIBJIAETCs CBeJIeHre KpaeBoii 3a/aui K SKBU-
BaJIGHTHOMY OIIEPATOPHOMY YPaBHEHHUIO W JiaJibHEiillee perreHre 9Toro ypaBHeHus. Pazjimd-
HbIE CIIOCOOBI CBEJIEHUS K OIEPATOPHOMY YDPABHEHWIO M PEeIIeHUsl IO0JyYeHHOIO YpPaBHEHUs
MOXKHO Haiitu B craeytonmx MoHorpadusx: P.E.Bemnmvan, P.E.Kana6a [1], X.b.Kemrep [2],
A M.Cawmoiinenko, H.M1.Pomro (3], M.A.Kpacuocenbckuit u ap. [4].

2. KPAEBASI 3ATTAYA

PaccmorpuMm kpaesyio 3ajgady
i=f(t,x), a<t<b, xeR", R(z(a),z(b))=0. (1)

Baech f: RIXR" — R", R: R"xR" — R" rnajxue pynxiuun. IpenonaraeM, 4To penene
sajaqn (1) cymecTByeT U € IMHCTBEHHO.

Unest MeToIa IPUCTPEJIKH 3aKJII0UAETCsT B CBejleHnn KpaeBoit 3aaqn (1) k 3amade Kormm jjist
cucTeMbl OOBIKHOBEHHBIX b depentmanbubix ypasaenuii (O/1Y) u cucreme TpaHCIeHIEHTHBIX
ypaBHenuii. [Toctpoum cxemy mporiecca.

Bribepem Touky t. € [a,b] nu paccmorpum 3amady Kormm

= f(t,z), z|=, =p€eR"™ (2)
[Iycrsb pemenunem 3ajaqu (2) Oyuer GyHKus
z(t,p), a<t<b. (3)
[MousrHo, uro yHKIUs (3) j10/I2KHA 0OpAIIATH B TOXK/IECTBO T'PAHUYHBIE YCJIOBUS, T.€.
®(p) = R(z(a,p),z(b,p)) = 0. (4)
CiiesioBaTe/IbHO, HEOOXOIUMO UCKATDH PEIIeHNEe yPABHEHHS
®(p) = 0. ()

2.1. O6bruubrii meton npucrpesnku. K ypasuenuto (5) npumensiercs: meros Heorona. Cxe-
Ma IIpolriecca

-1
P — ) — |22 (0| (ph),
p(o) = Po-

(6)

31ech py HEKOTOpoe HadajbHOe HpuO/m:kenne. HemocTtaTrok HaHHOrO MOAXOJa B TOM, UTO
nporiecc (6) IyBCTBUTEIEH K BBIOOPY HAYAJIBHOTO HPUOJIMKEHUS, U HE JIJIS BCeX 3HAYCHUIT Py
IIpoItecc OyJIeT CXOAATTIMCS.
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2.2. Ilponosr>kenne perieHns: o napamerpy. Ociadbuth yKazaHHYIO TPOOIEMY BO3MOXKHO
ucnosb3yst moaxos Jlass (M.Lahaye). Beegem B ypaBaeHne cKasipHBII HAPAMETD [4 CJIELYFOIIIM
obpaszom

Ui(p, p) =Pi(p) — (1 — p)®@j(po) =0, j=12,...,n, pel01]. (7)

Ouesnno, uro ipu = 0, p =po , aupu u = 1, &(p) = 0, T.e. p yIOBIETBOPSET UCXOTHOMY
ypasaenuto (5). Takum obpaszoM, cieayer OXKHAATb, 9TO IIPH W3MeHeHHH mapamerpa i oT 0
7o 1 nepemennag p OyJieT MEHATHCA OT MPOU3BOJIBHOIO HAYAIBLHOIO 3HAYEHUS P JI0 PEIICHUS
cucreMbl ypaBHeHuii (5).

[IpousBenem pazdbueHne orpeska, Ha KOTOPOM U3MEHSAETCS [i

0:N0<M1<...<Mm:1. (8)

Torna cxema mporiecca OyAeT UMETb BHJL

1
(k+1) _ (&) _ |ow, (k) k)
pgi)) = P |:8p (p(i) ’Ul)} qj(p(i) i) ()
0 R
Py = Pi-)

3/1ech BepxXHUiT UHJEKC OTBeYaeT urepanun Meroja HbioToHa, HMKHMI — mary o . Hemo-
CTATKOM JIAHHOTO TIOJIXOJIa BJISETCS TO, YTO KpUBasd p = p(() MOXKET coJiepKaTh Mpe/ie/bHbIe
TOYKH, T.e. 0COOBbIE TOYKHM B KOTOPBIX sIKOOMaH cucreMbl (7) paBeH HyJIO, a MaTpulia fkobu
BBIPOKJIEHA.

2.3. Ilpomosnkenne pelleHnus 0 HaWJIydIlieMy mapaMmerpy. /s npeojoiennst yka3aH-
HOfl TPY/THOCTH TIPEIJIaraeTCsl IIPIMEHNTh HAMTYYIIyio TapaMeTpu3amuio [5).
Beenem B ypasuenus (7) namryurmii mapamerp v (0 < v < N) [6]. IIpoussegem pasbuenue

O=vy<ir<...<y =N. (10)

Hobasum erme onHO ypaBHeHne Kk cucteme (7), TOrJa HpU HPOJIOJXKEHUN HA -M Iare Io
rapaMeTpy V uMeeM

i(p,p) = ®5(p) — (1 — w)@;(p) =0, j=1,2,....,n,
3 1
Vi1 (p, ) = Z(pj - pj(i)) + (p— Mi)Q — Ayf =0, (11)

J=1

rue Ayi =V = Vi1, PjGi) = p](,“l) j - 1727 - 1, 1= 1727 Jl :
Torma cxema mporecca

(k+1) (k) (k)
pl(i) pl(i) \Ijl(p(z) ’ M(z))
o« oo P 71 (k,)
ey | = ow | = (e ko) k) (12)
290! I290) (@) ) v (p(l) U(z))
(k+1) (k] Uy (0
0 o) n1(P(i) - 1)
Bech BepxXHU HHIEKC OTBeYaeT urepanun Merojga Hbiorona, HUMKHUA — mary 1o v.
HauasnbHble npub/InzKeHusi BIOUPAIOTCS CIIeYIONIM 00pasom |7
(0) ] ,
p() PE-1) + ( + Au 1)(]3(%) p(z—l))a (13)
0 V;
MEZ)) = pgi-1) + (1+ ﬁi,l)(ﬂ(i) — H(i-1))-
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2.4. Ilpumep. PaccmorpuM ciie1yIoniyio KpaeByio 3ajiady

P=1,
2(0) =0, ®(i(1)—1)=0.

—p+2, pe€(—o0,1],
d(p) =11, pe[l,2], (15)
—p+3, peE2+0).

Hawasnbnoe npubmnmxenne i(0) = py = 0.

OueBuHO, 4TO Ha OTpe3Ke Kpuboit ® = ®(p) , KOTOPLIi HapaJlIeseH ocu p, MaTpuiia Kkobu
MEPBBIX JIBYX METOJIOB Oy/IeT BBIPDOXKJICHHOM, U, CJIeJI0BATE/IbHO, nTepanuoHabe cxemsbl (9),(12)
He MPUBOAAT K pereHnio. Cxema, MCIHOJIB3YIOas HAWIYUIIINA IapaMeTp v, MO3BOJSIET MOJIY-
YUTDH JIOCTOBEPHOE PEIeHre 33/ 1a4N.

Pa6ora Bbinosinena nipu dpunancoBoii moaaepxkke POOU (mpoekt Ne 03-01-00071).
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O IBUXKEHUUN TOYEYHBIX BUXPEN B OTPAHUYEHHOI
OBJIACTU

B.I'. JIEXKHEB, A.H. MAPKOBCKUI1
KYBAHCKUI ['OCYIAPCTBEHHBI Y HUBEPCUTET
KpracHOAP, POCCU4a

B cmamuve paccmampusaemcea npedcmasienue GyHKUUL MOKG NAOCKO20 CMAUUOHADHO-
20 MEYEHUA HECHCUMAEMOT HCUIKOCTU 6 Uude A02aPUPMUHECKO20 NOMEHYUUAAL. YKa-
3aH GA20OPUMM ONPEICACHUA NAOTIHOCTIU TOMEHUUGAG - TAOTHOCTIU BUITPET 6 06AGCTU
meyenuA. JUCACHHO NOAYUEH, MPAEKMOPUL DBUNCEHUA MOYCUHBLT GUTPEL 8 Kpy2e.

This article considers the presentation of incompressible liquid two-dimensional
steady flow stream function in the form of logarithmic potential. The algorithm of
potential density — the density of swirls in flow area — determination is adduced in
it. The trajectory of separate swirls movement in circle is calculated in this article.

B cmammi poseasdyeus mpedcmasaenns Gyrkuii cmpymy naockoi cmauioHapHol
meui 8 06ATKY Ao2apiPmutro2o nomenyiany. B xa3an an20pimm HGLOHCOEHHA NAOTIVHO-
CMi NOMEHUTANY — NAOTMHOCTIE BITPI6 6 00AacmiE meyti. dicaenHo noAyweHt mpaekmopii
MOYEUHIT 81TPI6 6 KPY3I.

Bajaun 0 JABUKEHUN TOYEYHBIX BUXPeil B IJIOCKOM TEUCHHUN HJICATBHON XKIJIKOCTH TIPE/ICTAB-
JISEOT GOJIBINION MHTEPeC, MHOTHE BOIIPOCHI OCTAIOTCS aKTyaslbHBIMU U cerofas 1], [2], manpumep,
BOIPOC 06 YCTONYMBOCTH CUCTEMbI OJIMHAKOBBIX BUXPEil B BEpIIMHAX IIPABUJILHOIO N-yTOJIbHUKA
[5], [6]. B mamnoit pabore paccmaTpuBaeTcs JBHKEHHE 3HAKOIEPEMEHHBIX BUXPel U3 BEPIHH
YETHOIO MPABUJILHOIO MHOIOYTOJIbHUKA.

OOBIYHO TaKue 3aJa491 CTaBsITCSI B TEPMUHAX KOMILIEKCHOI CKOpocTH. B manHOI pabore pac-
cMaTpHBaeMas 3ajiada UCCJIe/lyeTCsl MeTO/IJaMI TeOPHUH TIoTeHInasa. MHOr e 3a/1a4u [I0CKOIa-
paJIIeIbHBIX TE€UEHNUIT eCTECTBEHHO (POPMYINPOBATH KaK OOPATHBIEC 321891 JIOrapudMIIeCKOro
HOTEHIHAJIA, 329aCTYI0 MOI'YT ObITH MOJIyY€HbI IIPOCTBIE AIIPOKCHMUPYIOITHE aIropuTMbl [4].

1. PaccMoTpuM JBHZKEHHE TOYEUHBIX BHUXPEH HECXKHMAEMOI MOTEHIMAJbHOM JKUJIKOCTH B
OrpaHMYeHHOf obsacTu () ¢ JOCTATOYHO TUIaJKoi rpanuieii S = 0Q), Koropas SBJISETCH JIH-
nueit Toxa. [lyers 28 — nonoxenust Buxpeit B Q, 'y — UX UHTEHCUBHOCTH, PABHBIE 110 MOJLYJIIO
u 3HaKouepeayommecs, k = 1,...., N = 2K. Ilpeanosaraercs, 4To 10Jjie CKOpPOCTEll TedeHusd
w(z,t) = {u(z,t),v(x,t)}, x = (x1,22), yroBrerBopsieT B 001acTh () CIEAYIONMM YCIOBUAM:
a) divw =0, rot w = 0 pn & # 2*, b) rpanuna S — JUHAA TOKA.

Tpebyercst onpenesuts BeKTOpHOe T0Jie W(x) = {u(x),v(r)} B KaxkKIBIl MOMEHT BpeMeHH, a
TaKKe TPACKTOPHU BUXPEil.

N3 yenosus div W = 0 caemyer, aro cymectByer dyukims Toka V. Bymem onpenesnsars ee
IS KazKJIOFO MOMEHTa BPEMEHH, T.e. JIJIsl KasKJIoro HMOJIokKeHust 2° Buxpeit, B Bujie

U(x) = Z Diln|2* — 2| + /g(y)E(a: —y)ds, +C, z€Q, (1)
k=1 &

rJie IWIOTHOCTH ¢(Yy) TpebyeTcs ONpee/uTh TaK, YTOObI BBIIOIHSAIOCH YCJAOBHE HEIPOTEKAHUS
b), T.e. ycioBue

U(z) = const, z € S. (2)

Teopema. Eciu norenrman Pobena syist () He pasen Hystio, 10 GyHKIWs ¢(y) B IpecTaBiie-
aun (1) Takas, 9TO BBINOJHIETCS YCIOBHE (2), CYIIECTBYeT U €JINHCTBEHHA.
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N
Hokazarenscro. Tak xak Y 'y = 0, o

k=1
5 N
~o Z Tiln|2* — z
k=1

oproroHajibHa eaunuie Ha rpanuie S. CymecrByer pemienne 3ajadn Heiimama B () ¢ 970if
IrpaHnYIHON (DYHKIIHEH, U 9TO PEIeHne MPEJCTABIISIETCS MOTEHIIMAJIOM IPOcToro cios. Obo3na-
9UM Uepe3 go(y) MIOTHOCTH MOTEHIMAIA B 9TOM pelieHnn 3ajadn Heiimana, ciemoBaTebHO,
JIUIL BBITIOJIHEHUsI yCJIOBUsI b) HyKHO B npejcrasienun (1) mosarats g(y) = go(y), nupu sToMm
U(z)=C, z€ 8.

[Tocrosirnas C' B (1) mamee MoxkeT OBITH BBIOpaHa, JIFOOOI.

st jjokasareibeTBa €JIMHCTBEHHOCTH HPEIIOIOoKUM potusHoe. Ob6oznaunm Wy JApyryio
dbyuknmo Toka Buga (1) ¢ mWIoTHOCTBIO g1 (Y), ¥ IMyCTh HOCTOSHHBIE CJIaraeMble B 000MX IIPe/T-
craByieHnsX paBHbl. MoKHO nostarats Takxke, aro ¥y = ¥ na S. Torma

Uy (z) — U(z) = / (61(4) — 9(y) E(x — y)ds,, z €0,

MHTEerpaJj paBeH HyJIO Ha S, U pasHOCTb ¢q(y) — ¢(y) TakzKe paBHA HYJIO, HHaYe OHA Oblaa ObI
IJIOTHOCTBIO HYJIEBOTO TOTeHnna a PobeHa, 9To HeBO3ZMOXKHO MO yCIOBUIO. EIMHCTBEHHOCTD, a
BMECTE C TeM U TeopeMa, JIOKa3aHa.

[Tycts nocienoBarensuocts ™, m = 1,..., M, npunajjiexxkut BHemneir kK S obmactu QF =
R?\ Q, oTmenena OT TPaHUIBI U YIOBICTBOPAET YCAOBHIO €IMHCTBEHHOCTH TapMOHIYECKIX

dbyuxwmit [4], obozHax M

an(y) = E(@™ —y), y€S.

Annpokenmanuio g™ (y) uckomoit miornoctu ¢(y) GyleM UCKaTh B BuJe
M
g"(y) = ema ().
m=1
Jlemma 1. Cucrema dbyukunii o) (y), m = 1, ..., M, quneitno HesasucuMa u nosHa B Lo (S).
Annpokenvanus WM (z) dynkimn Toka ¥(z) umeer Bu;

N M
UM(z) = Tilnlz" — 2|+ cnom(y) + C,
k=1 m=1

o) = [ ) Bl - y)ds,
s

O6osnaunm uepes Ry 3Hauenue norennuasa Pobena B obactu Q) [3], wepes LY (S) — nom-
POCTPAHCTBO, OPTOTOHAJIbHOE TIOTHOCTH MOTeHIraga Poberna [4].

JIemma 2. Ecim Ry # 0, to cucrema dyHKIwii o,,(z), m = 1,..., M, 1uneiino He3aBuCHMA
u 3aMKHYTa B Lo(S); ecom Ry = 0, T0 912 cucreMa QYHKIMIA IPUHAJIEKHUT TTOAITPOCTPAHCTBY
L3 (S) un samkuyra B L3 (S).

Hokazarenscrso. 1) Ilycrs Ry # 0, f(x) € Lo(S) u (f,0m) =0, m=1,2, ..., Te.

[ 1@ | [ antonle = slds,| ds. = [ agwatwis, =o.
S S

s
rie

o(y) = / f(@)inlz - yds,.
S
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ITo semme 1 mosygaem, aro g(y) = 0 Ha S, a Takxke npn y € (), Tak Kak ¢(y) rapMOHHIECKAs
B () 1 HempepbiBHA B ().

Orcrona caenyer, uro f(x) oproronanbHa GyHKIWIM . (), HOCTPOCHHBIM O HEKOTOPOW
6asucuoit mocsenoparenbaoct " € Q) [4].

Pazsoxkum f(x) Ha OpTOrOHAJIBHBIE CIaracMble

f(x) = ep™(x) + h(z), h(r) € L5(S).

Tak kak f(x) u p*(x) oproronambubl GyHKIMAM O, (7) = E(2™ — 1) — E(z™ —2), z € S
To n h(z) oproroHasbHa BeeM O,,(z) u, ciaegoBarensho, h(z) = 0.
Mper ostyuaem, uro f(x) = cp* (), 1 UMEIOT MECTO PAaBEeHCTBa,

0=c(¢", a,,) = TcRy.

CrnenoBarensio, ¢ = 0 u f(x) = 0. BaMKHYTOCTH JOKa3aHA.

Pacemorpum smHeltHy0 HE3aBUCHMOCTD (DYHKINH 0y, (2), eciu noTeHnuan Pobena He pasen
uysio, Ry # 0. [Ipeamonoxum, 910 0,, () TUHEHHO 3aBUCHMBI, T.€. CYIIECTBYET JUHEHHAsT KOM-
OuHAIS, TOXKIECTBEHHO paBHAas HYJIIO Ha S,

Z Ch, Ok, (T) = /chna,jn (y)E(x —y)ds,, x€S.
S

DTa cymMMa SABJISETCd TapMOHUYIECKOH B (), CjIeloBaTeIbHO, PaBHA HYJIO B (), W, mojaras
T =Ty € Q, nojsydaeMm, 9T0 OYHKIUI

F(z) = chna;n(x), T €S,

OPTOroHaJIbHA BCeM Oy, (). Pynkims F(z) oproronansha nogupocrpanctsy Ly (S), re. F(z) =
cp*(x). Mbr moygaem

/F(y)E(x —y)ds, = cRy,
S
U TaK Kak 3TOT MHTErpaj paseH mymo, To ¢ = 0 u F(x) = 0, z € S. Tlocrennee paBeHCTBO
0603HAYACT JIMHEHHYIO 3aBUCHMOCTD (DYHKIM o (), 970 HEBO3MOYKHO, U MbI IIOJTY9a€M IIPOTH-
BOpEYHE IPEJIIOJIOKEHUIO O JINHeiHoi 3apucuMocTh. T.e. MHeliHas He3aBUCHMOCTD (DYHKITHIL
om(T) TOKa3aHa, J0KA3aTeIbCTBO MIEPBO YaCTH 3aBEPIIEHO.
2) Ilycrs Teneps Ry = 0, nokaxkem cHavdasa, 9to o,,(z) € Ly (S). Mbl umeem

(¢* om) = /w*(@/a;(y)lnlw—y|d8ydsx =

S S

~ [aiw) | [ ¢ @nle ~ ylds.| ds, = -7 [ af(w)ds,
S S S
caenoBaresibho, (¢*, o) = 0, Te. o, (x) npunaguexar Ly (S).
Jokazkem 3aMkHyTOCTb B LY (S) cucrembl dbyHKIwmit 0y, (). [Iycrs
fx) € L3(S), (f,om)=0.

Torya anajgormaHo mpeabLIyIIeil YacTu

/f(y) /ai(y)lnlx—mdsy ds, = /ai(y)g(y)dsy =0,

S S S
rae

9(y) = /f(w)lnlx —yldsy, y€ Q.
S
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Oynknus g(y) paBHa HysI0 Ha S 10 JemMe 1 u, ciegosarensro, B (). T.e. f(z) oproronanbha
BceM Oy, (), m f(x) = 0 [4]. Jlemma gokazarma.

OrmMernm, 9TO MpU JIOKA3ATEILCTBE Mbl UCHOJIB30BaM 110aHOTY B LY (S) cucrembr dbynKmii
dm(x). Ormernm Takzke, at0 Ry = 0, eciin S — eIMHUYHAS OKPYKHOCTb.

2. Pacemorpum 3asa4y o apuzxkennn N TodedHbx Buxpeil B kpyre @ = {x : |x| < r}, r = 1.1.
Byaem mosiararh, 9T0 HHTEHCUBHOCTHU ') 3HAKOUEPELYIOIINECS M PABHBIE TI0 MOYJIIO.

Pacemorpum dbyuknuio F(c) nepemeHHbIX ¢ = (c1, Ca, ..., Car):

2

N M
F(C) = \I/|S—kaln|zk—m\ +Zcmam(x) )
k=1 m=1

rie || - || Hopma B Lo(S), u paceMoTpuM BapuarnmoHHyIo 3a1aqy W.
Bamaua W: naiitn p = inf F'(¢) n MmuanMusupyiomune Ko3(hdurnenTo.
Heobxoumoe ycioBue sKkcTpeMyMa IIPUBOIUT K JINHEHHOI ajrebpandecKoii cucreMe ypaBHe-
HUM
O0F(c)

—— =0, 1=1,..., M.
8% y b ’ )

Pemenne zagaun W cyiiecTByeT u eIMHCTBEHHO, TaK KaK MATPUIA CUCTEMbI €CTh MaTpPHIA
['pama jitst TUHEHO HE3aBUCUMOI CHCTEMBI (DYHKITHUIA.
[Tose cKopocTeit, HHIYIUPyeMOe BUXPAMU BHYTpH objacTu (Q, ompejensercsa IpH T # zF
CJIeTYIONUM 00Pa30oM:
ov  ov

W(a) = {o—, —o—} = V.,
w(SC) Ehg’ 81’1 v

N M
U(x) = ZFkln|zk — x|+ Z CmOm (),
k=1 m=1

(n1st © = ¥ ucnonb3yercs runoresa o TOM, UTO BUXPH caM cebd He jBuKeT [2]).

Js monoskenust 2% (t+ At) k-ro Buxps B MOMeHT BpeMeHn t + At UCIOIBb3YIOTCS CJIe LY TOITHe
NpUOJINZKEHHbIE PABEHCTBA:

K+ At) =25 + =

Ti(t) = Vel Y Tulnlz"(t) — 2] + 3 cmoml= ()}

k=1k#i

Jlamee mpescTaBieHbl Xopeorpaduu BHUXpEH JIeXKAIMWX B BepIINHAX TPABUIBHBIX [N-
YTOJBHUKOB ¢ pajuycoMm 79=0.45. Buxpm mmeroT ogumHAKOBBIE IO MOJY/II0 WHTEHCUBHOCTU C
YepeyIoIUMICS 3HAKAMU.

Pacuer Tak:ke mpoBojuscs i JIBYX BUXPeil BO BceM mpocrpancTse. [losydennbie pesyib-
TAThI COBIIAJIAIOT C U3BECTHBIMU — BUXPH JIBUYKYTCS 110 OKPYKHOCTU, €CJIU UX UHTEHCUBHOCTU
PABHBI, U 110 APAJIEJIBHBIM PSIMbIM, €CJIM WHTEHCUBHOCTU PABHBI 110 MOJIYJIIO U IIPOTUBOIIO-
JIOZKHBI TI0 3HAKY.

Obsactb () MOKET OBITDH JTFOOOI B 9TOM aJITOPUTME, B YACTHOCTH, HEOJHOCBI3HOW, MHTEHCUB-
HocTu BuXpeit 'y TakkKe MOXKHO BLIOUPATH JIIOOBIMU.
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OJUVH I10JX0/ K OIIMCAHIIO B KOHEYHOI ®OPME

PEIIIEHUN BOJIHOBOI'O YPABHEHU S
HA TTPOCTPAHCTBEHHOU CETHI'

B. JI. ITPAaEB
BOPOHEXKCKUIT 'OCYIAPCTBEHHBII YHUBEPCUTET
BOPOHEXK, Poccusa

B nacmosweti pabome npusodumecs obocrosarue 00n020 nodroda K ONUCAHUIO 6 KO-
HEUHOU Popme Peuwenun HaUaALHO-KPAEGOT 30004t OAA BOAHOB020 YPABHEHUS HaA, KOHE Y-
HOTL U 02panUNeHHOT npocmpancmeernot cemu. 1lodxod smom ocrosar Ha NPUMEHEHUL
xaaccuveckot opmyav, Harambepa npu ceedenuu ykadannot 3adavwu K Habopy KAACCU-
YeCKUT 36004 0 PACHPOCMPAHEHUL 2PAHUMHBLE PEACUMOE ONL BOAHOBO20 HCE YPABHEHUS,
HO Ha ompe3kazr. B pesyavmame 603HUKGEM HAYAANDHAA 300046 0L CNEUUAALHO20 UG
JuPdepentuarvbHo-pasnocmHo20 YpasHeHus, PEWEHUE KOmopot 6 KoHeuHotl gopme eae-
wém pewenue 6 KoneuHot Gopme U Hauarbho-Kpaesoti 3a0a4u 0Af BOAHOB020 YPAGHEHUS
Ha MPOCMPAHCMEEHHOT CEMU.

In this work the justification of some approach to the description in the finite form of
the solution of the initial boundary value problem for the wave equation on a finite and
bounded spatial network is given. This approach is based on application of the classical
D’Alambert formula at reduction of the mentioned problem to a set of classical problems
about propagation of boundary regimes for the wave equation on segments. In result
the initial problem for a special kind of difference-differential equation arise and the
decision of this initial problem in the finite form imply the decision in the finite form
of the initial boundary value problem for the wave equation on a spatial network.

1. BBEJIEHUE

OpHO M3 HaNpaBJIeHUIT CCIeJOBAHNS BOJTHOBOIO YPaBHEHNUS Ha ITPOCTPAHCTBEHHON CETHU CBSI-
3aHO C IOJIyYeHneM pelieHns B KonedHoit hopme. Takas dbopma perenust npeicTaBiser Heco-
MHEHHBI HHTEPEC B 3ajadax yIpaBJeHus JJIs BOJTHOBBIX YPABHEHUN Ha CETAX — B JIyXe Cepuu
pa6or B. A. VIbuna u ero yu9eHnKoB?, a TakzKe i co3aHns 3 MEKTUBHEIX CXeM THCICHHOTO
peleHnst TaKuxX ypaBHEeHui.

B pamkax 9Toro HampaJIeHUS OIPE/IEIEHHBIE YCIIEXHU JIOCTUTHYTHI, IPEXKJIE BCEro, B CIIydae
yCJoBuil TpaHcMuccHu (B y3JaX IPOCTPAHCTBEeHHOI cetn) Buaa y. uj (a,t) = 0, rae cymmu-

h

POBaHUE BBIIOJIHSIETCSA 10 BCEM JIONYCTUMBIM B y3JI€ @ IPOCTPAHCTBEHHBIM HAIPABICHUAM /1,

u) (a,t) ecTb IPABOCTOPOHHsISI MPOU3BOAHASA erenust u(x,t) B TOUKEe T = a MO HAIPABJICHUIO

h (em. [15, 11, 17, 7, 6, 16, 12, 14, 1]), a Takxke B ciaydae a-raagkux (B embicse [10]) yemonuit

tpancMucenn: Y ap(a)u; (a,t) = 0, rae ap(a) — HeKOTOpBIE HONTOKATENbHBIE YncTa [17, 7, 6].
h

DT ycrexu ObLIM JIOCTUTHYTHI OJ1aroaps HaiileHHbIM aHajoraMm dpopmyibl Jlamambepa, ogHa-
KO aHAJIOTH 3TU IPUCIIOCODJICHBI MOAYKO JIJI CyUas KPAEBBIX YCJIOBUil 1-10 1 /Min 2-ro TUIIOB:
u(b,t) - uf (b,t) = 0, e b — TynukoBast TOUKa IPOCTPAHCTBEHHOM ceTH. DTO BIOJIHE 00bACHN-
MO, T. K. B CJlydae KpPaeBbIX YCJIOBUU 3-TO THIA JaxKe JjId BOJHOBOI'O yPABHEHUs HA OTPE3KE
npoduim mpsiMoii 1 06paTHOI BOJTH B KOHEUHOI (hopmMe GbLIN OmmcaHbl coBceM HegaBHO |9, 8|,
Jla U TO, JIMIh HPU JPYrOM KPaeBOM ycjoBuu 1-ro mim 2-ro tumna. Pesymaprarsr pabor |9, 8]
[O3BOJISIOT KOHCTPYHUPOBATEL (CM. TaM Ke) KJIACChI IIPOCTPAHCTBEHHBIX CETeH, B COYETAHUU C

IPagora BbIIONIHEHA npu dunancosoit noauepxkke PO®OU (npoexter 04-01-0049, 02-01-00307), Munobpaso-
sarust PO (KII CII6IY) (nmpoekr N E02-1.0-46), nporpamwmbrl "Yuusepcurers: Pocenn" (npoekt YP.04.01.047)
u rpanTa [Ipesugenra PP Ha nojuepxkky Beaynmx naygabix mkosa (N HITT-1643.2003.1)

2Cepun, naunsaomeiics, no-sugumomy, ¢ [4] u [5]; moapoGryio 6ubmmorpaduio Mo 3Toil TeMATHKE MOKHO
Hafitu B [3].
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KJIacCaMM KpaeBbIX yCJIOBUiA 1-10, 2-10 1 3-ro THIIOB M KJIaCCAMU YCJIOBUII TPAHCMUCCUU BHIA
Souf(a,t) = k(a)u(a,t) (3mech k(a) — HEKOTOPOE HEOTPHUIATEIBLHOE UHCJIO), — TAKUE KJIAC-
n

ChI, JIII KOTOPBIX PeIlleHre BOJHOBOTO yPaBHEHUsI yJIAETcs Olucarh B KoHewHOH dopme. Ho
TOJILKO JIMIIb KOHCTPYHUPOBATh. B 001IeM »Ke cilydae YCJIOBUH TPAaHCMUCCHH HOCJIEJHETO BUJIA
U KpaeBbIX YCJIOBHUil, HapuMep, 3-ro TUlla MpobjeMa ONucaHuis B KOHEIHOH (hopMe perneHwuii
BOJIHOBOI'O ypaBHEHUsI Ha IIPOCTPAHCTBEHHO ceTH M3ydeHa JajieKko eIé He B [MOJIHON Mepe.

B macrosimei pabore Jaércs crporoe 060CHOBAHUE OHOTO MOX0a, MO3BOJUBIIErO IPO/IBU-
HYTbCS B UCCJIEJIOBAHUY 9TOM TPOOJIEeMBbI (YacTh Pe3y/IbTaTOB MOKA TOJBKO AHOHCHPOBAHA — CM.,
Harpumep, [13]).

2. OCHOBHOI1 OB'bEKT HUCCJIEJOBAHUSI

[Tycrs I' — KOHeYHasi orpaHUYeHHas 3aMKHyTas M CB3HAs IPOCTPAHCTBEHHAs CeTh. Byjem
paccMaTpuBaTh Jajlee JIiib caydaii, korua I ecTh cBsi3HOe 00beMHeHIe KOHETHOTO YUCIIa, Npsi-
moaunetinolr oTpe3koB n3 R™ — obiHoCTH paccy K IeHnii 910 He yMEHBIIUT, a U3JI02KeHUe — yIIPO-
crut. s kaxmporo x € I' onpegennm muoxectso D(z) := {h € R"|||h|| = 1 u (z+eh) € T na

eh) —
nocrarouno Mabix € > 0}. g dyukmun v : I — R nonoxknm v; () 1= h%1+ v(z +eh) —v(z)
E— IS

(st 2 € T'w h € D(z)). Ecoim h € D(z), 10 miag a0ctato9Ho Majbix € > 0 BBIIOJHEHO
v (x +eh) — vl (z)

u h € D(z + £h); 109TOMY MOXKHO ONpeNENATh v}y (r) := 111(1)1+ . Ilycrs
£— &
|D(z)| = 2 (1. e. D(x) ABYXS7€MEHTHO) 1 Z v (z) = 0 (T e. v IIaJKa B TOUKE T); ec/n
heD(x)

IIpU 3TOM NpousBojHble v, (z) cosuajaior g oboux h € D(x), To ux obiee 3uadenue Oy-

JieM 00603HauaTh depes v”(x), Ha3biBasg ero BTOPOi mpou3BoaHOI dyHKIMKE v B Touke r. Ecim
u:T'xT — R (T - cBasuoe nonmuozkectBo R) u nipu wekoropom t € T dynkuust u(-,t) umeer
BTOPYIO [IPOU3BOJHYIO B TOUKE I, TO ITY MPOU3BOJHYIO OyjieM 0003HAYATH Uepes Uy, (T, t).
Beiesv 0cobo B pacemorpenne (u 3adukcupyem) xoneunoe noamuozkectso N (I') mpocrpan-
crBeHHOi cetn I', KoTOpoe cosepKuT B cebe (BO3BMOMKHO, CTPOTO COJEPIKHUT) MHOXKECTBO 6CEX
Touek & Takux, uro |D(z)| # 2. [onoxkum R(T") :=T"\ N(I).
OcHOBHOIT 00BEKT MCCIEOBAHUs B paboTe — 3TO ypaBHEHMe

Upe (T, 1) = uge(w, 1), (1)

KOTOpOe TIpejioiaraercsi BoinosineHHbiM 1ipu Beex © € R(I) u Beex t > 0. Ilpu srom Oyuer
[peJIIIoJIaraThCs, 4To uckoMas GyHkiwms u(x,t) oupejesnena u HenpepbiBHa Ha ' X [0; +00) 110
COBOKYITHOCTH ITI€PEMEHHBIX, YIOBJIETBOPss YCJIOBHIO

> uf(x,t) = k(@)u(x,t),  (ze N(), t>0) (2)
heD(x)

(k(x) > 0 — sagamHble YMCiIa), a TakkKe, 9TO I Ji06oro mHTepBaia (a;b), sBIAIONIEro-
csl KOMIOHEHTO! cBst3HocTH MHOXkKectBa R(I'), m s smoboro to > 0 dyukuusa v(y,t) =

U (a + ”by—”(b —a), t) JIBAKJIBI HelpepbiBHO nuddepenimpyema Ha 3ambikanun (0;[|b —
—a

al|l) x (0;tg). Cucrema (1), (2) MoxKeT paccMaTpUBaTbCs, HAPUMED, KaK MOJIE/b MaJIbIX KOJIe-
GaHmit pacTSHYTOH CETKN U3 CTPYH € YIPYTO 3aKPEIIEHHBIME Y3JIaMH.
Ins cucremsr (1), (2) 6ynem paccMaTpuBaTh HaYAIbHBIE YCIOBUA®

u(r,0) = (r), w(r,0)=0 (zrel), (3)

[peJoaras Beerja, 9To ¢ JOMOJHUTEbHO, IOMUMO YCJIOBUsI HelpepbiBHOCTH Ha [ (dTo Ciie-
gayer u3 (3)) U yCJIOBHS TPAHCMUCCHH, HOJIydaeMoro i neé u3 (2) (momoxennem tam t = 0),

3Curywait, xKorma u,(x,0) # 0, cBomuTes K (3) CTaHmapTHO.
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VJIOBJIETBOPSIET €IE YCJIOBUsIM (rapaHTUPYIOMIUM, KaK OyJIeT [OKa3aHO HUKe, JIOJIZKHYIO pery-
aspuocts u(x,t)): 1) na R(I") onpenenena n nenpepsisua ¢, 2) mis soboit © € N(I') u moboro

h € D(zx) Bpmonneno ), (x) = li%}r ¢"(x 4 €h), 3) naa moboit & € N(I') snauenne ;" (x) ne

zasucut ot h (€ D(x)).

3. JIUOOEPEHIIUAIBHO-PABHOCTHOE YPABHEHUE, CBOJAIIEE 3AHAYY (1)—(3) K
HABOPY 3AJIAY O PACIIPOCTPAHEHUM I'PAHUYHBIX PEXKMMOB

Be paszinunbie Touku ¢ u b w3 N(T') Ha30BEM CMEKHBIME, eciu UHTEpBaJ (a;b) ABgeTcs
KOMIOHEHTOH cBst3HocTn MuOKecTBa R(T'). Ecin a u b emexubl, 10 Oyjiem nucarh: a < b.

Jlemma 1. ITycmo cywecmeyem nabop dyrruyud { e (t) faen ) marxoti, wmo das 1060t napol
cmenrcnvir movek a u b us N(I') sadaua

00, ) = va,t) (0 <y<[b—al, t>0)
0(0,) = pa(t), (b — all,t) = () (¢ >0) "

Y
@) w0 =0 0<y<bd)

umeem pewerue v(y,t;a,b), npuwém dan aoboti a € N(I')

> vy(0,650,0) = k(a)pa(t) (£ >0). (5)

b|b—a

v(y,0) =¢ (CL+

Tozda Pyrryus u(x,t), onpedesseman pasercmeom u(x,t) = v(||lz — al|,t;a,b) npu x € [a;b],
ede a «— b, asaaemcsa pewenuem 3adauu (1)—(3).

Jloka3aTebCTBO CBOJUTCS K 9JIEMEHTAPHOl IPOBEPKe.

[Tepedopmyupyem Terepsb ycaosust geMmbl 1, nckmodast u3 (5) v, (0,¢; a, b) 3a caér BO3MOK-
HOCTH BBIDA3UTh perrienne (4) depes ¢, fig U flp.

IIycte a < b. ObosmatmMm depes ¢, ;(y) neuériyio u 2||b — al|-nepuogumieckyio dbyuxuuro,
onpegenénnyio na R\ (||b — al|Z) (Z — MHOXeCTBO BCex MEJIBIX UHCEN) W COBIAJAIONIYIO C

¥ (a + ﬁ(b —a) ) ma (0;]|b — a|). IIpousBonmas (¢,p) HoonpeesseMa IO HEIPEPBIBHO-
—a
cru B TouKax ||b — a||Z; 310 moompenerenne 0603HAMUM HEPES g p-
Jlemma 2. ITyemo nabop dynryuts {p, € C*[0;+00)}aen(r) ydosaemeopsaem cucmeme ypas-

Henul

(=]
ID(@)| (1) (1) + k(@)pa(t) = Y 92 > (m)'(t = (2k+1)[b— al))~
b|b—a k=0
(o]
=20 ) (na)'(t = 2KI[b — al) + as(?) (t=0,a € N(I))

k=1

(Keadpammvie ckobku 6 6eprHem npedese CYMMUPOSanus 30ecv u dasee 6cezda 0603HAAIOM
B3AMUE UEAOT, UACTNU YUCAL) U HAYANDHYM YCAOBUAM

pa(0) = ¢(a)  (a € N(I)). (7)
Tozda amom nabop Pynruut ydosaemeaopaem ycrosu0 Aemmol 1.

HokazarenbcTBo. IIycts {1, }oen(r) — HAOOD bYHKINIA, yI0BICTBOPAIONIHI YCIOBUAM JIeM-
MBI 2. UT00BI 10Ka3aTh, YTO M/ J000i mapel cMeKHBIX Touek a u b u3 N (I') 3amaua (4) mveer
perrerue, HeoOGXOIMMO U JJOCTATOUHO JIOKA3aTh, 9T Jyist jiioboit a € N (I') BoinosHens! (oMumo
(7)) paBencTBa:

(1a)'(0) =0, (8)
(1a)"(0) = (2ap)"(0)  (b[b < a). (9)
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Us (6), ¢ yaérom (7) u (2) (npu t = 0), cremyer:

|D(a) (1) (0) = —k(a)p(a) + D tap(0) =0,

TO eCTh BhInoTHeHNE (8); Ternepb, BCE 13 Toro ke (6), mocste muddeperimpopatiist 00enx dacreii,
[OJTy IaeM:

[D(@)[(1a)"(0) = —k(a)(pa) (0) + Y (thap)'( Z P [ D(a)|¢y, (a),
b|b—a heD(a

rje n — moboit Bekrop n3 D(a), aro u Biedér (9).
Hasee, perrenne 3ana4u (4) IpeacTaBuMO B BHJE

U(y,t;a, b) = fa,b(y+t) +fa,b(y_t)v <1O>

1. ~
rie fop = §@a,b+}]b,auua—I—Q”b,a”,ub, LI Qg5 — DYHKIUA, TIOJIydaeMasd U3 g p JOOIIPeIeIeHIeM

B TouKax ||b — al|Z cpemnum apudmeTnueckM CBOUX MPEJIeIbHBIX 3HAYEHWH CIeBa U CIIPaBa,

Z pwly — k+ 11D, y>0Ay €I2N-1)

(Gin)(y) = (11)

k=0
((G) (y+) + (Gu)(y=)) /2, y € 12N —1)
— (G )( )7 y <0
(N — muO)ecTBO Beex Harypasibhbix uncen), (Fiu)(y) = —(Gu)(y — 1), y € R. Tlosromy

JieBast 4acTh paBeHCTBa (5H) MOKeT ObITh 3anucana B Buje (6epéM BO BHUMAHUE HEIPEPHIBHYTO
muddepennupyeMocts GYHKIUR Gjp_qfta B G|p—a| s, & TAKIKE IETHOCTH UX IPOM3BOIHBIX U

byHKIHT Y,
Z {¥ap(t) + 2(Gjp—a o)’ (t) = (Glo—alitta)' (t — I = al]) = (Gjo—aita)' (t + Ib—all) } ,

b|b—a
TO ecTh B BuJe (yuuThiBaeM Tenepb, 4ro npu 7 > —||b — al| BBINOJHEHBI paBeHCTBa

(Go—al ) (T) = (Gjp—a) (1) )(T) 1 (Gp—alita)'(T) = (Gp—a)i(1a))(T)):
> {Wan(t) + 2(Go-a (1)) (1) = (Gjo-ay (12a) ) (E = (10 = all) = (Gpay (12a) ) (E + [0 = al})} -

b|b—a

Bamernm, 1ro B cmy (11)

[zar]
> Gppap () )+ =al) = > (pa) () + Y Z fa)'(t — 2k[|b — al|) =
b|b—a b|b—a blb—a k=1
= |D(a)|(1a)'(t) + D (G(1a)")(t = [Ib— al]).
b|b—a
Taxkum o6pazom, paBeHcTBO (5) TprHOGPeTaeT BUI;:
D {%ast) + 2Gppay (1)) () = 2(Gjp-af (12a)') (¢ = I = all) } = | D(a)] (1a) (1) =
b|b—a
= k(a)pa(t) (t =0),

410, ¢ yaéroMm (11), coBmazaer ¢ (6). Jlemma 2 mokazarma.
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4. CyLHECTBOBAHI/IE N EJVUHCTBEHHOCTDB PEIIEHNA

Jlemmsrt 1 u 2 cBogar (¢ nomornbio npezcrasienus (10)) pemenne 3aman (1)—(3) k perennto
sagaun (6), (7). YpaBuenue (6) cBoeobpasHo: OHO coderaeT B cebe depThl nuddepeHnnaabHO-
PA3HOCTHOIO yPAaBHEHUsI HEHTPAILHOIO TUIA U YE€PTHI JUCKPETHON CHCTEMBI ¢ M3MEHSIOIIeHCst
crpykrypoit (em. 2], rmasa 5).

Teopema. Pewenue sadavwu (6), (7) cywecmsyem, eduncmeenno u 06ascove HENPEPHIGHO
dugppeperyupyemo na [0; +00).

HoxkaszareabcTrBo. Heeqmacrsernnocts penennst 3agaau (6), (7) moBieksia Obl, B CHILY JIEMM
1 u 2, HeeMHCTBEHHOCTH perntenns 3aja4u (1)—(3), 9To HeBO3MOXKHO — cM., HampumMep, [8].

CyrecTBoBaHIE U 3asIBJICHHYTO TJIaJIKOCTD perienus 3agaqdu (6), (7) mokazeM MeTOIOM Ia-

roB. 11 9TOro paccMOTPUM MHOXKECTBO S := U U I|b — al|N U{O} Ero Mmoo
a€eN(T) \b|b—a
npejicTaBuTh B Buge: S = {so, S1, S2, ... }, e s; < s;1 (1 =0, 1, 2, ... ); ormeruM, uro sg = 0.

Ha kazkgom cermente [0;s;] (i € N) onpegennm mabop {y : [0;s;] — R}sen(r) cemyromum
obpazom: 1) {pg(t) been(r) ecTb perenne 3a1a4u

[D(a)| (1) (1) + K(a = > tYap(t) (@€ N(D), t €[0;51]), (12)
b|b—a
#a(0) = p(a)  (a € N(D)), (131)

2) i € N\ {1} pl(¢) = pi ' (t) mpm t € [0; s;_1], a cyzxenne natopa { . (t) faen(r) HA [Si—1; 8]
ecTh pelleHue 3a/a4u

[tfnbfau]
D (a)| () (8) + k(a)ui(t) = > Z (t = 2k + )]Ib - al))—

blb—a k=
[smar] '
-2 Z (pe ) (t = 2K[|b — all) + 1hap(t) (ae N(T), t €[si1;8i]), (12)
ph(sic1) = py '(sic1) (e e N(I)). (13:)

Mer gokaxeM, arto HaG0p byHKImit {/14(t)}aen(r), Oupeensemblii papencTBaMu i, (t) =yl (t)
(t € [si—1;si]), i € N, u ectb pemtenne 3amaau (6), (7).

Cpasy ke OTMETHM, 4YTO It Mak onpedesénnoir QYHKIMN [, BBIIOJIHAIOTCA HAYAJIbHbIE
yeasious (7) n ypasaenue (6) npu t € [0;+00) \ S. [oceanee 06CTOATENBLCTBO BJACIET M PABHO-
MEPHYIO HEeIIPEPBIBHOCTb BTOPBIX HPOU3BOIHBIX (DYHKIMIL [i, HA KaXKJIOM HHTepBase (S;_1;5;)
(i € N) - BBIY paBHOMEDHOII HelPePLIBHOCTH (1), )" Ha KazkaoM TakoM uurepsase. Ocraéres
nokasarh BbinojHeHne (6) B Toukax S Jyist PYHKIWMA [, U HEIPEPLIBHOCTH MX BTOPBIX MPOU3-
BOJIHBIX B 9TUX TOYKaX. A JIJI 3TOrO JOCTATOYHO TI0KA3aTh, YTO B KaXKJ0H TOUKe S CyIIECTBYIOT
U COBIAIAIOT OJIHOCTOPOHHUE TIpeiesibl (PYHKIWH (f1,) 1 (f1g)".

N3 (12;) u (131) B ety (2) (mpu t = 0) nmeeM ()" (04) = 0, a0 mocste auddepentmpoBans
(121) Brewér u cymecrsoBanue (u,)”(0+), paBHOro 00IIEMy 3HAYMEHMIO MPOU3BOAHBIX () (a)
(h € D(a)).

4Tam nokazano, 4o dyHKIHOHAN TOMHOM sHepriu B (1)—(3) He 3aBUCHT OT t, OTKY/IA U CJEIYeT ¢MHCTBEH-
HocTh pemternst (1)—(3).
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HasbHeiinee paccyKjieHue IpOBeJAEM HHJIYKIMel 1o 4 (HoMepy Todkd §;). llosioxkum
B_(a) == {b|b < aA|b—al = s} u Bx(a) := {b|b < aA|b—al # s1}. U3 (123) no-

JIy9UM:

[D(@)| (1) (51+) = [D(@)|(13) (s1+) = =k(@)i(s1) + D {20m) (51 = b= al)+)} +

beB—(a)
+ Z Yap(s1) = —k(a)pa(s1) +2 Z (1) (0+) + Z Yap(s1) =
b|b—a beB—(a) b|b—a
— ha(s1) Y Yasls),

aro paBro |D(a)|(ia) (s1—) B cuiy (121). Huddepentmpys (129), momryanm:
1D(a)|(1a)" (s14) = |D(@)|(2)" (s14) = —k(a)(1a)' (1) + > {2(1)"((s1 = Ib—al)+)} +
)

beB—(a

+ ) (W) (s14) = —k(a) (1) (s1) + 2 D off(0) = D (ap) (s1—)+

b|b—a beB—(a) beB—(a)
+ ) (Wap)(s1) = —k(@) () (s1) + D ot )+ D (ap) (s1),
beB(a) beB—(a) beBx(a)

rie h — mo6oit Bektop u3 D(b). U3 (12;) cremyer:

[D(a)](1ta)" (s1=) = =k(a)(pa) (1) + D () (s1-) =

b|b—a

= —k@)(pa) (1) + Y @Wap)(s12) + D (Wap) (1) =

beB—(a) beB(a)

= —k(a) (1) (s1) + > o)+ Y (Pap) (s1),

beB—(a) bEBx(a)

rae h — moboit Bekrop u3 D(b). Cpasnusast Beipazkenns, nosydenusie 1 |D(a)|(uq)" (s1+)
|D(a)|(1a)" (s1—), BUAUM, 9TO OHU DABHBI.

Urak, dysxmmu p, naxsl HenpepbiBao auddepennupyemsl Ha [0; s2). JocraTodno goka-
3aTbh Telepb, UTO eCIU [, JBaxKbl HenpepbiBHO juddepenimpyemsl Ha [0;s;), rie ¢ > 2, 10
OHM JIBazKJibl HelpepbiBHO Juddepenimpyembl 1 Ha [0; $;11), /I 9€r0 OCTAETCS OKA3ATh, YTO
(1) (5-) = (1a)(5:) 1 ()" (50-) = (1a)"(50-+). B crury onpeseaterss chysrait 1, npeo-
JI02KeHre 00 UX JBYKDPATHOI HenpepbiBHOl ntuddepentmpyemoctu Ha [0; s;) BJIEUIET BBIIOIHEHNE
qtst Beex t € [0;8;) U (845 Si41) PABEHCTB

o]
D(a)] (1) (8) = —k(a)pa(t) + Y 42+ > () (t = 2k +1)]Ib—al|)~

b|boa k=0

(2]

=2 ) (1) (8 = 2k[[b — al]) + Vs (t) (a € N(T),

[paBble YaCTH KOTOPBIX HEIIPEPBIBHBI B TOUKE §;, ITO CPa3y IMPUBOIUT K PABEHCTBY (1) (8;—) =
(o) (si+). duddepennupys renepb paBeHcTBO (14) B IPOKOIOTOH OKPECTHOCTH TOYKH © = §;,
He TIepecekaroleiicst ¢ S, u mepexoist K mpejeaaMm mnpu t — s;4, moayunm (auxke B(a) =
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{b|b <~ aANs;€|b—a||N}, Bi(a) :={b|b < aAs; €|b—al(2N —1)}, By(a) :={b|b <
a /s € |[b—al2N)} u ki = (s — (b= al])/(2]|b — al])):

[D(@)[[(1a)" (5:7+) = (pa)"(si=)] =2+ ) Z 2k + 1)[|b = al)+)—

beBi(a) k=0
ki+1/2
2- ) Z —@k+Db—al)-) =2+ > Y (1a)"((si — 2Kk[[b— al)+)+
beB1(a) k=0 beBs(a) k=1
ki—1/2
Mo () ((si = 2klb—al)=) + D Wap) (si+) = D (Yap)'(si=) =
beBz(a) k=1 beB(a) beB(a)
—20 T )00 =2+ 3 ()00 12+ 3 (Was) (si+) =
beBi(a) beBa(a) beB(a)
2- ) {(m)"(0) + (Whap) (s)} 2+ D> {—=(1a)"(0) + (has) (siH)} -
beBi(a) beEB2(a)

O6e mocseHMe CyMMbI paBHBI HyJ0. B camom gene, ecim b € Bi(a), 1. e. b < a u s; €
16— all(2N = 1), 10 (Yas) (si+) = —@iF(b) = — ()" (0), tme h — mo6oit Bekrop u3 D(b); econ
xe b € Bya), . e. b ans; €|b—al@N), ro (Yap) (sit+) = whF(a) = (1a)"(0), T11e 7
— moboii BekTop u3 D(a). PasenctBo (iy)"(si—) = (1a)"(s;+) noKa3aHo, a BMecTe ¢ HUM — U
TeopeMa.

CaencrBue. Pemenne 3amatn (1)-(3) cymiecrsyer u e UHCTBEHHO.

B zakrouenne aBrop Bbipazkaet npusnaTebHOCTh A. B. BopoBckux 3a 0bcy K ieHme mpoekTa
JIAHHOM MyOIMKAIT, TIOCIIOCOOCTBOBABIIEE YIIYIIIEHUIO U3JI0KEHUS.
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SAIJAYA JNPUXJIE JJIA ITPABUJIBHO JIJIMIITUYECKUX
YPABHEHUIII BTOPOI'O ITOPAIKA B KJIACCE
HEITPEPBIBHBIX ®YHKIIVN

H. E. TOBMACAH
['OCYIAPCTBEHHBIN VHKEHEPHBINT YHUBEPCUTET APMEHUU
EPEBAH, APMEHUS

B pabome npedaazaemes memod pewenusn 3adauu Jupurie 8 Kaacce HEnpPeEPbLLEHbLL
PyHKUUL, KOMOPBILT NO3BOAAL NPUBECTIU €€ K AHAL02UNHOU 3adave 6 Kaacce GyHKuut,
ydosaemeoparowux yciosur Ieavdepa enaoms do eparuyb. obaacmu. IIpedroorcernvit
MEMOO UCTOALIYEMCA OAA PeWeHUA 3a0auu Jupurie s MOOEABHOZ0 ANUNIMUNECKO20
YPABHEHUA 8MOPO20 NOPAJIKA.

We propose a method of solution of the Dirichlet problem in a class of continuous
functions. Using this method we can reduce this problem to the same one in a class of
functions satisfying the Hélder condition up to the boundary. The proposed method was
used for the solution of the Dirichlet problem for a model second order elliptic equation.

[Tycts D— oHOCBSI3HAS OrpaHnYeHHas 001aCTh KOMILIEKCHOMN IIJIOCKOCTH C JIOCTATOYHO TJIa/I-
koit rpanuteii I' = 9D, (0 € D). Pacemorpum ciegytomue jaud epeHimaibable OnepaTopbl
[IEPBOT'O TIOPSIIKA

szagy—)\jé%—aj[, j=1,2, (1)
rje \j U a; - KOMIUIEKCHBIE IIOCTOsIHHBIE, [— euHm4HbLil onepaTop. IIpenmnosnaraem, aro
A >0, A <. (2)
B obsactu D paccmoTpum ciieayomnyo 3aaady upuxiie
LiLyu=0, z€D, (3)
u(t) = f(t), t=wx0+iyo, (zo,%) €T, (4)

e f € O(T') - sagannas, au € C(D) () C(T') — uckomag dynxmuu. lycrs H(D) (H(T')) xnace
bYHKIWMIA, YIOBIETBOPSIONX ycaosuio Leabnepa B D (ma T'). B ciyuae, korma u € H (ﬁ)
u f € H(I'), samaua Hdupuxie st 60siee OOMUX SJUTUITUIECKAX YPABHEHUN HCCIIEI0BAHA B
paborax MHOIEX aBTOpOB (cM., Hampumep, [1]-[3]). B kmaccax lenpmepa ymaercs mamnucarhb
UHTErpaJbHOE IMIPEJCTABIEHUE PelleHns] SJTUITUIECKUX yPaBHEHUI M UCIIOJIb30BaTh TEOPHIO
CHHTYJISIPDHBIX MHTErpaJIbHBIX ypaBHeHuil [4]. [Ipu sroM BakHYI0 pOJIb HIPAET OrpaHMIEHHOCTD
unTerpaJa tuma Kommn ¢ miotHocThio u3 Kiacca Lenbaepa. [Tpu pemenun sTux 3a1a4 B Kj1accax
HeIPEPBIBHLIX (DYHKIMI BOZHUKAIOT OIPEAEJCHHbIE TPYAHOCTH. B 3Tol paboTe MBI yKaskem
METOJI, peleHns 3a1a49u JJupuxie B 3TUX KJIaccaX U IPOMLIIOCTpUpyeM 3(hpeKTUBHOCT 3TOr0
MeTOJIa TIPU UCCJIeIOBAHIE MOJIeIbHOM 3a1a4n (3), (4). B pabore qokasbiBaeTcs Creyonias

Theorem 1. 3adava (3), (4) umeem eduncmeennoe pewerue.
Jlokasamenvcmso. Obiree perenne ypapuernust (3) onpenensiercsa dopmyqoit ([1], erp. 10)
u(z,y) = e"or(z + Ay) + sz + Aay) (5)

rae ¢;(j) — aHaguTHdecKas (DYHKIHsS OTHOCHTEIBHO IepeMenHoil ¢ B obmactu D; = {x +
Ayl(z,y) € D} (= 1,2) u

npudeM @; onpejiesdroTea 1mo GyHKIuE v oxHozHadno. CHavasa JI0KazKeM, 9TO OJHOPO/IHAs
sanada (3), (4) (mpu f = 0) umeer ToJbKO HyseBoe perterue. [lycTb u— pererne oHOPOIHO



141

sagaun (3), (4). Torna B dopmyse (5) dynxmuu ¢;(z + \jy) npunaiexkar kiaccy H(D) (em
[3]). IToacrasisas u u3 (5) B rpanudnoe ycsoue (4), MOy UM

eV (z 4+ Ay) + ooz + Nay) (z,y) €T (7)

s (2 ) (6) cremyer, uro 3a7ada coupsizKeHust (7) HMeeT TOJIBKO HyJIEeBOE PelleHne, T. €. ¢; = 0
(7 = 1,2) [5], crp. 129. Ilycrs cuavana f € H(T'). Torma pemenne umem B Buge (5), rue
w;(x + )\jy) € H(D) (j = 1,2). llpu srom ycioun dynxmuu ¢; (j = 1,2) npejgcrapisiorcs B
Buze (cm. [1], crp. 15)

oi(r+ N\y) =

1 / e~ Y (t)d(€ + A\m) +c, t=E&+ineT, (8)

2mi E+An—x— ANy
T

rae € H(I),

c1=0, c=-—

1 / e~ (1) d(€ + Aan)

211 E4+ Xam
r

npuydeM (OYHKIHS [ OTIPEJIE/IAETCS Uepes3 (1 U (g eIMHCTBEHHBIM 0Opa3zoM. Breem ciieryrorime
obo3nayeHng

(9)

aj(z) = x4+ Ny, (z,y) €D, aj(t)= lim a;(0) — ay(t)

tel. 10
¢—t,cer C—t  tE (10)

Hoxcrasmss p; (j = 1,2) u3 (8) B (5) u yunrsiBas oboznadenus (10), mosryamm
u(z) = M(u)(z) = " /Kz Hu(t)dt +co, z€ D, (11)
i

rie

e W= a/ (1) e2W=Mal (1)
a1(z) —oa(t)  aoz) —ao(t)
Eciu B obsact D dynkuus u onpegenserca dopmyioit (11) u zg = xg + iyp € T', 10 u(2p)
— npejiesibHoe 3Hauenne gyuknuu u(z) npu z — zg, 2 € D. B (11) nepexopst K npejieny mpu
2 — 29 u3 dopmyisbl Coxorkoro — I[lnemens, [4], crp. 64, yaursisasg, uro p € H(T'), momyanm

w(z0) = N(u)(2z0) = p(z0) + % /K(zo,t)u(t)dt, zp €T (13)

K(z,t) =

(12)

[oncrasiss u(zp) u3 (13) B (4), noxyanm

w(zo) + %/K(zo,t),u(t)dt = f(z0), 20 €Tl. (14)

OrmernmM, ato K (zg,t) npencrasisercs B Buje (cM. [4], crp. 573)
K(Z()Jt) = K0(207t)’z0 - t‘iaa %o € F? te F7 (15>

e 0 < a < 1, a Ky(z0,t) npunagexur kiaccy H([') mo mepemeHHbIM zg u t. YpaBHEHUE
(14) siBistercst maTErpasibHbIM ypaBHeHueM PpesrosbMa Broporo poga. OmHOpOjHOE ypaBHe-
uue (14) uMeer TOJIBKO HYJIEBOE PEIIEHUe, TaK KaK B IPOTHBHOM CJIydae HEHYJIEBOMY PEICHUIO
9TOr0 YpPaBHEHUsI COOTBETCTBOBAJIO Obl HEHYJIEBOE DeIleHue OJHOPOHON 3a1aun (3), (4), aro
HeBo3MOKHO. Crie1oBaTeIbHO, HEOHOPOIHOe ypaBHenue (14) Bcerma nmeer euHcTBeHHOE. Ta-
kM obpaszom, npu f € H(I') 3amaqa (3), (4) Bcerna paspermmma.

[Tycts Temeps [ — HenpepbiBHas dyukiusa Ha . Ecan D — e quHTTHBI KPyT, TO /1Tt (DyHKITUT
K mmeer MecTo ciie/yionas OleHKa

K( )] < Cr—a 4 Gy, 2 <1, =1, (16)

|t|
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riae Cp u Cy — HEKOTOpbIe MOJIOKUTEIbHBIE TocTostHEbIe. Orenka (16) mpu A\ = i, Ay = —i,
a; = ay = 0 gokazana B [6], ctp. 219. O6mmit ciryyail gokas3bBaeTcst aHAJIOTHIHO. PacemMorpim
oneparopsl M u N, omnpenernennsie B (11) u (13). Eciim D — exunnunsiii kpyr, To u3 (16)
caenyer, uro M — orpanmvennbiii oneparop npu u € C(T'), To ecTsh

[M(p)(2)] < Cmax|u(t)], z€D. (17)

[Iycrs D — opHocBsizHast 06/1aCTh € JJOCTATOYHO Tiajkoii rpanuneii I'; a 2z = w(() — kondopmHoe
orobpaxkenue kpyra {C||¢| < 1} na obmacrs D. lenas B ouneparope M 3ameny z = w(() u
t = w(7), MBI JOKaxKeM HepaBeHCTBO (17) u B sTOM ciydae. 13 onenku (15) ciemyer, 9aro

IN(2)(z0)] < Cmax|u(®)], 2 €T, (18)

B (17) u (18) MbI MOkeM B34ATDH Ty 2Ke camyto nocroguuyio C.
Teneps nokaxkem crpaseyuBoctb dopmysbl (13) mpu p € C(I'). st 91010 paccMoTpum
pasnoctb M (p)(z) — N(u)(20) npu z € D, zy € I'. TlpejicraBum 3Ty pasHOCTH B BUJE

M(p)(2) = N(p)(20) = M(p = v)(2) + M(v)(2) = N(v)(20) + N(v — p)(z0),  (19)

rne v € H(T) u |u(t) — v(t)] < e(3C)~! upn Beex ¢ € T'. 3nech € — 3a1aHHOE TTOJIOKUTETHHOE
unciio, C' — mocrostuuast, Bxogsmas B (17) u (18). Uz (13), (17), (18) u (19) cremyer crpase-
muBocThb opmyssl (13) mpu p € C(I'). B cayuae, korma f € C(I'), pemenue 3anaun (3), (4)
MBI O1SATh Oy/ieM nckath B Bujie (11), rae p € C(I'). Torma, nomcrasiss v u3 (11) B rpanunanoe
yesosue (4) m ucnosnb3ys dopmyrny (13) mpu p € C(I'), momyanm uHTErpajgbHOE ypaBHEHUE
(14), koTopoe nMeeT enuHCTBEHHOE perenue. Teopema ToKa3aHa. O

[Ipu nokazaTebCTBE 3TOI TeOpeMbl MbI JIOKa3a/l TaKXKe CJIeIyIoNee BaXKHOe YTBEPKIeHHe

Theorem 2. Pewenue 3adavwu (3), (4) onpedeasemes gopmyaot (11), 2de u — pewerue 00no-
BHAUHO paspewumozo ypashenus Ppedzosvma (14).

[Iycts Temteps D — (m + 1)-cBs3Has 061aCcTh € 1oCTATOYHO TyajKoil rpanuteil ['. Mcnoab3yst
obriee perienne ypasHenus (3) B MHOTOCBsA3HON obsiactu, npusejenHoe B 1], crp. 10, 3agaqay
(3), (4) B 9101 06/IACTH MOYKEM TAKYKE CBECTU K SKBUBAJCHTHOMY HHTEIDAJILHOMY YDPABHEHUIO
®perosbma Buga (14), mpudeM 9T0 ypaBHEHRE HMeET eIMHCTBEHHOE PEIlleHne TIpu 4 = ag = 0.

Terepb MbI PacCMOTPHUM TPaHUIHYO 3ajady Jlupuxie Jyisi caabo CBsI3aHHON CHCTEMBI (CM.

21)

Augy + Bugy + Cuyy =0, z€ D, (20)

ult) = /1), teT, 1)

rame A, B u C' — KBajpaTHble MaTPUIBI HOPSAIKA 7 C MOCTOSHHBIME [ICHCTBUTEILHBIME 3JIe-
mentamu, u(z) = (uy(2),...,u2(2))" geiicrBurenshoe pemenne us kmacca C(D), f(t) =
(fi(t),..., fo(t))" — neiicreurenvras Bekrop-pynkmma us kmacca C(I'). B monorpadbmn [2],

crp. 116, uccrenosana 3ajgaqa (20), (21) B cayuae, korga v € H(D), f € H(I') n nokazana
dbpearoapMoBocTh 9T0i 3asatn. [loaydeHo Takke HHTErpasbHOE IIpe/cTaBiienue cucreMsr (20)

B kytacce H (D). Dro mpejcraBieHne NMeeT BUJL

ult) = / Q(z, H)u(t)dt, =€ D, (22)

rie pu(t) = (ui(t), ..., pa(t))T € H(T), a Q — nekoropas JoctaTouHo riajakas mo z u t (z € D,
t € T') kBagparHas Marpuia mopsaka n. OTMernM, 9T0 MHTErpaJbHble HpejacTaBieHns (22)
JIJIsT OJTHOTO UTOTO 2Ke YPaBHEHUsI MOTYT ObITh pasHbiMu. OHU BBIOMPAIOTCS COOTBETCTBYIOIINM
o0pa3oM I KaKJIol KOHKPETHOM 3aja4u. Terepb Mbl c(hOPMYJIUPYEM CJIEYIONLYIO OOIILYIO
Teopemy
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Theorem 3. [Iyemo p € H(I'), zo € I'. Ecau

/ Qe u(t)dt| < emax|u(t), =€ D, (23)
tim [ Qo = ) + [ Qoo 24)

Pewenue sadavu (20), (21) onpedeasemcsa dopmynroti (22), 2de p asasemes npoussosvHbM
HENPEPLIBHBIM PEUWEHUEM UHTNE2PAALHO20 YpasHeHrus Ppedeosvma

o) + [ Qaouthdt = Flan), 0 €T, (25)

Jlokasameavcmeso. B ciaydae, Korja ypasHenue (25) nMeeT eIMHCTBEHHOE DeIlleHUe, JOKa3a-
TeJIbCTBO He OTJIMYAeTCs OT JoKazaTeabcrBa TeopeMbl 1. [Tyerh ommropomHoe ypasrenue (25)
numeer ko JMHEHHO He3aBucHMbIX pernennii (kg > 1). Torma, Kak u3BecTHO, HEOOXOIMMBbIE W
JIOCTATOYHbIE YCJIOBUS, IPU KOTOPBIX HEOJHOPOJIHOE ypaBHeHue (25) mMeer pelieHue, mpeji-
CTaBJIAIOTCS B BU/IE

/f(t)gj(t)dt =(f,g9;) =0, j7=1,... k. (26)
rae g; (j =1,..., ko) Hekoropast oproHopmupoBanuas cucreMa yukimit u3 H(I'). Ilycrs u —
perrerne 3aaan (20), (21). Paccmorpum BeoMoraresbHy0 3aady

Avgy + Buyy, + Cvyyy =0, (x,y) € D, (27)
ko

v(t) = f(t) = > (f.9:)g;(t), teT, (28)
j=1
Pemenne v umem B Bujge (22), rue p € C(T'). Kak mbl nokasanu Beie, u3 (23) u (24) npu
wu € H(I)cnemyer, uro pasenctso (24) umeer mectro u npu p € C'(I). Tloncrasisis

/ta t, 2€l, (29)
B rpanndHoe ycsosue (28) u ucnonb3yst dbopmyny (24) npu p € C(I), momyanm
ko
o) + [ Qao, Ot = Fla) = > (F.9)asta). €T (30)
T j=1

U3z (26) cnemyer, uro unrerpaibHoe ypasHenue (30) Bcerga umeer pemienue. 13 (21) u (28)
caemyet, 9To Ha [' mMeeT MecTo paBeHCTBO

ko

u(z) = o(z) = Y (f.9;)9;(2) € H(D),

J=1

nosromy (em. [3]) u — v € H(D). CreosaTe/ibHo, 3Ta Pa3HOCTDb HMpejicTaBigerca B e (22)
npu HekoTopoM 1 = g € H(I'). Orciona u u3 (29) ciemyer, 9T0 © HPEICTABISIETCS B BHJIE
(22), tne p — Hekoropasi Bekrop-byukims u3 kiacca C'(I'). Y3 dopmysnsr (24) mpu p € C(T),
caiesyet, ato mobas Gynknus suja (22) seisercs pentenneM ypasuenns (20) uz xknacca C(D)
[Moncrapiss u u3 (22) B rpanndaoe yeiaosue (21) n ucnonsdys dopmyiay (24) mpu p € C(T),
HoJTydnM HHTerpajbHoe ypasHerue (25). Teopema mokasana. O

[Ipu jokazaTe/IbCTBE 3TOM TEOPEMbBI MBI JIOKA3AIN TaKXKe CJICYIONIEe YTBEPK/ICHHIE
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Theorem 4. [Tycmwv obwee pewenue sarunmuveckots cucmemos (20) 6 xaacce H(T') onpede-
aaemcs gopmyaot (22). Ecau npu p € H(I') umerom mecmo coommowenua (23) u (24), mo
obuwgee pewenue cucmemvi (20) 6 xaacce C(D) maxoice onpedeasemes dopmyaoti (22), 2de i —
npouseosvHas n — mepras eekmop-gynruua ud xaacca C(T).

Urak, pemenne 3amaqu (20), (21) npu f € C(I') npuBouTcst MOCTPOCHUIO OOIIErO PEIeHIs

(22) cucremst (20) B ki1acce H (D), y0BIETBOPSIONIETO JIOHOJIHATEIBHBIM yeaoBusM (23) u (24).
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JANCCHUIIATBHBIE KPAEBBIE YCJIOBUA JJI4A
OBBbIKHOBEHHBIX /TN®OOEPEHITVAJIBHBIX OITEPATOPOB

E. A. [IIurAEB
MI'V um. M. B. JIOMOHOCOBA, MEXAHUKO-MATEMATUYECKUIT ®AKVYJ/ILTET
r.MOCKBA, Poccus

Joxasvisaromes meopemot, 0a10WUe ONUCGHUE KPLEBHLT YCAOBUL, NPU KOMOPHLT ONepa-
mop lo(y) = (—i)™y™ na xoneunom unmepsane aaaemea duccunamuenoim. Jokasa-
HO, MO NPU YEMHOM M = 2N 8CE MAKUE KDAIEGHIE YCAOBUA ABAAIOMCA PELYAAPHOLMU
no Bupkeody, a npu newemmom m oamo e ecezda 6epro (nocmpoen xowmpnpumep).

In this paper two theorems which describe dissipative boundary conditions for ordinary
differential operators on a closed interval are proved. We also show that all these
boundary conditions are Birkhoff regular in even case. In odd case this is not true and
we bring an example which demonstrates it.

B pabore [1] JTx. . Bupkrod passBus acuMIITOTUIECKUE METOJIbI Jjisi HCCIIEIOBAHUSA OOBIK-
HOBEHHBIX M depeHInaIbHBIX OIEPATOPOB BBHICOKOTO MOPS/IKA, TOPOXKICHHBIX BbIPAXKEHUEM

Uy) = (=1)"y"™ + (=1)" 2 [pa(2)y] " + - + p(@)y, (1)
rie dbyuxipn pg(r) 6eckonedno auddepenmpyeMsr Ha [a, b], 1 KpaeBbIMU yCIOBUIMI
m—1
Uj(y) = Z a;ky™(a) + by (0) =0, j =1,...,m. (2)
k=0

B gacTHOCTH, OH BBIJIEJINT BAXKHBII KJIACC KPAEBBIX YCJIOBUi, KOTOPbIE HA3BAJI PErYISPHBIM.
Oneparop, MOPOXKIEHHBIH BbhipazKkeHueM (1) U peryssipHbIME KPAeBbIMU yCJIOBUSIMU (2), 3/1€Ch
MBI TaK»Ke€ YCJIOBUMCSI HA3bIBATh peryssipHbiM. OTMETHM, YTO B OIPEJICJIEHUN PEryJsipHOCTH
YUYACTBYIOT TOJIBKO KO3(hMUIMEHTH! B JIMHEHHBIX (hopMax (2), U He ydIacTBYIOT KOI(DMOUINEHTHI
p;(x) nuddepenmaabHOro BHIPasKeHUA.

Bazkublil pe3y/ibTaT, yecTaHOBJIEHHBIH BUPKrodoM, cocTosiy B OIIEHKE Pe30JbBEHTHI PEryJIsp-
noro juddepennuaabaoro oneparopa. Omenka MoIydasach, M0 CyIIeCTBY, TAKON XKe, Kak I
CaMOCOIIPSI?KEHHBIX KPAEBBIX YCJIOBUM, T.€. YCJIOBUiL, IIPH KOTOPBIX oriepaTop Lg, MOPOXKICHHBII
poipazkerneM lo(y) = (—i)™y™) camoconpszen. 3aaua o TOM, SBIAIOTCS JIH CAMOCOTPSIZKEH-
HbIE YCJIOBUSI PETy/IsipHBIMU, OKazaJsach HerpocToit. Ona Oblra mosoxkuteabno perena C. Ca-
naadoM 2] s 9eTHBIX M 1 I Tpou3BoJIbHOTO mopsiaka A. M. Munkunsiv [3)].

Huke pacmarpuBaercst omepatop Lo, MOPOXKJIEHHBIH TuddepeHnna bHbIM BbIPayKeHIEM
lo(y) = (—i)™y"™ c obnacreio onpenenenus D(Ly) = {y € Wir[0,1], U;(y) =0, j =1,...,m}.
Bzecs uepes Wi obosnavueno npocrpancrso Cobosiesa.

Kpaesbie ycoBust (2) Ha30BeM JAUCCHUNIATUBHBIMU, €CJH OHepaTop L sBIIsieTcs: TUCCHIIATIB-
ubIM, T.e. Im(Loy, y) = 0.

[IpescraBieno onucanne BCeX JUCCUMATHBHBIX KPAEBBIX YCJIOBUI M BBIACHEH BOIIPOC, SBJIS-
I0TCS JIM TAKUe YCJIOBUs PerysisipHbiMu. OTMeTuM ciieyonuii pakT: ecii Mbl JJOKaXKeM, 9TO
JINCCUITATUBHBIN oriepaTop Lo peryssipeH, To MpOU3BOJIbHBIN oriepaTop L, MOPOXKIEHHBINH Tuh-
bepennmasbabiM BbipazkenueM (1) u TeMu ke KpaeBBIMHU YCJIOBUAME, 9TO U Lg, OyueT peryJis-
peH.

1. OIIMCAHUE AVNCCUITATUBHBIX KPAEBBIX VCJIOBUIA.

B stom maparpacde npuBeseHbl HEOOXOUMBIE U IOCTATOYHBIE YCJIOBUS TUCCATIATUBHOCTH Kpa-
€BbIX YCJIOBUIl.
J11 KpaTKOCT! 3aIlCh BBEJIEM BEKTOPBI-CTPOKH:

o == (y(0),...,y1(0));
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o= (y(1),...,y" ()

S (Y (m—1) (m—1)

Yepes ¥, U1, y*, A* 6yaem 0b603HAIATH COOTBETCTBYIOIINE BEKTOPBI-CTOJIONBI M MATPHUIIBI C
KOMILJIEKCHO COIIPSI?KEHHBIMU KOMIIOHEHTaMU, & CUMBOJI ,,t“ Ha MecTe BepXHEro MHIeKca OyJeT
O3HaYaTh TPAHCIOHUPOBAHUE BEKTOPA MJIM MATPUIBI 0€3 KOMILIEKCHOI'O COIPSKEHUsT KOMIIO-
nenT. /[g obo3HAYMEHNsT MATPUIL M BEKTOPOB, KOMIIOHEHTHI KOTOPBHIX KOMILJIEKCHO COTPSYKEHBI

—t
HCXOJIHBIM, OysieM cTaBUTH cBepxy 1epty. To ectb, A* = A
BameTnmM, UYTO KpaeBble YCJIOBHA B HOBBIX ODO3HAUEHUSX MOXKHO IIE€PENNCATh B BUJIE
Ay + By, =0, rie A u B—maTpuisl nopsjka m.
Jlemma 1. Hmeem
. 1 ~ A~ ~ AN .
(=)™ 9 Jyr =G g5 ], m = 2n
21m (Loy,y) = S
(_1> [leyl - yOKyO :|7 m = 2n — 17

ede mampuuwvt J u K eweaadam caedyrowum obpasom:

0 0 0 -1 0 0 0 1

0 1 0 0 -1 0
J = K=1|:

0 —1 0 0 —1 0

1 0 0 1 0 0

,Z[OKaBaTe.TILCTBO.

Im (Loy, y) = %((Loy, y) — (y, Loy))

Unrerpupyst (Loy,y) m pas 1o 9acTsaM, MOy IuM

2hn(Lm&y>::(—¢>K—¢Y”Qﬂm‘”?--~-+<—1V”4yy“%4”13 =

{1 (G057 — 3ol . m = 2n
(=) [ K77 — 9Ky ], m=2n—1,

Jlemma 2. ITyemv m = 2n u xpaesvie ycaosus sadanv, 6 dopme Ayl + By' =0, 2de A u
B—mampuuwve nopsadka 2n. Ecau Yy € D(L)

g (=u(=1)" D)y = yo(=i(=1)"J)yg = O,

[A(—i(—1)"J)A* — B(—i(~1)"J)B"] < 0. (3)

HoxkazarenbcrBo. Obosnanm U; = (agj, aij,...,0m-15, boj, bij,-..,ban—14), j=1,...,2n
CTPOKH, cocrosmume u3 Kodddurnuenros kpaesbix ycuaosuit (2). Torma pasencrso Uj(y) = 0
MOYKHO IIepelncaTh B BUJIE

(Uj, YNan =0 (4)
HECJIG,ZLHGG BbIpakeHue—CKaJjsspHoe poussejienue B 4n-mepuom npocrpanctse nay C. Ctpo-

ku U; 00pa3yioT JHHEHOe MOIIPOCTPAHCTBO Pa3sMepHOCTH 2n (31ech U jajee OyJeM Ioja-
rarhb, YTO KpaeBble YCJIOBUS JMHEHHO HesaBucuMbl). O6osnadmMm depes3 I mMOAIPOCTPAHCTBO



147

pa3MepHOCTHU 21 COCTOsAIIee U3 PElleHuil cucreMbl ypasHenuii (4), a uepe3 £—I10IIPOCTPAHCTBO

span({U; 11). Torma M oproronamsro £. Iomoxmm
(A=) 0
M= < 0 —i(-1)"J ) ’

GMG >0 Vje (5)

TOTIa

Y marpuiel M nBa coberBennbix 3nadenus: 1 n (—1). Kaxioe n3 HUX nmeer KpaTHOCTD
2n. Iycrs {Z;7}3",, {Z;}3",—6asuc, B koropom M [paroHaImsupyeTcs: CIepBa Ha [Ha-
FOHAJIM CTOAT ,,— 1, moToM ,,1‘. ITepeitnem B C*™ mocpescTBOM OPTOrOHAIBLHOTO IIPEOOPaz0-
BaHUS K 6a31/10y, COCTOAIIEMY U3 BEKTODPOB {1 , Ty ..., Ty, Ty s Lo y- -, Tgr }. OBO3HATIM
M_ = span({x ) m My = span({Z;"}32)). Ormernwm, uro VT € M- xMx <0nVvVreN,
TMz* > 0.

Paccmorpum omepatopsr S_ u Sy, Koropsle mpoerupytor N Ha N u N, COOTBETCTBEHHO.
V' € M, cymecrByer e 6osee oxuoro y € MN: S, (y) = =. B nporusHOM citydae, ecm HalyTCst
Trakue y, u Yz, (41 — Y2)M (Y1 — 2)* < 0. Dro o3navaer, 4ro y oneparopa S, ecTb ob6paTHbI
(Takzke JimHeRHbIR). B cuity sroro mopnpocrpancTBy N npuHAIEKAT T€ U TOJIBKO T€ BEKTO-
PbI, KOODJIMHATBI KOTOPBIX B 0a3UCe {T] , Ty ..., Tay, T 5 Tg 5. .., Loy} COCTOAT U3 TOCTIEIO-
BATE/ILHO BBIIMCAHHBIX KOOpAuHaT Bektopa (S_S,1)(Z) B Gasuce {Z; }3", upocrpancrsa N_ u
KOODJIMHAT T B Oasmce {x+ 2”1 npocrpanctBa N, (VT € N, ). Bygem 3amuceBaTh 910 TaK:

N={((S_S;H)E),7) | TN}

Teneps maIuM aHAJOTHYHOE ommcanme i £ = M. A UMEHHO, IPEeJICTaBUM OIEPATOD

T:M_ — N, raxoit, uro £=N={(7, T([©))| v € N_}. Badbuxcupyem B mnomIpoOCcTpan-
creax M_ u Ny Gasucwr {7, }37, u {Z;7}3", coorsercrrenno. IIycrs S—marpuma omeparopa
S_S +1 : Ny — MN_ B oTHx 6asucax. Torma paccmoTpuM JinHelnblit oteparop u3 M_ B N, , mat-
puIta KOToporo npu buKCHpoBaHHbIX Gaszucax {T; }37, u {:17+ 2, pasna (—S*). D10 u ecTh
UCKOMBIit ortepaTop 1.

Us (5) caenyer, uro VI € My ((S_S7H)(@), (S_ST)(@))2n < (T, T)an, a suaunr, VI € N_
(T(@), T(Z))on < (T, T)an. CresoBatenvro, Vy € Nt g My* <O0.

[ockobky N+ = L—10oApocTPanCTBO, ABJIIONIeecs JTMHENHHONH 060/104KOiT {U }2n

[A(=i(=1)"J)A* — B(—i(—=1)"J)B"] <0

iy, TO

JlemMma 2 mokazaHa.

U3 nokazaresibcTBa JIeMMBL 2 siCHO, 9TO ecau A u B yuoBieTBopsiior (3), TO OHU 33JIAI0T
JINCCUTIATUBHBIE YCJIOBUSI.

B medeTnoMm ciydae JiMcCHUIIATHBHBIE YCJIOBHS OMUCHLIBAIOTCA Tak ke. lIpuamHa 3Toro B ToM,
YTO M B HEYETHOM cJiydae y MaTpuilbl M OyJieT oJiuHaKoBOe KOJMYIeCTBO ,,1“ u ,,—1“ B quarona-
Jimm3oBaHHOM BHJe. Takum oOpa3oMm, JoKa3aHa TeopeMa, Jalolas IpejacTaBieHne od aaredpan-
YecKOl CTPYKTYpe JNCCUIATHBHBIX PACIINPEHUIX orepaTopa L.

Teopema 1. Mampuuvt A u B 3adarom duccunamueHvie Kpaesvie Ycaosus moz0a U Mmosvko
mozda, Koz2da

[A(—i(=1)"J)A* — B(—i(-1)"J)B"] <0

~
~—~

8 YEMHOM CAYYUQE,

[A(-1)"KA' — B(-1)"KB'] <0

6 HEYUEIMHOM CAYHAE.
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[IpetokunM Temepsb ere OJIHO ONUCAHWE JUCCUIIATUBHBIX KPAEBbIX yCJIOBUil myis jaudde-
pennuasiboro soipazkenus lo(y) = (—i)™y™. Dror pesyabTaT ABIACTCH PAZBUTHEM PabOTHI
®.C.Pode-bBekerora n A.M.Xoabkuna [4].

Haunewm ¢ gerHoro ciaydas: m = 2n. lns ynobroro seipaxkenus dopmbl Im (Loy, y) HaM 10-
TpeGyIoTCsl KBA3UITPOU3BOJIHBIE, oTBevatomue auddepeniuaibaomy Boipazkenuio [y(y). Ompe-
JIEJIAM UX CJIEJIYIOIIIM 00pa3oM:

Yl — ). (k=0.1,....n y© =y),
yl2rokl = —dy o=kl (k= 0,1, n — 1).

BBe,ZLeM O603HaquI/IH ,ZLJIH BeKTOpOB MﬂaﬂﬂlI/IX n CTapHH/IX HpOH3BOﬂHbIX:
n— n— t
y" = (y(0), ¥'(0),...,y™D(0), y(1), y'(1),...,y"D(1)),

n— n— n n— n— n t
y" = (y2=1(0), y=2(0),...,y"(0), —yPr=U(1), —y2=2(1),..., —yl(1))".
C nomorpio 9tux obosnadennit Im (Loy, y) MOXKHO 3allnCcaTh TakK:

I (Lo, ) = 5 (o 9) — (9 Zow)) = o (55 )on — (0 5)2e)

e (-, )9, HO-NPesKHeMy O3HaYaeT cKajspHoe npoussenenne B C2.
Jlemma 3. Ecau kpaesvie ycarosus 3adaromes 6 sude
(V-Dy" +i(V+Dy" =0,
2de I—edununmwiti, a V—nepacmazusarowuti aunetinod onepamop ¢ C*™, mo ecmo
IVyll < llyll vy € C*,

mo onepamop, noposcoentwil svpasceruem lo(y) u sMumMu KPaesvMU YCA08UAMU, JUCCUNG-
MUBEH.

HokazareabcTBo. l[lepenuiiem KpaeBble yCI0BUs B BUJIE
Viy' +iy") =y —iy",
TOT/Ia
\Y% - A2 \Y - A2
ly” +iy" 1" = [ly” — |
Orcrojia
24 [<y/\7yv>2n - <yvyy/\>2n] > 07
YTO COBIAJAET C ONPEJE/IEHIEM JINCCUIIATUBHOCTU OIIEPATOPA.
JIemma 4. [Tycmv onepamop Lo nopoowcden dugdepenuanvivm evipasicenuem lo(y), a ez2o
obaacmv onpedeaenus D(Lg) C W2™(0,1) sadaemes 2n aunetino me3a6ucuMuMu Kpaesvmu

yeaosuamu. Eeau Ly duccunamusen, mo cyuecmsyem maxot Hepacmazusarowuts SuHetino
onepamop V, deticmeyrowuti 6 C**, wmo kpaesvie Ycao6us IKEUCAACHIMHDL CACOYIOULUM:

(V-Dy" +i(V+Dy" =0,
2de 1 no-npesicnemy edununmnviti onepamop 6 C*.

HoxkazareabcTtBo. [lockoybky orneparop Ly JUCCUIATUBEH, TO

2i[ (" y )y — (7, ¥ an] =0,
YTO PABHOCHJIHHO
ly* + iy * = Iy — iy [|*.
Omnpenesum Tenepb orodbpazkenne V.
O6nacts oupenesnennst D(V) 3amainm Tax:

D(V)={zecC*"| z=y"+iy", y € D(Ly)}.
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U3 yenosua jiemmbl ciaepyer aro D(V)—noanpocrpancrso B C**. Tlooxkum
V(y' +iy") =y —iy", y € D(Lo).
Orobpaxenne V : C? — C?" gpasgeTcs NCKOMBIM JTHHEHHBIM OHEPATOPOM.

Jlokaxkem, 9TO 3aJlaHHOE TaK OTOOpazkeHue V OJIHO3ZHATHO.

[TpeammoioKuM MPOTUBHOE: MyCTh OoTOOpakeHne V HEOJHO3HAYHO, TO eCTh HaifjayTcs Ta-
kue ¢, y € D(Lg), ¢ #y, uro y' +iy" =q" +i¢", u y' —iy" # q” —iq". Torma, tak Kax
(y —q) € D(Lo), 10

0=ty —q)" +ily— )" = Iy —0)" —ily — q)"|| > 0.
[Tpuim K MpOTHBOPEYUIO ¢ MIPEJIIIOJIOKEHUEM O HEOHOZHAYHOCTH OTOOpaskeHus V.

Takum obpazoMm, MpeacTaBIeH JTUHEHHBI HepacTATUBAIONINI oniepaTop V, JeflcTBYyIONuii B
C?", TaKoit, 9TO KpaeBble YCAOBHSI
) Y

(V-Dy" +i(V+Dy" =0
sagator D(Lg). JlokasaTeancTBo jeMMbl 4 3aKOHYIEHO.

Jns medernoro ciayuas (m = 2n — 1) onpexenenne xpasunpoussonubix ¥, orseuaromux
lo(y), 3amaercst popmymamu:
y[k] = y(k)7 (k = 07 17 A 7n - 2; y(O) = y)?
y[n—l] — _iy(n—l),
yPn=h=ll = —dyPn=h=2] (k= 0,1,...,n—1).
ObozHatnM:
n— n— n— t
y = (y"(0) + "D (1), y(0), ¥'(0),...,y"2(0), y(1), Y1),y 2)(1t)) :
y¥ = (iy" V(1) —iy™D(0), yP2(0), .., ym(0), =P, —yln(D))"
Tenieps Im(Lyy, y) cHOBa MOXKHO 3aIMCATH TaK:
1
o ((y\/u y/\>2n—l - <y/\7 y\/>2n—1)7

rae (-, +)o,_1 O3HaYaeT cKaagpHoe npoussejenue B C*L,
JlemMMbl 3 11 4 BepHBI B HEUETHOM cJjiydae. VX cOBOKYITHOCTD JIOKA3bIBACT CJIEIYIOILYIO0 TEOPEMY.

Teopema 2. Onepamop, nopoosicdermiii ly(y) = (—i)™y"™ u xpacevimu yerosuamu (2), acrs-
emesa QUCCUNGMUBHLLM Mo20a U MoAbKko mozda, ko20a Hatidemcsa makoli Hepacmazu8aouul
onepamop V 6 C™, umo MOHCHO Nepenucams 3mu Yerosus 6 IK6USAAEHMHOT Bopme:

(V-1y" +i(V+IDy" =0.

2. OIIPEAEJIEHUE PEI'VJIAPHBIX KPAEBBIX YCJIOBHUIT

HamomuuM onpejiesieane perysisipHocT Kpaesbix yciaosuit (em. [1], [5]). TIpeasapuresbho
KpaeBble yCJIOBHsL HY?KHO HOpMEpoBaTh. dncso k; (j = 1,...,m) HA30BeM IOPSIIKOM KPAaeBOIo
yeaoBust Uj(y) = 0, ecim 9T0 KpaeBoe YCIOBHE COAEPIKUT y( )(0) mm y*9) (1), no me conep-
aur y¥)(0) u y» (1) npu v > k;. PaccMoTpuM KpaeBble yCJIOBUs Topsiika m — 1, ecym Taxue
UMEIOTCs. 3aMeHAs UX, eCJIU HaJl0, JUHeHHBIMI KOMOMHAIIAME, MOXKHO JOOUTHCH TOrO, YTOOLI
YHCJIO JIMHEHO He3aBUCUMBIX KPAaeBLIX YCJIOBHIl mopsaaka m — 1 6buto < 2. OcranbHble Kpae-
BbIe YCJIOBHS UMEIOT IOPAIOK < M — 2; IPUMEHss K HUM TOT K€ IPHEM, CBEeJIeM UX YUCJIO K
MUHAMYMY H T.I.

Onucannble oepamnyun Ha3bIBAIOTCS HOPMUPOGKOT KPAEGHLT YcAo6ul, a IOy YCHHBIC B Pe3y/Ih-
TaTe KPaeBble YCJIOBUS HA3BIBAIOTCS HOPMUPOSAHHbLMU. VI3 criocoba UX MOCTPOCHUS CJICAYeT, YTO
HOPMHPOBAHHBIE KPACBLIE YCJIOBUS JOJAKHBI IMEThH BH/I:

Uj(y) = Ujo(y) + Un(y) =0, (6)
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rie
ki—1 ki—1
Uso(y) = ajy™(0) + > ;™ (0),  Upn(y) = By™ (1) + > 8.4 (1),
s=0 s=0

m—1>k1>k2>>k3m>0, k‘j>k’j+27

nprdeM Jig KazKJI0oro 3HaUeHUs MHJCKCA J XOTd Obl OJHO U3 4mcell «;, [3; oramaHo ot 0.
OTmeruM, 9TO UMeEeTCst SKBUBAJIEHTHOE OIIPEJIeJIeHIe HOPMUPOBAHHBIX KPAEBBIX YCIOBHIA (CM.

[6])-

Omnpepestenne. Bygem rosopurs, uro Kpaesble yeaosus V;(y) =0, j = 1,...,m, S5KBHBAIEHT-
Hble (2), peasusyioT ycioBus (2) B MUHHMAJBHON (bopMe (MJIH MPUBOJAT UX K MUHIUMAJIBHOI
dbopme), ecm cymMMa HOPSIKOB ycsoBuit V(y) MEHEMAIbHA.

ITpengyioxkenue 1. KpaeBbie yc/ioBIsS HOPMUPOBAHBI TOTJIA U TOJIBKO TOTJIA, KOIJIa OHU IIPUBE-
JICHbI K MUHUMAJIBHON (hopMe.

HokazaTeabcTBo. OUeBUIHO, U3 MUHUMAJIBHOCTUH (DOPMBI CJIe/lyeT HOPMUPOBAHHOCTL. leii-
CTBHTEJIBHO, TyCTh, Harpumep, yeaosus {U;(y) = 0}7L, npuse/ensl K MEHIMATIBHOM hopme, HO
He HOPMMPOBAHBI. DTO O3HAYAET, YTO HAllyTcsl JiBa WU OOJiee YCJIOBUS HEKOTOPOIO IIOPSJIKa,
k Taxme, 9TO eCTb JiMHeiiHas KOMOMHAI[MS CTPOK JJIMHBL 1Ba | ¢;(ajk, bjr) = (0, 0). Bmecn

j
J UPUHUMAET 3HAYEHWs, paBHbIe HOMepaM YCJIOBHi mopsgjka k. Ho Torpa y omHoro ms srux
YCJIOBHH MOPSAJOK MOYXKHO HOHHU3UTH, & 9TO HPUBOIUT K IIPOTUBOPEYUUIO C IIPEJIIOIOKEHUEM O
muEEMaTbHOCTH hopmbt {U(y) = 0}7L,.

Paccmorpum reneps nopmuposaniblie yeiaosust { U, (y) = O};-":l. s kaxxgporok =1,...,m—1
umeercst He GoJiee JIBYX KpaeBbIX ycjioBuii nopsiika k. Bygaem obosnauars j(k) meHbmii us3
HOMEPOB KPAEBBIX YCJIOBUiT HOPsiKa k, €/l YCIIOBHs TAKOIO MOPsAIKa HajmdecTByoT. Ecim st
HEKOTOPOro k HalyTCst POBHO J[Ba yCa0BHs mopsiika k ¢ Homepamu j(k) u j(k)+1, To, 3amensis
Uiy(y) = 0 u Ujpy+1(y) = 0 Ha UX JnHeliHbIe KOMOMHAIIUN, COBEPIINM IIPeOOpa30BaHMUs,
NPUBOJAIINE K TaKUM 3HAYCHUAM KOI(DUUIHUCHTOB: k) = Bim+1 = 0, Bjk) = jry+1 = 1.
Borantas Teneps u3 Uy, (y) = 0 girs kazxgoro n < k(j) pasenctso 3,U;k)(y) + anUjmy+1(y) = 0,
nobbemcs Toro, urobnt ¥ (0) m y*) (1) Berpedammcs ToabKo B ycioBuax ¢ Homepamu j(k) m
j(k) + 1. Eciu ke Jjijis HEKOTOPOTo k TOJIBKO OJHO YCJIOBHE MMeeT TOPsJIOK k, TO, 3aMeHsis
YCJIOBHSI ¢ HOMEPaMH, MeHbIIUMH j(k), Ha jmHeitHble KomMOuHanmn ux ¢ ycaosueM Ujgy(y) = 0,
nexmoany 6o y*® (1) (ecm Bjry # 0), 6o y*) (0) (ecom By = 0) w3 Beex ycoBmit Kpome
Ujy(y) = 0. Iocie sTux npeobpazoBannii KpaeBble yCJIOBUS BBINISIAT CI€ILYIOMIM 00pa3oM:

0 -+ 0 0 - o Bu - y(0)

o --- 0 1 0 O :

o --- 1 0 --- 0 0 . =0
a B -+ 0 0 -+ 0 0 --- y™m=1(0)
y(m—l)(l)

Crestaniblie TpeoOpa30BaHUs He M3MEHIIN HU CYMMBbI TIOPSIKOB, HU HOPMUPOBAHHOCTD YCJIOBUIA.

Tenepsb 04€BUITHO, UTO TIPU COBEPIIECHUU JIEMEHTAPHBIX MPeoOpPA30BaHUil CTPOK B IIOJTY UCH-
HOI MaTpHUIle CyMMa MOPSIKOB He YMEHBIIUTCH, & 3HAYUT, HODMUPOBAHHBIE YCJIOBUS PEATU3YIOT
MUHUMAJIbHYIO (hopMy.

W3 sToro npeajaozKennd O49eBU/IHbIM o6pa30M IIoJIydaeTcd CJjedyromiee.

CraenctBue. Habop nopsadkos ki, . .., ky, HOPMUPOBAHHLT YCAOBUL He 3G6UCUM OM MO20, Ka-
KUMU NPeodbpasosanuamy, nposoodusacs HOPMUPOBKGE.
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Tenepnb ONPELIIM KIACC PE2YAAPHLIL KPACBBIX yeaosuii. O6o3HauuM depe3 wj, j = 1,...,m
pPa3/IMIHbIC KOPDHHA -1 CTCIICHU U3 —1 B TakoM IIOpAaKe, qTO6bI BLIIIOJIHAJINCH HEPABEHCTBA
in in in
Re(wiem) < Re(wqe2m) < ... < Re(wme2m).
Ornpenenenne maeTcst OTAEIBHO I YeTHBIX M HEUIETHBIX 17
a) m HederHo; m = 24 — 1.

Hopmuposanubie KpaeBble yeaoBus (6) HA3BIBAIOTCS PErYIISIPHBIME, €CJIH 002 THCIa
0y u 01, onipejie/IeHHBIE PABEHCTBOM

oqw’l: . O‘lwé L (g + sB)wi ﬁlwﬂﬂ L Pk

O + 05 — W) .. apw? (g + sB)wl? ﬁgwwl oo Powke
Y

km km km km

U™ Q™ (i 8P ﬁmwwl ce Brw

OTJINYHBI OT HYJIS.
6) m derHo; m = 2.
Hopmuposanusie kKpaesble yeiaoBus (6) HA3BIBAIOTCSA PETYIAPHBIME, €CJIU 110 KpaifHei
Mepe OJIHO U3 4ucest §_q u 0, OIpeIeIeHHbIX PABEHCTBOM

—L 1 0o+ 0ys =
k ky k
alwkl . alw% . (g + sﬁl)wﬁl (o + lﬁl) u+1 51%]&2 o Bk
gl i) (aa+sPa)w (et iBh)wid, B, L. fawl?
wm ozmwﬁ 1 (am 4 8B8n)wim (o, + %ﬁm)wﬁﬁl ﬁmwﬁ% oo Bwkm

OTJIMYHO OT HYJIAA.

3. JINCCUTIATHUBHBIE KPAEBBIE YCJ/IOBUSA YETHOTO ITOPSAJIKA

B srom maparpade MbI JoKayKeM PeryIspHOCTD OlepaTopa 9eTHOTO TOPSJIKa, MOPOKIEHHOTO
lo(y) u muecunaTuBHBIMU KpaeBbiMu yesioBusiMu. Hasio ynomsuyTh, uto B pabore A.M.Muukuna
[7] mokasbIBaeTCST 9TO yTBEPIKAEHNE, OJHAKO [PEJICTABIEHHOE HIZKE PACCY YK JIEHHIE OIUPAETCs Ha
YTBEPKJIEHNE, KOTOPOE MOXKET MMETh CAMOCTOSTEIbHBI HHTEPEC, & MMEHHO Ha JIeMMY 8.

Byaem nucarn y(()k) sumecto y*) (0) n y§k) Bumecto y*)(1).

HenTpasbaoe B 3ToM naparpade yTBEpK/IeHUE 3BYIUT CJIEYIONUM 00PAa30M.

Teopema 3. /[uccunamushuii onepamop wemmoz2o nopadka (m = 2n) AGAACMCA DESYAAPHBIM.

HokazareabcTBo. [IponsseseM HOPMUPOBKY KPAEBbIX YCIOBUIA:

Ui(y) = 0" + byt +... =0, j=0,....2n 1 (7)
. 2n—1

U;(y) u bj—sexropsl-cronbusl Beicorst r; € {0,1,2}, > r; =2n, k= 1,2 (MHOroTOuME 371€6CH
7=0

HoJipasyMeBaeT IPOU3BOJHbIE Muajie j). ByaeMm HasbBaTh y(] ) memssectHpmvm. Meem crcre-
My JIMHEHHBIX YPAaBHEHUI OTHOCUTEIHLHO STUX HEU3BECTHBIX, KOTOPYIO MOXKEM PEITUTD, BHIPA3UB
IJIaBHBIE HEU3BECTHBIE Uepe3 cBoOOHbIE. Torma KpaeBble YCIOBHUA 3a/1al0T OJHO3HATHOE OTOO-
paxkenne u3z C** p C*"—kaxKja0oMy HabOpy 3HAUEHHUIl CBOOOIHBIX HEM3BECTHBIX COOTBETCTBY-
€T eJIMHCTBEHHBINI HADOP TJIABHBIX TaK, 4YTO (PyHKIIUs, 3HadYeHns koropoit B 0 u 1 BMecre co
3HAYEHUSIMU ee MPOM3BOJHBIX 10 (2n — 1)—ii BKJIIOUYUTEILHO COBHAJAIOT ¢ HAOOPOM 3HAYCHUIT
HEU3BECTHBIX, Y/OBJIETBOPSAET KPAECBBIM YCJIOBUSIM.

Jlemma 5. B xaotcdoti nape (y,g) y,(f" =9 ), k=0,1 o6e neussecmnuie ne mo2ym 6vimv 00Ho-

BPEMENHO CE0DOOHDIMU, €CAU YCAO6UA OUCCUNAMUCHDL U Tj = Top_1—j 7 1.
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I I I 6 (7, (2n—1-j)
OKa3aTeJIbBCTBO. peaiiojiaracM IIpoTuBHOE. YCTb O00€ HEU3BECTHLIC B IIape (yO N yo )

cBOOO/THBIE TP HEKOTOpOM j. 3amuiieM dbopmy Im (Loy, y), MOACTABIB BMECTO TVIABHBIX HEH3-
BECTHBIX WX BBIPAXKEHUA depe3 CBOOOTHBIE:

Im (Loy,y) = (—=1)"™ . Im (y(()j)y(()%—j—l)) + n|y((]min{j72n—j—1})|2+

+ays™ ™ 4 By g + oy e,
e «...E&—JIMHelHble KOMOMHAIIUN CBOOOJIHBIX ITEPEMEHHBIX 3a MCKJIIOYEHNEeM pPacCMaTpUBae-
MOM IIapbl; 7)—4HUCJIO.
Pacemorpum dyukimn y € D(Lg), y KOTOPBIX 3HAUEHUST TTPOU3BOJHBIX, COOTBETCTBYONIIX
CBODOJTHBIM TTIEPEMEHHBIM, 38 UCKJIIOUYEHIEM y((,j ) u yéZn*l*j ) pasubl mHy10. Popma Im (Loy, y) Ha
TaKuX (PYHKIUAX NPUHIMAET 3HAUECHUS

n+j ), (2n—j—1) min{j,2n—j—1
Im (Loy, y) = (=17 Tm (g g™ 7" + g™ V27D
U He siBJIisieTcd 3HaKoomnpejeeraHoil. [Iporupopeune. Jlemma jmoxkazana.

Jlemma 6. Ilycmo kpaesvie ycaosus duccunamueHsl, moz2ia

Tj+r2n—1—j =2 \V/] S {O,,Zn— ]_} (8)

HokaszarenbcrBo. [leficTBUTENBHO, ecan 7 + T9p_1—; < 2 st Hekoroporo j (r; =0,

o O 1 6 () (2n—1-7)
Ton—1—j = 0 mim 1), TO, OYEBHIHO, €CTb Hapa CBOOOMHBIX HEM3BECTHBIX (Y, Y ) upu

k=0wmwml. W B cury jleMMBI 5, I JIUCCUIATUBHBIX KPAEBBIX YCJIOBUII HE MOYKET BBITIOJI-

HATBCA 7 + Top—1—; < 2 HU IPU KAKOM J.
2n—1
Ecnmu xe 14 ry,_1_; > 2 Ipu HEKOTOPOM j W » 71, = 2n, TO Haliercs Takoe S, 9ITO
1=0
Ts + Ton_1_s < 2, a 9TOTO OBITH HE MOXKET B CHJIy CKa3aHHOTO BbIIIe. JleMma 6 jmokazaHa.

Jlemma 7. Ilycmv 3adanvl duccunamueHbvie Kpaesvle YCAo8UA U HAWAOCH MAKOE j, HMOo
Tj = Top_1—;, M020a

G ®

,Z[OKa3aTeJ_[I)CTBO. CHepBa IpeaIIoJIOZKUM, YTO Cpeau 3TOM YEeTBEPKU YHCEJI HET Hyﬂeﬁ. TOF,H&
PacCMOTPUM HEU3BECTHLIC y%]) n y;Qn—l—j) KaK CBO60,ZLH]:>I€. KaK 1 B JOKa3aTCJIbCTBE JIEMMDBI 5
ITIOJIOZKMM 3HaYEHNA BCEX CBO60,Z[HI)IX HEN3BECTHDBIX 38 UCKJIIOUEHUEM dTOMN Hapbl paBHbIlVII/I HyJIIO.
Torna
, NI v [ p2nimY o
Im (Ly,y) = (=1)"7 - Tm [ g7y 70 1= 2| e | | ) 4 g™ 0T,

b] b§2nfj71)

rjie j—uekoropoe uucyo. Orciona noaydaem Tpedyemoe.

Paccmorpum ocrasmmiicss Bapuant: 1yctb b = 0, b # 0. Jliag 3HaKOOIpEeJeHHOCTH
Im (Loy, y) Ha GYHKIUSAX Y, y KOTOPHIX 3HAYEHHs BCEX MPOM3BOJIHBIX, COOTBETCTBYIONIHMX CBO-
60,HHBIM HEU3B€CTHLIM, OTJIMIHBIM OT BbI6paHHOI7i Y€TBEPKU, HYJIEBLIE, HeO6XO,ZLI/IMO BBIIIOJIHEHUE

o 7 2n—1—j 2n—1—j
ycaosuit by =0, by # 0.

ﬂeMMa 8 Hycmb aaHbL aUCCUTL(lmUSHbLe HOpMUpOGCLHH’bLB %‘paeeme yC./LOGUﬂ
Uj(y) = bjy™(0) + bly™ (1) +...=0, i =0,....2n — 1,
moeda K:paesme yC/LOGUﬂ, nOJLy“t(l@MbL@ 0m6pacm6cmuem M/La(?wua: TLpOUSGO(?HbLQZ

U (y) = bhy™(0) + bly™) (1) =0, j=0,....20 - 1,

J
ABAANOTCA CAMOCONPAHCEHHDIMU.
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Jloka3aTeabCTBO. JTO MIPOCTOE CjejcTBue jemm 5, 6, 7

[ToCKOIBKY B OIPEJEICHIN PEryJIspPHOCTH KPAEBLIX YCJIOBUI yUaCTBYIOT TOJIBKO KO3(MhuIm-
eHTHI IPH 3HAMEHMSAX CTAPIIAX MPOM3BOIHBIX, TO Juccunarnube yenosns {Us(y) = 0}, n

10T Ut (y) = 0)2n B

yHaernble 1o HuM camoconpsukennbie {U;™ (y) = 0}52, perynapnbl ofHoBpemento. B stom
Mecte conutemcs Ha pabory S.Salaff [2], B KoTopoii ycTanOB/IeHA PEryISIPHOCTD CAMOCOIPSIZKEH-
HBIX JudhdepeHImaIbHbIX OEPATOPOB YeTHOrO TOpsiKa. J[0Ka3aTeIbcTBO T€OPEMbI 3aKOHIEHO.

4. JINCCUTIATUBHBIE KPAEBBIE YCJIOBUSA HEYETHOT'O ITOPAJIKA.

JluccunaTuBHBIE OIEpaTOPbl MOT'YT He ABJATHCA PeryadpHbiMu. i jjoka3aTe/ibcTBa 9TOro
IIPUBEJIEM CJIEJTYIONINI TTPUMEP.

IIpumep.

KpaeBbIe ycij0oBud BO3bMEM TaKHWMU:

2n—2 2n—2 n n n—1

_ 1y, (n=1)2
IIpu 3amanueIx Kpaesbix yeaosuax Im (Loy,y) = 5lyg %
DJieMeHTapHas IPOBEPKA MOKA3BIBAET, UTO IHUCIIO 0, yIACTBYIOIIEE B ONPEICICHUN PEryJIsdp-

HOCTHU, PaBHO HYJIIO. HOSTOMy PEryJIdApHBIMUA TaKHUE KPpa€Bbl€ YCJIOBUA HE fABJIAIOTCA.

Asrop 6maromapur A. A. [lIkanukoBa 3a MOCTAaHOBKY 3aJ1a4, 00CY:K/I€HIEe PAOOThHI U IEHHBIE
3aMedaHus.
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KZK EQUATION

CLAUDE BARDOS
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We consider the Khokhvov-Zabolotskaya-Kuznetzov (KZK) equation (us—utiy— gy )z —
YAy u = 0 in Sobolev spaces of functions periodic on x and with mean value zero.
The derivation of KZK from the non linear isentropic Navier Stokes equations and
approzimation their solutions, the results of the existence, uniqueness, stability and blow-
up of solution of KZK equation are obtained.

Pacemampusaemes ypasnernue Xoxaosa-3aboromerot-Kysneyosa (KZK) (up — uuy, —
Buze)e — YAyu = 0 6 npocmpancmeazr Cobosesa Oas nepuoduieckus no & Gynryul
¢ HYAesvM cpednum no nepuody anavenuem. Ipusodamces ewsod ypasnenus KZK u3
Heaunetnot uzenmponnoti cucmemov, Hasve-Cmokca U annpokcumayus ux peueHutd,
MAKHCE NOAYUEHDL PESYALIMAML CYULLCMEOBAHUA, OUHCTNEEHHOCTIU, YCTNOTUUBOCTU U
blow-up das pewenus ypasnenus KZK.

1. DERIVATION OF THE KZK EQUATION FOR AN ISENTROPIC THERMOELLASTIC MEDIA

The KZK equation is due for its name to Russian physicists Khokhlov, Zabolotskaya
and Kuznetzov who had introduced this equation for needs of non linear acoustic [1]. The
KZK equation is devised to produce a large time description of quasi traveling waves in the
large variety of phenomenas. The KZK like equation was considered in [2] for long waves in
ferromagnetic media based on the Landau-Lifschitz-Maxwell equation.

The issue is the description of the quasi one d propagation of a signal in an homogenous but
non linear isotropic media. For a description of such a wave one assume that it propagates in
the x; direction and that it is concentrated along the x; axis therefore it is assumed that its
variation in the direction

v = (19, 23,...2,)
perpendicular to the x; axis is much larger than its variation along the axis x1. One starts from
a Navier Stokes system:

O+ Vipu) =0, plodwu+ (u,V)u] =—=Vp(p) + bAu. (1)

Next one assumes that the fluctuation of density (around the constant state pg) of velocity
(around wy), which can be taken equal to zero with galilean invariance of density and viscosity,
are of the same order e:

Pe = pPo+ €Pe, U= €U, b=cev,

€ is a dimensionless parameter which characterizes the smallness of the perturbation. For
instance in water with a initial power of the order of 0,3 Vt/cm? e = 107°.

Next one introduce the direction of propagation of the beam say along the axis z;, and
therefore introduce the following profiles:

pe=1(t — x—cl ex1, Ver'), (2)

e = (uer,ul) = (Wt — 2 exy, er'), Vew(t — =L, exy, ver')) . (3)
C C
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In (2 ) and (3) the argument of the functions will be denoted by (7,2 ,y) and c is taken equal
to the sound speed ¢ = \/p'(po) . The approximate state equation

(y =1
2po

had been found in [1]. Inserting the functions p. = py + €I, u, in the system (1) one obtains:
1 For the conservation of mass:

p=plpe) = epe + 52+ O()

Ope + Vipeue) = €(0:1 — p—coﬁTv)

+ & (po(azv +V, W) — %v@TI - %I@w) +0(¥) =0. (4)

2 For the conservation of momentum in the x; direction:
pe€(Opttc; + uNVUe1) + Oy D(pe) — EQVAUGJ = €(poOrv — cO 1) +
-1
+ € (]&v — @v&v +c?0.1 — MC&IQ — %831}) +0()=0. (5
c 2p0 c

And finally for the orthogonal (to the axis x;) component of the momentum one has:
pee(Opl 4+ uVU) + Opp(pe) — EvAul = €2 (podyai + AV, I) +

—1)c?
P g+ 1o+ =Y
¢ Po

At this point one obtain the relation:

5 Voo
+e2(— vV, I? - gAyw) +O(e*) = 0. (6)

1
(0.1 — %ELU) = —eg(poﬁw —cO,1) (7)
and therefore I and v should be related by the formula:
c
Po ®)

and the second order terms of (4 ) and (5) by the formula:

1 1
po(O,v+V, W) — —vo I ——-10v=
c c

1 Po 2 (v—=1) 2 _ Vo
= —E(I&U — ?v@v + 0,1 — Tpoc&] — ?aﬂ) 9)
which (with (8)) gives:
1
ooV, i+ 2c0.0 — I Vg 2 ) (10)
2p0 ¢Po

Eventually one uses the equation for the orthogonal moment to eliminate the term pyV - .
Assume in agreement with (6) that
P00, + *V,, I =0 (11)

take the divergence with respect to y of this equation. Differentiate (10) with respect to 7, and
combine to obtain:

1
.1 — Maﬁ? _
4po

The above derivation is standard in physic articles however it does not implies that the function

Pe = Po =+ 617“6 = E(Uv \/E'U_j)

2

14 C
—PI— —A,I=0. 12
202p0 T 2 Y ( )
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is a solution of the system (1) with an error term of order €®. In fact one can assume that (7)
is zero and (11) with (10) take place, but not the fact that this quantity which corresponds to
the term of order €2 both in the conservation of mass and momentum along the axis z; is zero.
To remedy to this fact and also to ensure an error of order €® in the moment orthogonal to the
x1 direction one introduce an Hilbert type construction and write

pe=po+ele, uc=e(v+ev, \/E(U7 + ew)).
At this point one state a theorem all details of which will in the full publication of this work.

Theorem 1. Let I be a smooth non trivial solution of the KZK equation (12) which as a
L

function of (7,z,y) is periodic in T of period L and [ I(,z,y)dr = 0. Then one constructs
0
according to the formulas (8 ) and (11) the functions v, W and the correctors vy and W, by the

relations:

v (-1 ,
0;v1 = —83[+ o I° — —0.1, 13
L= o 2% o (13)
o, = — 0= )QVyF——i%AyL (14)
203 Po

Define the function (pe,uc) by the formula:
(pm ue)(xla xla t) = (pO + 6[7 6(” + €vy, \/E(U_j + 61171))<t - %7 €x1, \/E-T/)

Then for any finite time T and € small enough there exists a solution (R.,Uc)(xz,t) of the
isentropic Navier Stokes equation such that one has:

”pe - RGHLQ + ”u€ - U6||L2 < 063'

Remark 14. Several limits of the equation (12) leads to classical pde.
e With pyc — oo it becomes the paraxial approximation:

c
fJ—EAﬂza
e And when I does not depends on y it is the Burgers Hopf equation

(7+D&]

0?1 =0
4po 20200

co, 1 —

and eventually in this case with v = 0 the Burgers equation:
0.1~ g 2y
4po
e The analogous 2d version is
2 (V+1) 0 5p oo
co:, ] — ——=>071" — ——0:1 — 8 I =
4po 202,00 Y
And for a “beam" (rotationally invariant around the z; axis) in 3 space variables it is:

OFDgepe yf——4y1+ azy_o (15)

02 I —
e 4po 202P0
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2. EXISTENCE UNIQUENESS AND STABILITY OF SOLUTIONS OF THE KZK EQUATION

Following the mathematical tradition in this section the unknown will be denoted by u, and
the variables (r,y) € R} x (2 € R"!). When  # R"! it is assumes that the solution
satisfies on its boundary the Neumann boundary condition. Multiplying u by a positive scalar
one reduces the problem to an equation involving only two constants 3 and

(ur — uty — Pgy)e —7Ayu =0 in R, x Q. (16)
For sake of clarity and also because this corresponds to practical situations we consider
solution which are periodic with respect to the variable x and which are mean value zero:
L

u(x + L,t) = u(z,t) /u(a:, t)dz = 0. (17)

0

Observe that the conditions (17) are compatible with the flow and than the second one is
“natural” because we consider fluctuations.

We define the inverse of the derivative ;! as an operator acting in the space of periodic
functions with mean value zero this gives in space and in Fourier representation the formulas:

T L
0. f = [ fo)s— [ g
0 0
17 f(k) 2imkz
o=y 1
g; 2772%

In this situation the equation (16 ) is equivalent to the equation
Uy — Uy — Plpy — 8;17Ayu =0 inR, xQ. (18)

According to the standard approach first we establish a priori estimate for smooth solutions
which are in particular consequence of the relation:

L L
/ / 0, (Ayu)udrdy = / / 0,1 (V,u)V,udzdy
0 0

n—1 n—1
Ry Ry

L
_/ / 9, (V,u)0, (9,1 (V,u))dady = 0.
0 Rgfl

The H® norm in (R} /(LZ)) x Rp~") is denoted by |uls.

Lemma 1. The following estimates are valid for solutions of the integrated KZK equation (18):

2dt” ||L2+ﬁ// |0 u(z, y, )| dxdy =0, (19)
OR" 1
FWS>[J+1 QﬁMH+mmuﬂ C(s)|ul (20)

md~%WW+ﬁC(NMﬁSC®WW§ (21)
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To obtain the relation (19) multiply (18) by u, and integrate by part. To prove (20) we use
the technic demonstrated in [3| and [4] for periodic and non periodic cases. The relation (21)
holds only in the periodic case and not on the whole line. (In this later case the H® norm of
0,u does not control the H* norm of u.)

The following theorem is an easy consequence of the a priori estimates and the works |5, 6],
which use the theory of Kato |7, §].

Theorem 2. For the following Cauchy problem
U — UUgy — 5”90:}0 - ’ya;l<Ayu) = 0 ) u('r? y7 0) = U (22)
considered in (R, /(LZ)) x Ry~ ie in the class of x periodic solutions with mean value 0 with

the operators 9% defined by the formula

T

0,'g = /g(s,y)ds +
0
and finally with 3 > 0 one has the following results.
1 For s > [5] + 1 there exists a constant C(s, L) such that for any initial data ug € H® the
problem (22) has on an interval |0, T| with

Sl

/sg(s, y)ds (23)

1
T<— —
C(s, L)||uolls

a solution in C(]0,T[; H®).
2 Let T™ be the biggest time on which such solution is defined then one has
T*
/Sup(|8xu(x, y, t)| + [Vyu(z,y,t)])dt = oo.

x?y

3 If B > 0 there exists a constant Cy such that
luolls < CL = T" = 0.
4 For two solutions u and v belonging to H® one has the following stability uniqueness result:
(., 1) — v(., )| 2 < elo spea(Peu@ys)lHom@ys)ds |y, () — y(., 0)| 2.
Remark 15. When there is no viscosity v = 0 all the corresponding statement of the theorem

2 are valid mutatis mutandis for 0 > ¢ > —C with a convenient C.

3. BLOW UP AND SINGULARITIES

The first remark is that for » = 0 and for function independent of y the KZK equation
(U — utly — Blige)e —YAyu =0 inR, x Q

becomes which is known to exhibit singularities. On the other hand the derivation of the
previous section shows that any solution of the KZK equation has in its neighborhood a solution
of the insentropic Euler equation. Once again it is known that such solution even with smooth
initial data may exhibit singularities (cf. [9] or [10]).

For technical simplifications let ug|,—o = 0.

Let the function 0,uy has on [—Ag, 0] X [rg,71] (ro > 0) a unique positif maximum in the
point my = (zg, yo), —Ao < zo < 0, such that

835’&0(7’)10) > 0, vay(ﬁxuo)(mo) =0, Vi7y<8mU0)(m0) << 0.

For a T > 0, which is the blow up time and is unknown, and a function Ay(y,t) > 0 to be
precise (with Ay(y,0) = Ap), we have in the domain

D ={(z,y,t)|lx € [~ Ao(y,1),0], y€Elro,m], ro>0, t€[0,T[}
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a free boundary problem.
The KZK equation with = 0, in D with Neuman boundary condition on y, of forme as in
(15), with u; = u, uy = 9,9, u can be written as

Oty — U 0, — 1“2 — YOyuy =0, Oyus — dyuy =0, (24)
Yy

U)o = uo(x,y), uslimo = 0, '0yuo(x,y), Ui|pmo = Us|z—o = 0. (25)

Here, v is positif and small.

For v = 0, the problem (24)-(25) reduces to the Burgers equation in (z,y,t) variables (y is a
parameter) with the same initial data wy.

Finally one proves the following result:

Theorem 3. For v > 0 rather small,
(1) There eists functions T, > 0 and Ag(y,t) = Ao, (y,t),t < T, defining a domain
D=D,,
(2) There exists a point M., = (i.,, 7, T,) € D near of the blowup point of Burgers equation

My = (zo — Touo(zo, o), Yo, To), 3

(3) There exists a function u = u,, € C*(D — {M,}), which is solution of the problem for
K7ZK equation with 8 = 0 and with Neuman boundary conditions. Also there exists a
constant C' > 0 such that (C(T, —t))~* < ||Vu(-, )|z < C(T, —t)~.

The result follows from the theory of blow-up systems developed by Alinhac [11, 12, 13].
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Riesz basis property of the system of eigenfunctions and associated functions is
established for a first-order system of integro-differential equations with splitting
boundary conditions depending nonlinearly on an eigenvalue parameter.

1. It is well known [6] that the system of eigenfunctions and associated functions (SEAF) of
the Sturm-Liouville problem

—y" +alx)y = Ny, (1)

y'(0) = hoy(0) = y/'(1) — hay(1) =0, (2)

is complete in L»[0,1] for arbitrary complex valued potential ¢ € L1[0,1] and hy,h; € C. A
similar result is also known for arbitrary nondegenerate boundary conditions (see [6]).

A completeness result for a boundary value problem of arbitrary order differential equations
of the form

n—2
v+ gy = A"y, (3)
=0

and subject to splitting boundary conditions, has been announced by M.V. Keldysh [3] and it
was first proved by A.A. Shkalikov [8].

In [5] M.M. Malamud and one of the authors have generalized the above mentioned results
from [6] to the case of first order systems with arbitrary boundary conditions (not depending
on a spectral parameter). Namely, sufficient conditions for the completeness of the SEAF were
obtained for the system of ordinary integro-differential equations of the form

%By/ + Q(z)y + /M(x, t)y(t) dt = Ay, (4)

0 ¢ My Mo yi(z)
o= (y §). o= (i ). - ()
with ¢; € L[0,1] and M;; € Loo(2), Q@ ={0 <t <z <1},4,5=1,2, see [5].
In [10] and [11] the completeness results for the problem (1), (2) have been generalized to
the case of nonlinear A-depending boundary conditions. Moreover, in 7] analogous results were
obtained for a system with a pair of splitting A-depending boundary conditions.

In [2| analogous results were announced for the system (4) with a pair of A-depending
boundary conditions. In particular, the following theorem was proved in [2].

where

Theorem 1. Let P, 1 = 1,2, 7 = 1,2,3,4, be polynomials, let the rank of the matriz polynomial

Pu(A) Pu(N) Pa()) Pu(h
P (”:(PQIEAg oy ) P24EA§) ©)

be equal to 2 for all A € C, and let
deg Ji4 = deg J3o > max{deg Ji3,deg Jy2, M }, (6)
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where M = max{deg P;; : i€ {1,2}; j€{1,2,3,4}} and

o Pli Plj ..
Ji; = det (P% ng)’ i,j=1,23,4. (7)

Then the SEAF of the problem (4) with the boundary conditions
{P11<)‘)y1(0) + P1a(AN)y2(0) + Pis(Myi (1) + Pra(A)ya(1)

0
P (0) + PalN(0) + Pas(Nia(1) + Poa(ga(1) = 0 )
is complete in L?[0,1] & L?[0, 1].

Moreover, let the set ®, which consists of N := degJiy — M eigenfunctions and associate
functions, satisfy the following condition:

If ® contains either an eigenfunction or an associate function corresponding to an eigenvalue
Ak, then it also contains all the associate functions of higher order corresponding to the same
eigenvalue.

Then the SEAF of the problem (4), (5) without the set ® is also complete in the space

L%[0,1] & L2[0,1].

2. Recently, the Riesz basis property of the SEAF for a first-order system of the form (4) was
proved in [12], [13] with splitting boundary conditions, not depending on a spectral parameter.
In the present paper a similar result is established for the system (4) with splitting A-depending
boundary conditions. The corresponding result in [12], [13] is obtained here as a consequence
of Theorem 3, see Corollary 1.

Recall the following basic facts concerning Riesz basis in separable Hilbert spaces, see e.g.

[1].
Definition 1. A system of vectors v, is said to be a Riesz basis of the Hilbert space H if

there exists a bounded operator A in H with bounded inverse, such that the system A, is an
orthonormal basis of H.

Lemma 1. Let the system of vectors v, be complete in the Hilbert space H. If there exists a
Riesz basis ¢, of H such that Y " | |[th, — ¢nl|* < 00, then the system 1, is also a Riesz basis
of H.

The following lemma concerns the spectrum of the system (4) with splitting A-depending
boundary conditions determined by the polynomials P;;, 7,7 = 1,2. It is assumed that Pj;(\)
and Pjo(\) are relatively and that Py (\) and Py () are relatively prime and, moreover, that

degPH:degPu:Ng, denglzdeng:Nl. (9)
The leading coefficient of the polynomial P;;(\) is denoted by Cj;, 1,7 = 1, 2.
Lemma 2. Let the function Q(z) be differentiable and let the polynomials P;j(\) be as above,

cf. (9), and assume that the set A contains N = Ny + Ny eigenvalues of the problem (4) with
splitting A-depending boundary conditions of the form

Pyi(Myi(1) + Par(A)yz(1) = 0.
Then it is possible to enumerate the other eigenvalues of the system, such that
Ay = zln(CnC'ngC'qu) - 2mn +0 (ﬁ) ,  wheren € Z. (11)
—a n

Theorem 2. Let the function Q)(z) be differentiable and let the polynomials P;;(\) be as above,
cf.- (9). Moreover, let ® be a set which consists of N = No + Ny eigenfunctions and associate
functions, and assume that the SEAF of the problem (4), (10) without the set ® is complete in
L2[0,1] & L2[0,1].
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Then the SEAF of the problem (4), (10) without the set ® is a Riesz basis in the space
L2[0,1] & L[0, 1].

Combining Theorem 2 with Theorem 1 yields the following result.

Theorem 3. Let the function Q(x) be differentiable, let Py # 0 and Py # 0 be constant,
i.e. deg P;; = deg Po = 0, and let the polynomials Py1(\) and Pag(\) be relatively prime with
dengl :degPQQ =N.

Moreover, let the set ®, which consists of N eigenfunctions and associate functions, satisfy
the following condition:

If ® contains either an eigenfunction or an associate function corresponding to an eigenvalue
A, then it also contains all the associate functions of higher order corresponding to the same
eigenvalue.

Then the SEAF of the problem (4), (10) without the set ® is a Riesz basis in the space
L2[0,1] & L?[0,1].

Joxazamenvcmso. 1t follows from Theorem 1 that the SEAF of the problem (4), (10) without
the set @ is complete in L?[0, 1] & L?[0, 1]. Therefore, by Theorem 2 it forms a Riesz basis of
L20,1] & L?[0, 1]. O

Theorem 3 can be derived from a general result of Shkalikov [9]. However we present another
proof which is simple and based on stability property of Riezs basises.

By taking N = 0 in Theorem 3 gives the following result for the system (4) with boundary
conditions not depending on a spectral parameter, cf. [12], [13].

Corollary 1. Let the function Q(x) be differentiable and let hy and hy be nonzero constants.
Then the SEAF of the problem (4) with the boundary conditions

y1(1) + hays(1) = 0,
is a Riesz basis of L*[0,1] & L?[0,1].

The second author was supported by the Academy of Finland (project 203226).
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Section 3

OPTIMIZATION, CONTROL,
GAMES AND ECONOMIC BEHAVIOR







O MVMHUVMM3AIINN BEPOATHOCTU PASOPEHUA IIPU

BBIBOPE MHBECTUILIMOHHLIX CTPATEI'UN, HE
NCIIOJIB3YIOHINX SAVNMCTBOBAHUNA

T.A. BEJIKHUHA
LHEHTPAJIbHBIN SKOHOMUKO-MATEMATUYECKUI UHCTUTYT PAH, MOCKBA
A.O. KYyPKIUHA
MOCKOBCKHUII UHCTUTYT DJEKTPOHUKU 1 MATEMATUKU, MOCKBA

Hccenedyemea npobaema onmumasvbHo20 YnpasaeHUs UHEECTNUUUAMY 8 KAACCUBECKOT
MOOEAU, CMPATOBAHUA C YEABIO MUHUMUIGUUY GEPOAMHOCTIU PA3OPEHUA HA OECKOHEYU-
Hom unmepsane epemenu. Hcnoavsyromes dea 6uda axkmueos - puckosue (axyuu) u
bespuckosuie (bankosckul cuem uau obaueayuw). IIpu smom uckaouaemes 603modtc-
HOCTL 3QUMCMEBOBAHUA JEHEAHCHBIT CPEICTNE.

We consider a problem of the optimal investment in a classical risk model. The goal
is to minimize the probability of ruin for the problem with infinite time horizon. Risky
assets and bonds are used. Admissible strategies exclude the borrowing.

1. BBEJIEHUE

Jannast pabora MOCBSIEHa aKTyaJbHOl TpobJIeMe NCIIOIhb30Ba s (DUHAHCOBBIX HHCTPYMEH-
TOB B IEJISIX YMEHBIIIEHUS PUCKa CTpaxoBaHus. B3anMocBa3b aKTyapHON n (pUHAHCOBOI MaTe-
MaTHUK, OOIIHOCTDb psijia 3a/iad, CTOSIIUX IIepe COBPEMEeHHbIMI (DUHAHCAMH M CTPaXOBAHHEM,
a TaKzKe CJUHCTBO HCIOJIb3YEMBIX METOJOB HEOJHOKDPATHO OOCYZKIAJINCH B JHATEpaType (CM.
paborsl [1]-[3] u comeprkamyrocst B Hux 6ubamorpaduio).

TpaIHOHHON XapaKTePUCTUKOI IATEKECIOCOOHOCTH CTPAXOBONH KOMIIAHUY SIBJISETCS Be-
POSITHOCTH HEpa30pEHHs, KOTOpasl yUUThIBACTCS B KAUeCTBe [apaMerpa IIPH pacdere IPeMUil 1
pesepBoB. Uccie/ioBanne BeposTHOCTH Hepa3opeHus KakK (DYHKIMU HAYAJIBHOIO KalluTaJa 3a-
HUMaeT OAHO U3 HNEHTPaJbHBIX MECT B pa,6OTaX7 IIOCBAIIECHHBIX OIIMCaHUIO YIaCTUA CTPaXOBbIX
KOMIIAHUI WU TEHCUOHHBIX (DOH/IOB Ha (PMHAHCOBOM PBLIHKE ITyTeM MPUHATHA Pa3JIUIHbIX WH-
BecTHIMOHHLIX perenuii (cM.[4]-[10]). IIpu sTom B HekOTOPBIX paboTax 06CYXKIAJICS BOIPOC
O TOM, YTO (PUHAHCOBBIN PUCK MOYKET OKa3aThCsd CYIIECTBEHHBIM JIjI CTPAXOBBIX KOMIIAHMUIA,
U HEOCTOPOYKHOE HCIOJIb30BAHNE PHCKOBBIX aKTHBOB MOXKET OCIAa0JIATH IIJIATEKECIIOCOOHOCTD
KOMITAHMI HE B MEHBIIE Mepe, 1eM OoJIbIiie BBILIaTh 110 TpeboBanusaM [5|-|7]. B o e Bpems
[PABUJILHOE HCIIOJIb30BAHUE UMEHHO PUCKOBBIX aKTHBOB IIO3BOJISET CYIIECTBEHHO yMEHBIIUTD
PUCK CTPAXOBaHUs, B CBSA3M C Y€M CTAHOBUTCS aKTyaJsIbHOM 1pobJeMa ONTUMAJIBLHOTO yIIpaB/ie-
HUsI HHBECTUIMSIMU C TIEJIbI0 MUHUMU3AIUI BEPOATHOCTH pasopeHus. Dra npobsema Jjisi pas-
JIMYHBIX Mojeseil paccmarpusaiach B [8]-[10]. B wactnocru, B [8], rae B KadecTBe MCXOAMHOl
MOJIE/I CTPaxOBaHMsI paccMaTpuBa/ach Kiaccudeckas Mojerb Kpamepa-JIyaadepra, a B posn
(bI/IHaHCOBOFO WHCTPYMEHTa BBICTYIIAIOT aKIIUU, [IEHA KOTOPBLIX MOAE/IMPYETCA I'eOMETPUIECCKUM
6p0yHOBCKHM JABU2KEHUEM, IIOJIYY€Ha OITUMaJIbHad CTPpaATErusd I/IHBeCTI/H_H/Iﬁ B IIPpEAIIOJIOZKEHN I
BO3MOXKHOCTH 3amMcTBOBaHuil. HeobxoaqmMocTh 3anMCTBOBaHUN MOYKET BOSHUKATDH 10 KpaiiHei
Mepe IPU MaJIbIX 3HAYCHUSX Pe3epBa, B YaCTHOCTH, KaK ITOKA3bIBACT aHAJM3 Pe3yJbTaToB (8,
B CJIydae 9KCIOHEHIMATbHO DACIPEIEIeHHBIX TPeOOBAHUI 3aeM OCYIIECTBIISETCs B pa3Mepe,
OTHOIIIEHNE KOTOPOI'O K Pe3epBY HEOIPAHUYEHHO BO3PACTAET IIPH YMEHbIIIEHUH Pe3epBa.

B nanHoit pabore B paMKax HCXOJHON Mojesu [8] Mbl OyieM nccaeoBaTh ONTUMABHYIO
CTPATErni0 WHBECTHUIINIT B CATYaIWU, KOIJIA 3a€M CDPEJICTB HE JOIyCKAETCsl, HO UCIIOJIb3YeTC st
JIBa BHJIA AKTHBOB - PHCKOBbIe 1 Ge3pHCKOBbIe. [Ipn 9TOM OCHOBHOE BHUMaHUE OyJIeT yieaeHOo
CcJIydaro, Korja OT/ebHbIe CTPaXOBble TPeOGOBAHUS NUMEIOT SKCIIOHEHINATIBHOE PaCIpe/ieeH e,
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2. IIOCTAHOBKA 3AJAYU

N(t)
Pacemorpum Kiaccuaecknii mporece pucka Ry = u + ¢t — > Z, TJe U - BeJUIuHA Hada b-
1

N(t)
HOTO pe3epBHOrO (hOHJIA, ¢ - CKOPOCTh TOCTYIJIEHUsI CTPAXOBBIX B3HOCOB, » , Zj - CTPaxXOBble
1

BoIIaThl, N (1) - IyacCOHOBCKHUIT IIPOIECC ¢ MApaMeTPOM .

Beyimaunbl 110oc/1e10BaTEILHBIX UCKOB 1, Zo, ... Oy/leM CcYnTaTh HE3aBUCHMBIMU OJIMHAKOBO
pacupejieJIeHHbIMU CIyvaiinbiMu BesimauHamu ¢ gyHknueil pacupenenenus F(z), F(0) = 0,
KOTODBIE, KPOMe TOr0, He 3aBHCcAT OT mporecca N (t).

[IycTth m - MaTeMaTHdIecKoOe OXKHUIAHNIE IPEeIbsIBIeHHOrO ucKa. Huzke Mbl B 00IIIeM ciIydae He
OyaeM Ipearo/araTh HAJIMIUe IOJIOKUTEILHON HArPY3KH Oe30IIacHOCTH, T.e. 9TO ¢ > Am, Tak
KaK IOJIOKUTEIbHBI CHOC, HEOOXOAUMBII JJIsI YBEJIMYeHUsI pe3epBa, BO3HUKAET IIPU UHBECTHU-
pOBaHUU B II€HHBIE OYMAarm.

[IpeamosioKuM, 9T0 cTpaxoBast KOMIIAHUSA MMEET BO3MOYKHOCTH MHBECTHPOBAHUSI CBOETO Pe-
3epBa B PUCKOBbIE U GE3PUCKOBBIE aKTUBBI (/I KPATKOCTH Oy/IeM B JaJIbHEHIIeM UX Ha3bIBAThH
COOTBETCTBEHHO aKIUsIMU U oburanusaMu). [1ycTh SBOMIONUST IeH aKIUil OMUCHIBAETCS TEOMET-
prdeckuM O6poyHOBCKuM jprzkenueM: dS; = S;(udt + odwy), rie Sy - eHa akIuu B MOMEHT ¢, [
- oXKmJaeMasl JOXOJIHOCTb akmuu, o > () - BOJIaTU/ILHOCTE aKiun. V3MeHenne meHbl o0 IuraIimn
omnucbiBaeTcs coorHomenueM dB; = rB;dt, rne B, - nena objuranuu B MOMEHT ¢ ,r - JIOXOJI-
HocTh objimrarnuu, 0 < r < p. Bymem npejmnosarars, 9TO B KaXK/Iblii MOMEHT BPEMEHU pPE3epB
KoMITaHuu umeeT Bud X; = V.S + BBy, T1e v - KOIu4ecTBO akinii B moprdese KoMnannm, [3
- KoqmdecTBo obsmranuii. [lycrs Teneps oy = 4.5y /X, - moast crommocTn akiuii B oprderte
koMmnanuii, 1 — oy = 3;B;/ X, - nons cronmoctn oburanuii B noprdete.

Torma m3meHenne pesepBa MOKHO HPEJICTABATH COOTHOIIEHUEM

dX; = o Xyppdt + oy Xeodwy + (1 — o) Xyrdt + dR(t), X(0) = w. (1)

Oyurimio o = {oy }>0, OylieM paccMaTpuBaTh KaK HEYIPeXKIaolee yIpaBIieHne, Wik Crydaii-
HBIIT [IPOTIECe, MPEICKA3yeMblil OTHOCHTEIBHO ecTecTBeHHOf (uibrpannn {J;}, TOpokK IeHHO
{R;_, W;}. Yupasnenue {a;};>0 OyseM Ha3bIBATD JOIMYCTHMBIM, €CJIN OIpeeseH mpornece Xy,
0<t<oo,umnpusrom 0 < a <1 ais oboro t.

Momenrom pasopenns OyeM Ha3bBaTh MOMEHT ocranoBku 7 = inf{t : X; < 0}. O6oznaxmm
(u) = P(T < 00) BEpOATHOCTH Pa30peHUs 3a KOHETHOE BpeMsi KaK (DYHKIMIO HAYAIHLHOTO
pesepra u. Torma ¢(u) = 1 — 1 (u) - BEpOATHOCTH HEPA3OPEHUSI.

Huke 6yneM paccMaTpuBaTh BEPOSTHOCTD HEPA3OPEHHs I CJIyHdasi MOCTOSTHHON IO BJIO-
JKEHUsI pe3epBa B PUCKOBBIN aKTHB, T.e. oy = o, g € [0,1], ¢ > 0, (coorBercTByIOIIEE yIIpaB-
nenue Gynem oboznadath a’: a’ = {ag}i>0), @ TakKe I CTydas ONTUMAIBLHOTO yHPABJICHUS
MHBECTHIMSIMU, MUHUMU3HUPYIOIIEr0 BEPOSTHOCTL Hepa3opeHust, KoTopoe oboznaunm o = {as }.

Tak Kak ylIpaBJsieMblil IIPOIECC SBIAETCS OJHOPOIHBIM MAPKOBCKHMM, ONTUMAJIBLHOE YIPaB-
JIeHUe NPHHAJIC;KAT Kiaaccy M ylnpapBiieHuil, MOPOXKIEHHBIX CTAIMOHAPHBIMU MAPKOBCKAMU
crparerusmu (B nasbHeieM 6y/1eM HA3bIBATH UX HHBECTUIIMOHHBIMU CTPATETUAME WM IIPOCTO
crparerusmu). Tounee, 060e yupasienne « = {a;} u3 sroro Kiacca umeer sui oy = A(X;_),
rje crparerus A @ R — [0,1] - nekoropas usmepumas dynkima. flcHo, uto ynpasienne o
TakzKe TPUHAIERUT Kiaaccy M (coorsercrByiomast crparerust Ag(x) = «ap). Crpareruto, mo-
POXKIAIONLYIO ONITUMAJILHOE yIpaBsienue o, Oyjgem 0003HavaTh B JajbHeiimem A*.

¢lcHO, 9TO BEPOATHOCTH HEPAa30peHUs OyJeT 3aBUCETh OT CTPATErHd MHBECTUPOBAHMS, T.€.
o(u) = ¢*(u), Te A - npousBosbHasT JIOMyCTHMas cTpaTerus. Kiace JoMyCTUMbIX CTpaTeruit
OIIPeJIE/IIM KaK KJIAacC BCEBO3MOKHBIX (byHkmuit A(t, wyo ), Rjo)), ONPe/leleHHBIX Ha TPAEKTO-
pUsAX IIPOIECCOB Wy M Ry M IOPOXKIAIOMIUX JOIMyCTUMBIE yIpaBieHns (371ech Wy = {(S, ws),
0 < s < t}, Rjoy) ompeensercs aHAJIOTIYHO).
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Oyukius BemnMana Juid 3ajad1 MUHUMHA3AIMUT BEPOATHOCTH pPa30peHusl Ha OECKOHEUHOM
WHTEpBaJe BpEMEHN UMeeT BU/I
_ A
d(u) = sup p”(u), (2)
A

rje cympeMyMm Gepercsi 10 BCeM JIOIyCTUMBIM CTpATerusiM, W TakuMm obpasoMm d(u) 06o-
3HAYAET ONTUMAJIbHOE 3HAYEHHe BEPOSTHOCTU HEPA30pPEHHs MPHU HaYaJbHOM pPe3epBe U, T.e.

— AT
o(u) = ¢ (u).
3. YPABHEHUS [1JIs1 BEPOITHOCTU HEPA3BOPEHU

B coorBeTcTBUM ¢ IPUHITUIIOM ONTUMAJILHOCTH BesiiMana, UCro/b3ys cooOparkKeHusl, aHajio-
IUYHbIE IPUBEJIEHHBIM B (8], mpu w > 0 mosrydauM:

1
sup {)\E[é(u —7Z) = 0(u)] + [0 (u) (cup + (1 — a)ur + ¢)] + 2a u?o?8" (u )} =0, (3)
0<a<l

rjae Z - ciaydaiinag sesmunna ¢ dynkiumeit pacupenenenus F(z). Ilpu stom dbynxuums 6(u)
JIOJIZKHA, YJIOBJIETBOPATH KPAGBOMY yCJIOBUIO

—X3(0) + 6’ (+0) =0 (4)
B TO ke BpeMs JIJIsl BEPOATHOCTH HepaszopeHus @9, coorsercrylomeil crparernn Ay, ay €
0, 1], T.e. HOCTOSIHHO} CTPYKTYpe WHBECTHIHIA, Ipy u > 0 MOJTy9InM ypaBHEHHE
1 1 ! r
50 agu’e () + [(aop + (1= ao)r)u+ i (u) = Ap(u) + X / plu—y)dF(y)=0 (5
0
C KpaeBbIM YyCJIOBUEM
—Ap(0) + cp (+0) =0 (6)
(B 0603Ha‘{eHI/H/I CTpaTerun MHAEKC IJId KPaTKOCTHU OHYHIGH).

4. VICCJIEJOBAHUE BEPOSATHOCTU HEPA3OPEHUS
B CJIVUAE IIOCTOSIHHOM CTPYKTYPbhl UHBECTULINNA U SKCIIOHEHIIMAJIBHOTO
PACIIPEJIE/IEHUST PABMEPA TPEBOBAHUI

O6o3naunM
a=oop+ (1 —ag)r, b= ago. (7)
Torna ypasuenue (5) npuobperaer Bu/I

u

PPt )+ fau -+ el () = Agw) + A [ elu = )P () =0, 0
0
9TO, KaK JIErKO BUJETH, COOTBETCTBYET BEPOSITHOCTH HEPA3OPEHHUA B CJIydae HOTHOTO BJIOKEHHUSI
pesepBa B aKIIUK ¢ IapaMeTrpaMu a u b. B cirydae sKCIOHeHIMaILHOIO PACIPEACICHUST PA3MEPOB
TpeboBanuii, T.e. ecimu F(x) = 1 — e /™, m > 0, ypasuenue (8) nocie muddepeHmpoBanms
npeobpazyercs K BUJLY

2c u2 " c.1 ’
b2) +ﬁ+ ]90()+2[?u+(a—)\+ >b2] ¢ (u) =0. 9)
[Ipu sToM BeposiTHOCTH Hepasopenus ¢(u), yaosiaerBopsiomnias (9), mas GOMBITIX 3HAUCHUI
HAYATBHOIO pe3epBa Obuta ucciaenoBana B [7]. Tam 6blia qoKazaHa ciieLyomast

u?e” (u) + [2(1 +

Teopema 1. Iycmv F(z) =1 —e /™ m > 0. [Tycmv maxotce b > 0. Tozda
1)ecau p = 2a/b* > 1, mo das nexomopozo K > 0

o) = 1= Ku'=(1 + o(1)), u— oo
2)ecau p < 1, mo p(u) =0 das mobozo u.
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B 10 ke BpeMsi XOpOIIIO U3BECTHO, B ITOI Ke B MOJE/H C HMOJIOXKUTETLHON HArPY3KOi Oe3-
OTACHOCTH U PACIpeIe/IeHIeM CTPaxOBbIX TpeOOBaHMil, UMM "He TsKeJible XBOCTHI" | Tpn
OTCYTCTBUM BCAKUX MHBECTUIIMI cpaBejiyinBa orenka JIymnadepra, mokas3biBaionas, YTo Bepo-
SATHOCTH Pa30PEHUsT YOBIBACT IKCIOHEHIIMAIHHO, KOTJa HAYAJbHBIX PE3ePB CTPEMUTCH K Oec-
KOHEIHOCTH. Bojiee TOro, /i 9KCIHOHEHIMAIHLHO PACIPEICICHHBIX TPEOOBAHM BEPOATHOCTD
HEPA30PEHUs IPEJICTABIAETCS B CJIEIYIONIEH pocToit hopme:

1 0
=1 - — —
p(u) exp(—1254

) (10)

rae 6 = 3= —1>0.

st nasibHeHInux uceieI0BaHnit HaM IMOHaI00UTC ACUMIITOTUKA BEPOSTHOCTH HEPA3ZOPEHUS
[PU CTPEMJICHUN HAYaJbHOTO pPe3epBa K HYJI0. DTa aCUMIITOTHKA Oy/IeT HyKHA ITPU HCCJIEI0-
BaHUU OUTUMAJILHBIX CTPaTEruil U Jijid KOPPEKTHON II0OCTAHOBKU CUHIYJIIPHON KpaeBoi 3a1adm’
B IEJISIX OIPEJIe/IeHNsT BEPOATHOCTU HEPA30PEHUs IIPH JIIOOOM HavYaIbHOM PE3epBE U ee YUCJICH-
HOI'O pelIeHud.

Teopema 2. Bepoammocmv nepasoperus (u), ydosaemsopaowas (8), donycrkaem caedyrowee
ACUMNMOMUYECKOE NPEICMABAEHUE NPU MAADIT U:

o(u) ~ 3 Cuat, (11)

2de Cy -nexomopas xoncmanma, C = %C’O, a oaamn > 2

o (=) A )+ (- DC((n = D =T 4 (- Du— A+ )
" n(n —1)c ‘

Coornomernne (11) osnawaer, 9to Jjisi JIOOOTO « B HEKOTOPOH OKPECTHOCTH HYJIst
n
ko
p(u) = > Cru® = ofu").
k=0

HokazareabcTBo. /[y ncceioBanus acUMIITOTUKA OYIeM HCIIOJIB30BATh METOJ] aCUMITTOTHU-
Jeckoil kasuuaronaansayu (cM. [12| u murupyemyro tam sureparypy). st sToro npusemem
ypasuenue (9) k cucreme. O6o3HAUNM

y1 =9 (), y2 = up’ (u). (12)

Torma yo = uy;, Yy = Yo/, Yy = up (u) + ¢ (u) u ypasuenue (9) npeobpasyercs K cucTeme
BUJIA

y, =2
{ vo = —pplla— A+ D)+l — [ +2G + )5 + 2l
Sammuiem Terepb 3Ty CUCTEMY B BUJIE

y = (Ao/u® + Ar/u+ Ay)y, (13)

0 0 0 1 0 O
=) A= a ) 2=(d )

dy=—2%, dy=—2(a—A+2), dy=—2(1/2+ &), ds = — 2%, dy=—1/m.

2 P
B ypasuenun (13) nmpoussenem Teneph 3ameny nepemennoii: u = 1/7. Torga ypasuenne (13)

npeobpazyercs K BUJLY:

rie

y:—(A0+A1/T+A2/72)y. (14)

13anerim, uro B HysIe (TaK 7Ke KaK i Ha GECKOHEYHOCTH) yDABHEHHE HMEeT HPPEryIsSipHYIO 0COGEHHOCTH (CM.
HanpuMmep, [11])
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dcno, uro Teneps 3aj1atua CBOJUTCA K MCCJICIOBAHUIO ACUMIITOTUKHU PEIIEeHUs] JTAHHOW CUCTEMbI
npu 7 — oo. Jlamee npoussesem eme oy 3ameny: y = (E 4+ T/7)z, tne E - equnudHas
MaTpuiia, a Marpuity 7' BeibepeM Takum 0O6pa30M, ITOOLI OBLIO BBIITOJHEHO COOTHOIICHHE

, A 1
Y= —[Ag+ =+ 0(5)]z, (15)
T T
rjie fL = ( 8 32 ) , T.e. 9TOOBI MaTpuIla Ipu 1/7 craja Obl JUATOHAJIBHON, TAK YK€, KaK U

marpuna npu 70 ( maronasibHas Marpuna Ag B JaHHOM cilydae ocTaeTcs HemsMenHoit). ITocie
yKa3aHHOM 3aMeHbl ypaBHenue (14) mpuobperer BuI:

2 =(E+T/7) " NT/m® — (Ao + Ay /T + Ay /T3 (E 4+ T/7))2 (16)

Takum obpaszom, uz (16) u (15) nmeem

A 1
T/7* — (Ao + A/ + Ao /) (B + T/7) = ~(E+T/)lAo + — + O(5)].
[IpupaBruBast B nocse/HeM paBeHCTBe KO3 dumeHTs! mpu 1/7:
— AT +TAy = A, — A;, u oboznasus T = ( il 22 ) , mostygaumM, 4uto t; = 0,
3 U4

2 _
ty= - tg=—22 _ L ¢ — (. Taxum o6pa3oM, IIOJIyIaeM CHCTEMY

2¢c? c m’

(3 4) (8 8) o]

peleHne KOTOpPOil AaCHMITOTHYECKH, NPU T — 00, 9KBUBAIEHTHO DEIIEHHUIO CHCTEMBI
2 = —[Ao+A,/7)z (em. [11]). Pemenne moc/ie ineii CHCTEMBI, OEBUIHO, TIPEICTABIACTCS B BILIC:
21 = ¢1,22 = o7 2e~™7 e ¢1,cy - HEKOTOPBIE KOHCTAHTBI. [Iponssosis obpaTHble npeobpaszo-
da+1 -

BaHUSA [IEPEMEHHBIX, IMEEM ¥ = 1 +Coll %tz, Yy = coutze L +cyuts. Tak kax dy < 0, TO B
cuiy (12) 1 orpaHIYEHHOCTH BEPOATHOCTH Hepasopenus () nojaraeM ¢ = 0. Toraa mosydaem
CJIEJIYIONIEe aCUMIITOTHYECKOE IIPE/ICTAaBICHNE PEIICHI TP 6ECKOHEYHO MaJIOM HAYAJIbLHOM Ka-
murane: p(u) = Co+CrutChu’+o(u?), rae Cy = 2Cy B cuy (6), Cy = Cit3/2 = —Ci (%2 +5-).
Boitee Toro, psas (11) siBjiserca acHMITOTHYECKIM pelleHneM ypasHeHus (9), Tak KaK MOMKHO
HaiTH K03 DHUIMEHTHI 3TOro PsAa IPHU €ro IOJICTAHOBKE B ypaBHeHne. TeopeMa J0Ka3aHa.

5. ONTUMAJIbBHASI CTPATEIVS MHBECTHUILINN U BEPOATHOCTH HEPABOPEHUA

5.1. IIpoBepounasi Teopema. IIpexe dyem obpaTuThbcst K perieHuio ypaBHenus berivana
(3), cdopmynupyem ciieIyioniee yTBepKJIeHne OTHOCUTEIbHO (DyHKIUY O(1), ABJISTOMEcs st
JIFO0OTO U PerlieHneM ONITUMU3AINOHHON 3a1a9n (2).

Jlemma 1. ITycmov das kaowcdoeo u > 0 cywecmeyem 0(u) - pewenue onmumudayuontot
sadavu (2). Toeda §(u) asasemes neybusarowel Gynrkyuetd Ha%aibH020 Pe3ePea .

HokazarenbcTBo. JleiicrBurensHo, mycts & < y, A* - ontumasnbhas crparernst u {q; } - onTn-
MaJIbHOE YIIpaBJIEHUE, COOTBETCTBYIOIIEE HAYAJIbHOMY pe3epBy x. COOTBETCTBYIONINI MIPOIECC
Buya (1) npuay = o, u = x obozradnm X *. PaccMoTpuM Terneph mporece B

dY; = a;Yipdt + o) Yiodw, + (1 — of )Yyrdt + dR(t), Yo =1y. (17)
Bamermm, uto Y; — X; = (y — @) exp(H"), tne HY = [i[ai(p — 1) +r — (af)20?/2]dr +
+ fg afodw,. CrenoBaresbHO, B CUIy HepaBeHCTBa r < y uMeeM Y; > X/ mH. B 10 ke Bpe-

Ml yrpasieHue {a; } gBJIsgercs JOIMyCTUMBIM 1 JIJIsi COOTBETCTBYIONIE crparerun A mosydaem
5(y) > ot y) > o (z) = d(x), u remma ToKazaHa.

Creyroriee yTBep:KIeHAEe KacaeTcs perieHnsi ypapHenusi besimvana (3).



172

Teopema 3. [lycmsv cyuwecmeyem neybvisarowan 06axcovl Henpepwviero duddepenyupyeman Ha
mroocecmee {u > 0} pynryua 6(u), ydosaemsoparowan ypasnenuro Bearmana (3) u ycaosuam
3(0) >0, 0(u) =0 npuu < 0. Tozda

1) §(u) - empozo sozpacmarowan GyrryUA,;

2) cynpemym 6 (3) docmuzaemes npu

a = B(u, (6 (u)/5" (u)), (18)
2de

B(u,z) = _(Zz;ur)% ecau 0 < _(ZZ;UT)Z <1
1 6 NPoOMmMu6HOM CAYHaAE

3) §(u) asasemesa pewenuem urnmezpoduddepenyuanvnozo YpasHeHus

—Ao(u) + A / O(u—z)dF(x) + 5/(u) [B(u, [5/ (u)/én (w)])up + (1 — B(u, [5/ (u)/én (w)]))ur + ]+

1 ! 1! 1’
+§BQ(U, [0 (u)/0 (w)))u?a?s (u) = 0. (19)
HokazarenbcrBo. O6osnaunm By(u, z) = —%z. [Ipeamonoxum, s HeKoToporo u > 0

BLITIOTHEHO HepasencTso § (u) > 0. Torja B CHTy HEMPEPHIBHOCTH & TIOC/TE/IHee BEPHO B HEKO-
Topoit okpecrroctn u. Crenoaresbno, § (1) > 0, TaK KaK B IPOTHBHOM C/Iydae, T.e. €CJIH Obl
651710 BomosHeHo § (1) = 0, 10 §(u) y6BIBAIO GbI B HEKOTOPOii OKPECTHOCTH JICBEE U, a IO HPe/I-
nosiozkennio o(u) sBisercs HeybbiBatomeil. B stom ciydae cynpemym B (3) gocruraercs npu
a = 1, cie1oBaTeIbHO, B HEKOTOPOIT OKPeCTHOCTH U (DYHKIHSI § yJIOBIETBOPsieT ypaBHEHHUTO (8)
npu a = p1, b = o (B paccmarpupaemom cirydae Bo(u, [0 (v)/d (v)]) < 0).

Iycrs Teneps 6 (u) = 0 aas mekoroporo u > 0. Torma BHOBB § (1) He MOXKeT GBHITH paB-
HO HYJ/IIO, TAK KakK IOJy4YUM HpoTuBopeure B ypasHeHun (3). JleificrBuresibHO, 1ycTh g -
HamMenbIee cpegu u > 0 ¢ yKasaHHBIME cBofictBamu, T.e. 8 (ug) = 0 m 0 (up) = 0. Ho
TOrJa JleBasg 4YacTh B ypaBHeHMH (3) orpuiarenbHa npu u = ug. ClieJloBaTEIbHO, CylIpe-
MyM B (3) jgocruraercst B €MHHIE U JIJI BEPOATHOCTH HEPA3OPEHMsI MOJIydaeM ypPaBHEHUe
§(u)(up + ¢) = —AE(0(u — Z) — 6(u)) (B arom ciyuae By(u, [§ (1)/6 (u)]) obpamaercs B
GECKOHEUHOCTD ).

Ecoiu e, naxone, § (1) < 0, To § (1) TakzKe He MOKET GBITH PABHO HYJIIO IO COOOPAZKEHISM,
AHAJIOrMYHBIM TIPUBEICHHBIM BBIIIE, ClIeJoBaTeIbH0, 0 (u) > 0 n cympemyM B (3) gocTuraercs
6o ipu o = By(u, [6 (u) /8" (u)]), mubo mpu @ = 1, ectu By(u, [6 (u) /5" (u)]) > 1.

Bo Bcex BO3MOXKHBIX CJIydasiX, TAKUM 00pa30M, MPomu3BoHAs (DYHKIUH 0 CTPOrO MOJIOKNI-
TenbHa n cynpemym B (3) mocruraerca npu o = B(u, [0 (u)/6" (u)]) (TeM cambiM joKazambI
yrBepxaeHns 1) u 2) reopembl). CiieoBaTesIbHO, OJCTABIsSS Oy YeHHOE BbIPaXKeHHe JJist (¢
B ypasHerue (3), mojyunm yrBepKenue 3). Teopema jokazana.

BaMeTHM, UTO JIA TeX u, i KoTopbix dbyukiuus B(u, [§ (u)/6" (v)]) npunnmaer 3uadenme
eIMHNUIIA, IPUXOJUM K ypaBHeHHIO Buia (8), riae a u b onpenensiorcs u3 (7) mpu o = 1 (Te.
a=pub=o0). BuporusaoMm ciaydae Jijisi COOTBETCTBYIOMINX U UMEEM

A /(5(u — ) — 8(u))dF (z) + 6 (u)(c+ ur) = %(M _0225"(((;§U)) ‘

0

[e.9]

(20)

N nakownerr, cchbopMyIupyem u J0KazKeM IIPOBEPOUHYIO TEOPEMY, YCTAHABINBAIOILYIO CBI3b MEXK-
Y Y
Iy pellieHneM ypaBHeHHs BeuiMaHa U pereHreM OnTuMI3aInOHHON 3a1a4u (2) J71st CTydast Tak

Ha3bIBAeMbIX ""HaJIesKHBIX aKIuil", T.e. yJIOBIETBOPAIONIUX YCJIOBUIO 1 > 02 /2.
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Teopema 4. [Tycmov p > 0%/2 u cywecmeyem dynkyua 6(u), Yyoo6ACMEOPAIOULAA YCAOBUAM
meopemolL 3, a4 MaKAHCe YCAOSUIO
lim §(u) = 1. (21)

uU—00
Tozda §(u) asasemes pewernuem onmumudayuonrol 3adavu (2). Hpu omom o*(t) = A*(X; ),

2de A*(u) = Bl(u, (6 (u)/8" (u)).

t t
HokazarenbcrBo. Ob6osnauum HY = [, (u—1)+r—(a;)?0?/2dr + [ arodw,. Tokaxem
CHaJaJIa, 9To0 B ciIydae "Haie’KHbIX akiuii" /171s1 JIF000T0 JIOTYCTUMOTO YIIPABJIeHNs (v P T — 00

H — oo mn.m. (22)

IeiicTBuresibHo, BhiGepeM HekoTopoe € > 0, Takoe uto y > o2(1 + €)/2. Torga
HY > cit + My + co( M)y, (23)
rjge ¢, Cp - MOJOXKUTEIbHbIE KOHCTaHThl, ¢; = min{r,u — o*(1 + ¢)/2}, @ = ¢/2,
M, = fot arodw,, t > 0, u (M), = fot a?o?dr, t > 0, - JIOKAJIbHO KBaJAPATUYHO WHTE-

IrpUpyeMbIii MapTHHIAI U €ro KBaJpaTudecKasd XapaKTEPUCTUKA COOTBETCTBEHHO. II0JI0xKHMM
(M) oo = limy_,oo (M), m iycrb { M —} - MHO)KECTBO, T71€ limy_, o, M; CyIIecTByeT U SBJISETCS KO-
HeYHOIT ctydaiinoit Besraunoii. ssectno (cm., mampumep, [13]), aro {(M)s < oo} € {M —},

a Ha MHOXKecTBe {(M)o = oo} limy . % = 0 mis ymoboit koncrautsl a > 0. Orcroga
JIErKO BHIETD, 910 M; + co(M), — oo mu. ma {(M), = oo}, a ma {{M)s < o0} cymma

M, + 02<M )t CXOJIMTCSI TIOYTH HaBepHOE K KOHEYHOM ciydaiinoil Besmaune. CiieoBaTesbHO, €
ydaerom (23) coornomienne (22) poka3ano.

[Iycts Temeph A - NPOM3BOJILHAS JIONYCTUMAas CTPATErdss U (v - COOTBETCTBYIOINEE JIOILY-
crumoe yrpasienune. O6oznaunm X (u, v, t) mporiece, ABIAIONIMNACS pernernneM ypasHenus (1)
[pU yIpaBJCHUM (@ ¥ HAYAJILHOM COCTOSHME u. 3adurcupyem Hekoropoe € > 0. Ilycrs 77
u 7T - MoMeHTHI pasopenus mist X (u + €,a2,t) n X(u,a,t) coorBercrBenno, ryue of(t) =
A" (X (u+ e, aZ,t_)). Bamern™, uro Tak Kak X (u + ¢, a,t) — X(u,a,t) = eexp HY, To B cuy
(22) X(u + €,a,t) — oo Ha MHOKecTBe {7 = 00}. MOXKHO 1OKa3aTh, UCIIOJIB3Ysl yPABHEHHE
Bemnmvana (3), yTBepaKieHue reopeMbl 3 u ycjaosue (21), aro

(X (u+e,al, t NT])) (24)
SBJISIETCS MAPTUHTAJIOM, U JJId Beex ¢ > 0
du+e)=ES(X(u+e,al, t NTI)), (25)

B TO BpeMd Kak d(u + €) > Ed(X (u+¢,a,t A T)).
B cuy yenosus (21) umeem

du+¢e) > 1tlim E0(X(u+¢e,a,t A7) roay = P(T = 00) = p(u).

Yerpemiisist Tenepb € K HyJIt0, moayduM, 9to 0(u) > ¢(u). Iocentnee HepaBeHCTBO BEPHO B
TOM umcye u s ©*(u) - BeposTHOCTH HepasopeHwus it mporecca X (u,a* 1), rme a*(t) =
A* (X (u,a*,t_)). B To ke Bpems, ycrpemuisa t B (25) Kk 6eckonednoctn, moayanM d(u + &) <
P(7 = 00), a caemoBarensho, u 0(u) < ¢*(u). Teopema gokazana.

5.2. Pe3ysbTaTbl 4MCJEHHBIX PAaCYeTOB M ACUMITOTHYECKHE IIPEJICTABJIEHUSI BEepO-
SITHOCTA HEPA30pEeHUs JJis CJIydasl SKCIOHEHIMAJbHOIO paclpe/ie/ieHusl pa3mepa
TpeboBanmii. Borpoc o cymiecrBoBanun perennst ypaHenust (19) moka Hamu He M3ydasics,
OH sIBJISIETCSI TIPEJMETOM JlajbHeiinmx uccieaoBannii. OHAKO i CIydas SKCIOHEHIINAIbLHO
pacipe/ie/IeHHbIX TpeboBaHuii ObLI peajrn30BaH ajrOPUTM YUCJIEHHOTO PENIeHUs CUHTYJISTPHOM
KpaeBoii 3aaan - ypasraernus (19) ¢ kpaesbimu yeiaosusivu (4) u (21). /st KOppeKTHOM mocTa-
HOBKH 9TOil 33/1a91 UCIOJIb30BAIOCh mpejcrasienue (11) ayst orxoa o 0coboil TOYKN B HYyJIE.
O6ocHOBaHUE UCIIOIB30BAHKS ITOrO TIPEJICTABIEHUS B OKPECTHOCTH HYJIl CBA3AHO C aHAJIN30M
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ACUMIITOTUKY perenns ypasaerus (20) mpu Masbx 4. B caydae 9KCHOHEHIMAIBHOTO pacipe-
JesieHns TpeboBanuii 6bLIO OKA3aHO, YTO Jiist pernenns ypasuenus (20) ¢ yeaosusivu 6(0) > 0

u (4) umeer mecto coornomenue 8 (u) = —%(1 +0(1)) mpu u — 0, Dy > 0, cireoBaTe/ILHO, B

HEKOTOPOI OKpecTHOCTH HyJist A* = 1, ¥ MBI JIOJI2KHBI UMETh J1eJ10 ¢ ypaBaerueM (9), riae a =
u b = 0. PacdeTnl ObLIN IPOBEJICHBI, B YACTHOCTH, JIJIA CJISIYIONIUX TTapaMeTPOB MOJIEN: ¢ = 2,
A=1,m=1 pu=04, 0 =05 r=0,2. [Ipu manabix napamMeTpax f(t ¥ ¢ aKIUH OTHOCATCS
K gncay "Hagmexubix". B pesyabrare ObLT MOyYeH CJIeAyIOMnii BII ONTUMAILHON cTpaTernu:
[IPU 3HAYEHUAX Pe3ePBa, MEHBIINX HEKOTOPO BEJIUUIUHBI So &~ 1.15 pe3epB JI0I2KeH OJTHOCTHIO
BKJIA/IBIBATHCS B aKIIUU, a HAYMHAS C BEJIMYUHDBI Sg, ONTUMAJIbLHALA JI0JIsI UHBECTHUIUI pe3epBa
B KN ACUMIITOTUIECKN yObIBAET 70 HYyJ/Is. XapaKTep 9TOr0 YObIBAHUS CJIEIYET U3 PE3Y/IbTa-

ToB |9], rae ObLTO MOKa3aHO, UTO JA pernennst 0(u) ypasuenns (20) dyuxmus f(u) = (;5,’/((1;)))2

VIAOBJIETBOPSET YPaBHEHUIO
f'(u) = W(C +ur)(1 =y (w)v/ f(u) (1 = y2(u)v/ fw), (26)

rie v (u) — 1, y2(u) — 0 npu u — oo; ciemoaresbro, f(u) — 1. [Tostomy, Tak kaxk A*(u) =
e
K KOHCTaHTe ‘", mpumepno pasmoii 0.8 1 jgamHbBIX mapaMeTpos. IIpm sTom acmmmToTHKA
BEPOSITHOCTH HEPA30PEHHsi, COOTBETCTBYIONIEH ONTUMAJIBHON CTpaTeruu, Ipu U — 00 UMEET
Bux 0(u) = 1 — Dyexp(—u)(1 + o(1)) tae Dy > 0. g cpaBHEHHsI OCTATIOCH 3aMETUTH, YTO
eciu v = 0, To B ypaBHeHun (26) xo3bMUIUEHTB 71, Yo SIBISMIOTCH KOHCTAHTAMMU, IIPUYUEM
L—=Xe<m <1lu f(u) — 1/ npu u — oo, crenosarensuo, uA*(u) — L. Tlpu srom
d(u) =1 — Dyexp(—y1u)(1 + o(1)), u — oo, re Dy > 0 (cp. ¢ (10), noapobuee cm. 9], [10]).

Pabora noepxkana rpantom PODU Ne 03-01-00479 u rpantom Ponjia cojielicTBudA oTede-
CTBEHHOII HayKe.

2

f(u), onTEMaIbHOE KOJIMYECTBO CPEJICTB, BKJIAQJBIBAEMBIX B akiud, uA*(u) crpemurcs
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BECKOAJIMIIMOHHAS UT'PA C TEKYIIUM U3SMEHEHNEM
"CUMITATUIM” OJHOI'O U3 MT'POKOB. '

M.N. Beicokoc, FO.H. ZKUTEHEBA
Poc3UTJIII
MoCKBA, Poccud

Paccmampusaemces duddeperyuarvras SuHetino—K8adpamuHas 6eCKoaAUUUOHHAL Ue-
pa 08y Auy, ¢ uameneruem cumnamut’” 00nozo u3 ueporos. Popmasu3o6ano pewerue
amot uzpot.

A differential linear—quadratic dynamical problem with alternate aim is considered.

A solution is formalized.

1. ITOCTAHOBKA 3AJIAYU

PaCCMOTpI/IM ,ILI/I(b(bepeHHI/IaJIbHYIO IO3UITMOHHY IO 6eCKOaJH/IHI/IOHHy10 JIMHEITHO-
KBaJIpaTU4IHYIO UT'DY ABYX JIAIL
<{1,2},2,U1,U2,{Ji(U,t*,x*)}i:1’2>. (11)

3/1ech TUHAMUKA YIIPABJISAEMOIl CHCTEMBI Y. OIUCHIBACTCA OOBIKHOBEHHBIM JIMHEHHBIM BEKTOD-
HbIM Jud depeHnnaabHbIM yPaBHEHIEM

&= A(t)r + u + ug, x(ts) = s, (1.2)
rje t — Texyiiee BpeMst; © = (x1,...,x,) € R" — da30Bblil BeKTOp, yIIpaBIIsiioniee BO3eiicTBre
i-ro urpoka u; € R" (i = 1,2); a;meMenTsI 1 X n-mMarputibl A(t) mpeamosararorces: HepepbIBHBIME
Ha [0, J] (obosraunm s1oT hakt A(-) € C)xy[0,V]); MOMeHT OKOHYaHMS Urpbl ¥ > () 1 HaYaIbHAL
nosuru (t., x,) € [0,9] x R" dbukcuposainsl.

Mmuoxkectso crpareruii U; y i-ro urpoka

¢(+) € C,[0,9] 3a nckirouernem 6bITH MOXKeT TOUKM ¢ = {1 }(i = 1,2). (1.3)

[TapTust urpsl paspepThiBaeTCs cjeayommM obpa3oMm. Mrpokn He3aBUCHMO JPYT OT Jpyra
BBIOMpAIOT U UCHOJIB3YIOT ¢Bou cTparerun nepsbiit — U; € Uy u Bropoit — Uy € U,y. B pesyinb-
tare ckiagbBaercsa curyarus U = (Up, Uy) € Uy x Uy = U. Tlocse aroro passutue urpbi Bo
BPEMEHHU IIPOUCXOIUT B COOTBETCTBUU C BEKTOPHBIM JIMHEHHBIM HEOJTHOPOIHBIM I depeHIm-
AJTLHBIM YPABHEHUEM C HellpephIBHbIMHU (110 t) Koy durmenramu

T =[A(t) + Q1(t) + Q2(t) ]z + 1 (t) + ¢2(t), x(ts) = ..
Perterne sroro ypasaenus z(t) cymecTByeT, eJMHCTBEHHO, HEIIPEPBIBHO UMD MOEPEHITNPYEMO
U [IPOJIOJIZKIMO Ha HHTEPBAII [t,, ¥]. Ono "mopox taer" peasnsaiim BHIOPAHHBIX UTPOKAMHE CTPa~
reruit u;[t] = u;(t, x(t)) (i = 1,2). Ha moyuenusix B utore Habopax {(z(t), u1[t], us[t])] t« <t <
U} ompejesiena GbyHKIMS BBIUTPBIIIA $-T0 UTPOKA, 3aaHHAsT KBaJIPATHIHBIM (DYHKIHOHAIOM
0
Ji(Uts, 2s) = 2'(0)Cix(9) + /(u'1 [t] Dirua [t] + uy[t] Diguslt])dt, (1.4)
t*
rae n X n-marpuis C;, Dy (4, j = 1,2) HOCTOSHHBI U CUMMETPUYHBI, IITPUX CBEPXY O3HAYAET
OTIEPAITNIO TPAHCIIOHUPOBAHMS.
Ha "comep:xkarenbnom yposHe", oba HWrpoka CTpeMsTCA BbIOpaTh W HUCIOJIB30BaTh CBOU
crparerun U; € U;, gocrtapisolime UM HauOOJIBbININE BO3MOXKHbIE COOCTBEHHBIE BBIUTPHIIIN

Ji(U,ts,z,) (i = 1,2) B caoxusmeiica curyarmn U. Ilpu 510M 1-BIif UTPOK Kes1aeT BIIUITH
Ha BBIUTPBINT 2-T0 UIPOKA: 3 MEPHOJ] BDEMEHN [t,, 1) €ro yBeJnunTh, a 3a IPOMEKYTOK [t1, V]

IPaGora nopuepxana rpanrom POOI(02-01-00612)
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YMEHBIIUTE (HACKOJIBKO 9TO BO3MOXKHO). Moment Bpemenu t; € (t,,9) Oynem canrarh Gukcn-
POBAaHHBIM U 3aJ@HHBIM JI0 Hadaja urpbl. OTMETHM, YTO UTPOKHM HE 3HAIOT O MPEC/Ie/yeMbIX

APYT IPYTOM IIEJIAX.
2. OOPMAJIN3ALMS] PEHIEHUS

®opmasuzyem perenne urpbt (1.1).

Onpepenenne 2.1.Cumyayuro U* € U nazosem t-pasnosecnoti das uepovs (1.1), ecauw dan
6eAKol Ha%aavHot noduyuy (ty, x.) € [0,t1) X R™ 6ydym svinosnsmocsa caedyrowgue yeao6us:

10) npu t € [t*,tl) oas kaotcdozo Uy € Uy mecosmecmmua cucmema HEPaseHcme

Ji(Ur, Us e, i) > JL(U* b, ),

JQ(Ul,U%,t*,I*) > JQ(U*7t*7x*)7 <21)
20) npu t € [t1,9] daa wmobwx Uy € Uy cucmema nepasencme
Ji(Ur, U3, b1, 2(t1, Ur, U3)) > Ji(U™ b, 26, UY)), (2.2)
Jo(Ur, U, b1, 2 (t1, Ur, U3)) < Jo(U* t, 2(t, UY)) '
HECOBMECTVHA;
3%) dna ecex Uy € U,
JQ(Ul*,UQ,t*,ZU*) S JQ(U*,t*,I*). (23)

3ameuanwue 2.1. Crparerus 1-ro urpoka u3 ti-paBHoBecHOi# cutyarun U* umeer BuI

U = U, uput € [t t1),
! Uf, uput € [t;,].

rine U, yuosnersopsier yeiosuio 19 a Uf, — yenosuto 2° onpenenenus 2.1. TTostomy 6yiem
HCKAaTh t1- paBHoBecHyio curyanuio U* = (U}, U;) B Buge

x _ (U1, U3) mput € [ty t1), (2.4)
( 1*27 U2*2) npn le [tlu 19)7
npuuem U, ynosiersopsger yciosuio 3° onpesesenust npu ¢ € [t,, 1), a Uj, OTBeIaeT 3ToMy Ke
yeqoBuio nipu t € [t1,10]. @akrudeckn Uy saisierca cyxenuem U uHa [t,, 1)) Tak x)e kak u U
— cyxenue Ha [t1,9] (i = 1,2).
Sameuanue 2.2. QyHKIMN BHIMIPHINTa UTPOKOB u3 (1.4) mpejcTaBuM B BHE

t1 )
J,-(U,t*,a:*):/fi(tu,:v)dt—i-/fi(t,u,x)dt
te t1

rae
filt,u, x) = ' Q) (A'Cy + CiA)x(t) + 2uy [t Ci(t) + 2up [t Cia(t) +
) [t] Diyun [t] 4 b [t] Digualt] + ””ff* (i=1,2).

~.

3. JIOCTATOYHBIE YCJIOBUS

[IpuBesieM JocTaTOYHbIE YCJIOBUS CYIIECTBOBaHMs t1-paBHOBecHO curyarnuu U* B urpe (1.1).
JL71s1 3TOTO PACCMOTPHUM BCIIOMOTaTe/IbHYIO U PEepEHITHATBHYIO UTPY

({1,2}, 5,0, Uy {J(U, 1y, 2.) iz 2)- (3.1)
Dta urpa ommvaercsa or (1.1) aumb GyHKIUSAMEI BHIUTPHIIIA HTPOKOB
JO(U,t,,1,) = j;t: lafi(t,u,x) + (1 — ) fot,u, x)]dt+

+ Bt u,x) — (1= B) falt,u,x)]dt, (3.2)
Tt 2,) = [ folt,u,2)dt + [ fo(t,u,x)dt,
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rae nocrosmuste o € [0,1], 5 € [0,1].
Beenem obosnagenusa
Di(a) = aDq; + (1 — ) Dy,
01(04) = aC’l + (1 — Oé)OQ,
Co(B) = BCy — (1 = B)C.

C yuerom oboznadenwii (3.3) dyHKIMs BBIUTPHITIA J () nepsoro urpoka n3 (3.2) npumer Buj

(3.3)

t1

J(l)(U,t*,x*):/f(l)(t,u,:c)dt—i—/f(z)(t,u,x)dt, (3.4)
rje
W(t,u,x) = 2/ (t)[A'Cla) + Cla) Alx(t) + 2u)[t]
+2u2[t]C(a)m t) + [] L) [t] + ub[t] Da(a)us[t] + ﬁ<a>f’f*,
@t u,2) = 2" (O)[A'C(B) + C(B)AJx(t) + 2u[t]C(B)x(t)+
+2u2[t] (B)x(t) + u [t} D1 (B)ur[t] + uh[t] Do( B)us[t] + L2

—ty

B kauectse perienusi urper (3.1) GyjeM ucrnosp30BaTh paBHOBecHY0 mo Harry curyarmro.
Hamomunm, aro curyanus U¢ = (U, Us) € Uy x Ug HaseiBaeTcs paBHoBecHoit o Hamty B urpe
(3.1), ecin ipm J1060O# HauabHOI To3UIMN (4, T,) € [0,11) X R™ Gymer

JO(U,US Ly, 2,) < JVD(US L., 2,) VU, € Uy,

TO(UE, Uy, ty, ) < JO(U®, ., 2.) VU, € U, (3.6)

VYrBepxkaeuune 3.1. Pasnosecnas no Howy cumyauyus UC uepw (3.1) asasemca t-
pasnosecoti 6 uepe (1.1), m.e. U* = U°.

HoxkazareabcTBo. CorytacHo 3ameuannio 2.1, t; paBHOBecHas curyarus U* MoxkeT OBITH
npejicrapyiera B Buje (2.4). Anasornasao

e — Us uput € [t t1),
Ulef opu le [tlvﬁ]a

rne Us = (U, US), Us, = (Ufy, US,). Veranosum cravana, aro (Ufy, Us)) = (U, US,) npu
t € [ty,t1).

Homycrum nporusuoe: Uf, # Uf, u(uwm) Uy, # US upu t € [t t;). D10 03HAUAET, UTO
HallIyTes Takue Havaibuag nosuiud (., z.) € [0,t1) xR" ([0,¢;) C [0,9)) u ecrparerun U; € U,
u(umn) Uy € Uy, 9T0 BHIIOIHEHO MO KpaiiHeil Mepe OjIHO U3 yC/IoBmit
a) (mapymeno tpebosanue 1° uz onpeesenus 2.1)

Ji(U, Ugy ty, ) > J1(Uf, ts, 1),

3.7
JZ(UllaU2617t*7I*) > JQ(U[evt*ax*); ( )

b) (mapymeno tpebosanue 3° uz onpesesenus 2.1)
JQ(Ulel, Ugl, Ty, JZ*) > JQ(U;, [ {L‘*), t e [t*, tl).

[Tockonbky U® — pasHOBecHast o Harmy curyanus urpsr (3.1), HepaBeHCTBO b) mpoTHBOpednT
BTOpOMY HepaBeHCTBY u3 (3.6) tpu t € [ty t1). [losromy Uj, = US, (upu t € [t t1)).

[TokazkeM Tereph, 9To 1 Tpebosamnue 19 n3 onpenenenns 2.1 BermosHeno. [ 9Toro yMHOMKIM
1-oe HepasencTBo U3 (3.7) Ha mpoU3BOJIBbHYIO MocTostHHYIO v € [0, 1], a 2-0e HEpaBEHCTBO ITOM
cucreMbl — Ha 1 — o n cioxkum. [loxydanm

CYJ1<UH, U;l,t*,x*) —+ (1 — Oé)JQ(Ull, Uzel,t*, SL’*) >
> a1 (Us ty, z) + (1 — ) Jo(U§, ty, x4).
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C yuerom (3.2) u (3.3), moc/e/iHee HEPABEHCTBO IPUMET BHUJL
JO(U, U, e, 2,) > JO(UE L, 2,),

YTO MPOTUBOPEYUT paBHOBecHocTu 1o Hamry curyaruum U°.

Caenosarensho, Uy, = Uf,. Buaunr (U, Usy) = Us upu t € [t,, t).

Anasormano MOXKHO T0Ka3aTh, uro (U, Us,) = U, mpu t € [ty, 7).

Takum obpaszom, curyanus U€ yaoBiaeTBopsieT BceM TpebOBaHUAM ornpejiesienns 2.1. SuaanT,
U¢ apnsiercs t-paBHOBecHoOit curyanueit B urpe (1.1).

3ameuanme 3.1. YTBep:KiaeHue 3.1 ¢BOAUT 3ajiady HaXOXKJEHUs t1-paBHOBECHON CUTyaIlun
urpel (1.1) K HAXOXKIEHUIO CUTYAIIME paBHOBecHs 1o Harmy B jmHeiliHO-KBagpaTuaHoi nudde-
pennuasbaoit urpe (3.1).

Jl1st mocTpoeHust TaKO# CUTyaIlnyu BOCIIOIB3YEMCsl TTO/IXOSIIIINM BaPUAHTOM METOJIA JIMHAMU-
qeckoro nporpamuposanus u3 [1,2]. C 97oit nesbio BBegeM yHKINHI

(1) (1)
Wtz u, V) = 2 [8;';5 V'[Az + w1 + us) + FO(t,u, 2),
(2) ov @

W1(2) (t’ Z, u’ Vl(g)) :(i)a‘f/?lt +(¢ 3193 ]/[A:L‘ +ur + UQ] + f(z) (tv u, :E), (3'8>
Wi (w0, Vi) = T + [Z) (A + w + wal + folt,u, ) (i = 1,2)

1 0003HAYUM

(3.9)

V o (‘/1(1)7 ‘/2(1)) npn t e [t*7t1)7
- (2) 1,(2)
(Vi V™) mpu t € [ty, 9.

YrBepxkaeune 3.2. [fycmov cywecmeyrom dynryuu u;i(t,z, V), onpedeaenmvie npu t €
0,t1], Pyrryuu un(t, z, V), onpedesernnme npu t € [t1,9] (i = 1,2), u nenpepvisno dugpgepen-
YUPYEMBLE CRANAPHDLE PYHKUUL Vi(j)(t,x) (1,7 = 1,2) maxue, wmo

1) npu ecex x € R

VW, 2) =0, VO (ty,2) = VP (1, 2) (i = 1,2); (3.10)
2) das scex t € [t,0], v € R" u \/;(2) eER(i=1,2)
max W1(2) (t, z,uy, usn(t, z, V), Vl(z)) =
= Wll(Z)(t, 2, ua(t, 2, V), usa(t, 2, V), Vi),

3.11
rnu%XWQ(Q)(taxau12(t7x7V)7u2>‘/2(2)> = ( )
= W2(2)(ta x, ul?(t7 x, V)a U22<t, x, V)a ‘/2(2))7
ona mobwz t € [0,t1),r € R" u V;(l) eR(i=1,2);
H}Ja;X Wl(l) (t7 x, Uy, u21(ta x, V)7 ‘/1(1)) =
= fl)(ta:f7u11(t7xvV)a“Zl(taxaV)la ‘/1(1))7 (312>
I%&XWZ( )(t,x,un(t,x,V),uQ,VQ( )) =
= W2(1)(t7 €, u11<t7 x, V); U/21(t7 x, V)7 ‘/é(l)>7
3) Ona mobvix v € R™ u t € [ty, V]
W (t, @, un(t, 2, V(E, 2)), uss(t, 2, V(L 2), VP (t,2) = 0 (i = 1,2); (3.13)
ons 6cex v € R" ut €[0,t)
WO, @, w2, V(L 2)), us (t 2, V(L 2), VO (6 2) =0 (i = 1,2); (3.14)

4) wij(t,z,V(t,x)) = u;‘j(t,x), U + u}‘j(t,x), Uj €U, (1,7 =1,2).



179

Tozda cumyayus

g = JWURLUs) = (un(t,2),up (@) nput € [t ),
(Uik2> UQ*Z) - (UT2<t7 QT), u22<t7 $>) npu te [tla 19]
aeasemca ty-pasnosecnoti 6 uepe (1.1) npu mobux nauarvrve no3uyuar (t, x.) € [0,t1) x R".

HokazarenscrBo. Ilycts (t,,z,) € [0,t1) X R" — npousBosibHast HadaabHast mosurms. [lo-
crpoum z*(t) — permenne nuddepennuaabaoro ypasenus (1.2) npu

Uy = Ufl(t,$> At € [t*7t1)>
uiy(t,x) st € [ty 9,

us (t,z) st € [ty ty),
(t,x) namst € [ty,0].

Tactee u*[t] = (uf[t], u3le]) = (u3(t,2° (), w3(t, 2° (1))
[Mokazxem, aro U* = (UT, Us)+(ui(t, z), us(t, x)) asasercs paraoBecHoii no Hamry curyanueit
urpsl (3.1). JJokasaresbecTBO pa3obbeM Ha JBa STala.
1 sran. 13 (3.14) crenyer

O—Lﬁml 2 (), ur[t], ViV (& 2 (1)) dt
——fﬂﬁf—ﬁ+fv wlt], 2 (t))dt
<m*m» me+f#>,wm*®W:
_v1 V(ty, % (1)) +fj1 V(t,ur[t], o (8))dt — VIV (b, ),

Tak Kak B cuiy (3.10)

ViV (b, 25 (1) = VP (t, 2% (1))

Orcrona
VI (t,,2) = VP (2% (t)) + / FO (¢ ur[t], 2™ (1))dt. (3.15)
U3 (3.13) mmeem
o-ﬁ ? >mwv% “(t)dt =
— [ ) ﬁ+ff ](Dﬁ—

= V2,2 () — vf2 (ty, z*(t1)) + ft (¢, ur[t], x*(t))dt =
— [ 1Ot ), @ UW—W%m (1)),

HOCKOJIBKY ‘/1(2)(19,m*(19)) = 0 (coruacno (3.10)).
CirenoBare/ibHO,

VP (1, 2% (1)) = / FO, w[t], x*(t))dt.

[Mogcrassist V1(2) (t1,2*(t1)) u3 mocsennero pasencTsa B (3.15), ¢ yaerom (3.4), mosyamm
‘/’2(1) (t*,x*) — J(2)(U*7 t*,l'*)

2 stan. [Iycrs crparerus Uy BeiOpaHa mpon3BOJIbHO, a (1) — pemienue ypasaerus (1.2) mpu
Uy +u(t, ), Uy +ub(t,x). Jamee uy[t] = uy (¢, 2(t)), ui[t] = ui(t, x(t)). C yaerom (3.11), (3.14)
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u (3.10) (mpu ¢ = 1) umeem

0> [ WiVt (), wit], uslt], V; wm»w
—ﬁﬂm@ﬂw+fv mu@ma»
= VY (t, 2(tr)) + [ O th,[Lu> m<mwo=

= VO (tr. (1) + J* SOt i) wl], 2(0)dt — VO (b, .).

Orcrona
VIVt 2) > VO, 2(t)) + / FO w[t], wilt], = (t))dt. (3.17)

s (3.11), (3.13) u (3.10) (mpm i = 1) nmosyanm

0> [T W&t w(tyult], wylt], Vi (1, (1)) dt =
= ;fMdH—f FO ul[] 5[t 2(2))dt =
:mexw» m(m (t1) +ﬁf@thkad» =
= [ Ot wlt], uplt], () dt — Vi (ty, 2(11)).

CremoBaTesibHO,
Vi (ty, 2 /f<2 (t, uy [t], ub[t], (t))dt.

C ydeToM 1OC/IE€/IHEIO HEPABEHCTBA 1 (3.4), HepaseHcTso (3.17) nmpumer Buj
Vv (t,,2,) > JOU, U t).
Orciona, ncnosb3ys (3.16), moryanm
JOWU tux,) > JO(U, Us Ly, x,).

Beibupas nponsBosibHO cTparernto U, npm dukcmpoBanHoil crpaternn 1-ro urpoka Uj +
ui(t, ), AHAJIOTHYIHO TIOJIY UM

JOW t, 3.) > JO(UF, Uy, b, 3.).

Buaunt, (B cuiy (3.6)) curyarma U* = (Uf,U;) aBasercsa pasroBecHoit no Hsmry B urpe
(3.1). Torna U* (cormacuo yrBepKieHuio 3.1) sBiserca t1-paBHOBecHOIT curyarmeii urpbt (1.1).

Sameuanue 3.2. Yreepxk/eHue 3.2 MO3BOJIAET BbUIEJUTD CJIEAYIONME TAIbI TOCTPOSHU
t1-paBHOBecHOI curyaiuu auddepennuanbuoit urpst (1.1):

1) u3 (3.11) u (3.12) maittu u;(t,z,V) (4,5 = 1,2);

2) noxcrasiists 51u QyHKIWMA B paBeHcTBa (3.13) 1 (3.14) cOOTBETCTBEHHO, MOJIyYaeM CHCTE-
MBI YPABHEHUI C YACTHBIMU MOU3BOJIHBIMU (OTHOCUTEIHLHO V;(] ) (1,7 = 1,2)) ¢ rpaHUYHBIMU
yenosusimu (3.10);

3) HaWTH peleHns Vi(] )(t, x) (i, = 1,2) HOJIyIEHHBIX CHCTEM;

4) mojcTaBiisisa HaliIeHHBIE Vi(J)(t,x) B uij(t,m,‘/;(j)) (i, = 1,2), nomy4aem curyanmo U*,
SIBJISTIONLYTOCs ¢1-paBHOBecHOi B urpe (1.1).

Agropsr 6sraromgapsar B.J. 2Kykoeckoro 3a obcyKaeHre paboThl U 3aMeTaHUI.
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IMPHIINIT MUHNMAKCHOI'O CO2KAJIEHN A

B OJHO MHOTOKPUTEPUAJIbBHON JTTHAMUNYECKON
3AJIAYE!

B.N. 2KykoBckuii, FO.H. ZKUTEHEBA
PoccumicKuimm 3A04YHBIN UHCTUTYT TEKCTUJILHOM U JIETKOM [TPOMBIILJIEHHOCTHU
Poccusa, MOCKBA

Ha ocrose npunyuna MuHUMAKCHO20 COHCANEHUA HOPMANUSYEMCA 2APAHIMUPOBIHHOE
PEWEHUE 6 AUHETHO—KEadPamuuHot JuHaMUYECKOt 3adade NPu HeonpedeseHHoCmu.
Hccenedyromesn ceoticmea maxoz2o peuteHus, 8 4acmHocmu, YCao8us CYUECMEosaHUA.

Solution existence and solutions properties are formalized and are investigated.

1. IIOCTAHOBKA 3ATAYU

PaCCManI/IBaeTCEI MHOI'OKpUTEepUaJibHad JUHAMUYICCKasd 3a/a9a IIPpU HEOIIPpEeIC/ICHHOCTH
<E,U,Z,{Ji<U7 Zyt07x0)}i6N>~ (]_]_)

B (1.1) muozkectBo N = {1,..., N}, cumBosiom Y. o6o3HAUEHA THHAMIYECKAs CHCTEeMa, H3Me-
HeHwue cocrostaus (azoBoro BekTopa) x(t) € R"™ onucbiBaercs uHeHHbIM 1uddepeHIuaTbHbIM
ypPaBHEHHEM

T =Ar+u+ Az, z(ty) = zo, (1.2)
e A u Aj— 3ajaHHbIe TIOCTOSTHHBIE 7L X 1 U N X M~ MATPHUILI COOTBETCTBEHHO; u € R™—
yupasJisitortiee Bozzeiicrsue JITIP (sinna, npuanmaromiero perienue); z € R™— Heorpe/ie/ieHHbI
dbakTop; bUKCHpOBaHbl HAYATIBHOE COCTOAHEE To, MOMEHTDHI HadaJa tg > 0 u okondanus ¥ > tg
nporiecca; HadasibHas mo3unus (to, o) € [0,9) x R™.

Honycrumas crparerust JIIIP U oroxnectsisercs ¢ n—Bekrop-dyukiwmeit u(t, z) = Q(t)x +
q(t) (U =+ u(t,x)) rakoii, 9T0 37aeMeHTH N X n-—MaTpuipl ()(t) 1 KoopauHaTel n-BekTopa ¢(f)
uenpepeiBHbl Ha [0, Y] (3T0T dakT manee obosuataercs Q(-) € Chxn[0,9], q(-) € C,]0,9]); muo-
xxecTBO crpareruii U oboznadeno cumposiom U; Takum obpazom, Beioop JIIIP cBoeit ctparerun,
B KOHEYHOM CYeTe, CBOJUTCS K BBIOODY KOHKDETHBIX HernpepbiBHBIX Ha [0, ] marpunbt Q(t) u
BekTopa ¢(t); urak,

U= {U - u(tvx>|u(t7 ZC) = Q(t)'r + Q<t> VQ() S Cnxn[()?ﬁ]? Q<> S Cn[o,’lﬂ}

HeompeieieHHOCTD Z OTOXKIECTBIsACTCA ¢ m—BeKTop-pyHknueit z(t, ) (Z + z(t,x)) rakoit,
9TO, 60-NEPELIT,
= _ Bz, (1.3)
dt
riae B- 3ajanHas mocrogHHAs M X M—MaTpHI@A, U, 60—-6mopuir, GyHKIWs z(t,r) TaKoBa, 9TO
upu u = u(t, x) (U +u(t, r)— mobas momycrumas crparerus) u z = z(t,x) cucrema (1.2) numeer
eJIMHCTBEHHOE perienne X (t), IPoIoJzKUMOe Ha uHTepBadl [ty, Y] (Hampumep, z(t, ) HenpepbiBHA
Ha [0, Y] x R" u smnmmunesa 1o ). MHOXKecTBO TaKUX HeolpeiesienHocTeil Z obosznadeno B (1.1)
cumpojiom Z. Haymune " quddepennmanbubix orpanndenuiiBuja (1.3) MoxkeT OGbITh BBI3BAHO,
HAIIPUMED, PE3YJIbTATOM TIOSIBIEHNST Ha PhIHKE COBITA KOHKYDPEHTa, POCT IIPOJLYKIHA KOTOPOTO
npoucxoauT corsacHo (1.3), oJfHAKO HeW3BeCTeH ee Hada bHbIH 06beM z(ty) = zg, u JIIIP mpu
dbopmuposanun csoeit crparernun U € U BBIHYK/JIEH CIUTATHCH ¢ BO3MOXKHOCTBIO DeaN3allini
Joboro zy € R™.
[Tpunsitue pemenwuit (s JITIP) npoucxomut ciemytomum obpasom. JIITP Beibupaer KoHKpeT-
uyio jgorycrumyto crparernio U € U, U + u(t, x). HezaBucumo ot ero jeiictBuii peanusyercs
KOHKDETHas! HeOlpeiesleHHoCTh Z € Z, Z + z(t, x). 3arem nHaxoaurTes pemenue x(t), to < t < 1,

1Pagora BbImOIHEHA upu dunarcopoii nomaep:kke PODU (npoekr N 02-01-00612)
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cucrembl (1.2) mpu v = u(t,x) u z = 2(t,x). CrposrTcsa peayusanyun BbIOPAHON CTpATErHH
ul[t] = wu(t,xz(t)) n ykazamnoit meonpenenennocru z[t] = z(t,x(t)). Ha mosydennoii tpoiike
(x(t),ult], z[t]) (to <t < ) onpenenienbl N KpuTepues, 3a/[AHHBIX JIMHEHO-KBAPATHIHBIMU
dyHKIIMOHATAMI

Ji(U, Z,to, x9) = x'w)o“)xw) + 22'(19)0%(19) + Z(0)CP 2(9)+
2 z() + 2[?) 2(9) + f{u t] + 2K;2[t] + 2Mx (1)) + (1.4)

2'[t][Liz[t] + 2N; x( )]+ ( )Gza:(t) + 2dLult] 4 2l =[]+
+2gix(t) }dt (i € N),

rjie allpuopy 3aJaHbl IOCTOSHHBIE 7 X N~ ManHum C'(1 , D, M;, G, n X M—MaTPUIbI [0(2)] ,
K;, N[, m X m—marpurist CZ-( L;, n—BekTopa c dl, gi, M—BEKTOpa c lz, npuaem C'( C’(d),

(2
D;, L;, G; cuMMeTpUYHBI; IMTPUX CBEPXY O3HAYAET OIEPAIII0 TPAHCIIOHUPOBAHUSI. L[eﬂb JIITP
(Ha "comepkaresibHOM ypoBHE'") cocTouT B BEIGOpE MM Takoil cBoeil crparerun U € U, 9arobbl
npu ucnosb3oBarun uM U Bce ero kpurepun J;(U, Z, ty, xo), © € N, npuHIMaIN KaK MOXKHO
boavwue 3uadenus. OaoBpemento JIIIP BbIHYXK/I€H yUINTHIBATH BO3MOYKHOCTD IOSIBJIEHUS B
(1.1) sro6oii meonpenenennocru Z € Z.

Bameuanwue 1.1. Jlo cux nop dopmaansaiys rapaHTUPOBAHHOTO PEIeHus JTMHAMUIECKON
sagiaun (1.1) nposogmiachk (manpumep, B [1]) Ha ocHOBe noaxozsmmedi MojudUKAIMN TIPUH-
muna MakcuMuHa (npunimna Basbma [2]). Ogaako, 6o-nepswir, Takoil MOJXOM paccuuTaH Ha,
"karactpody"—— Ha peasmsaruio camoit HebOaronpuaTHoit mia JIIIP meonpenenennocTu, u,
BCJIEJICTBUU TOT'O, IPUBOJIUT TOTYAC K "3aHMKeHHBIM "TapaHTusM. Bo-6mopuizr, yKa3aHHoe Ta-
pPaHTHPOBAHHOE pellleHIe MOXKeT He CyIIecTBoBaTh (Hanpumep, ecan B (1.4) Bce KBaapaTuiHble
dbopumbr 2'L;z (i € N) onpesesieHHO OTpUIIATENBHBI), B TO BpeMsl KaK IpejjlaraeMoe HUKe Ha
ocHOBe 3| rapaHTHpPOBAHHOE PeIlleHne TIPU STUX OrPAHMYEHHUIX, BOOOIIE TOBODS, CYIIECTBYET.

2. DOPMAJIUBAIINA TAPAHTUPOBAHHOT'O PEIIEHUS

Mg xaxporo kpurepust J;(U, Z, ty, o) BBeJIEM Gynkyuto pucka, onpeaenseMyo QyHKINO-
HaJIOM:

(I)7J<U, Z, to,xo) = I}I/leaéi Jz(Y, Z, to,.ﬁUg) - Jl(U, Z7 to,xo) (Z S N) (21)

Oynknus pucka (2.1) guciaenno onennaer coxkasenue (puck) JIIIP, mpu weonpenenrenHocTn
7 € 7 6nina BeiOpana crparerus U, a He

(@) — ,
U argglél%(‘]z<y7 Z,t0,$0)~

Bamerum, uro, corsacuo (2.1), dyukus pucka ®;(U, Z, tg, x9) > 0 upu Becex U € U, Z € Z.

Barem cumraem, uro JIIIP B KadecTBe KpuTepueB paccMarpuBaeT (QYHKIMH PUCKA
(U, Z, tg, x9) (i € N) 1 m03TOMY TIEPEXOJUT K 6CNOMAZAMEALHOT MHOTOKPUTEPUAILHON 3818~
9e IIpU HEOIIPEICICHHOCTI

<27U7Z7{(I)1(U7 Za thxU)}i€N>a (22>

riae X, U, Z, N te xe, uro B (1.1), a kpurepuu ®;(-) umetor yxe sug (2.1). B 3amaue (2.2)
JITIP crpemutres (3a cuer noaxoisiiero seibopa crparerun U € U) K BO3MOXKHO MEHLUUM
suavdenusiM "HoBbixX "kpurepues ®;(U, Z, ty, ), OpUEHTUPYSCH HA BO3MOXKHOCTH pean3aliuu
noboit Heotnpeenennoctu Z € Z. Jdanee ncronbzyem N—sektop @ = ($q,..., Dy).

Onpenenenne 2.1. [lapy (U*, ®*(tg, 7)) € U x RY nazosem 2apanmuposannvim no puc-
Ky pewenuem 3adavu (1.1), ecau cymecTByeT HeompeesieHHOCTh Z* € 7 takas, aro ®* =
(®1,..., DY), Pi(to,z0) = D;(U*, Z*,t9,x0) (i € N), u upu ;o6oM BeIGOpE HAYATIBHOI T03H-
i (tg, o) € [0,9) x R”

1% g Beex U € U necoBmecTHa cucTeMa HEPaBEHCTB

(I),L(U, Z*,t0,$0> < (I)i(U*,Z*,to,l’()) (Z € N), (23)
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U3 KOTOPBIX, 10 KpaifHeit Mepe, OHO CTPOroe;
20 npu mobeIx Z € Z HecoBMecTHA CUCTEMA

q)i(U*,Z*,to,Io) S (I)z<U*,Z, to,l’o) (Z € N), (24)

13 KOTOPBIX TaKzKe XOTsd OBl OJJHO CTPOTOE.

Bekrop ®*(to, ) HA30BEM 6EKMOPHHIM PUCKOM.

Sameuanwue 2.1. HecoBmectrocTs (2.3) o3navaer, uro crparerus U* dBASETCS MUHUMAAD-
noti no Ilapemo B MHOrOKPHUTEPUAJILHON 3a/1ate

<E(Z = Z*)a U7 {(I)Z(U, Z*7 tO; xO)}i€N>7

KOTOpYIO TorydaeM u3 (2.2) npu bUKCHPOBAHHON HeolpejeieHHoOCTH Z = Z*. AHaJIOru4Ho,
HECOBMECTHOCTH (2.4) o3HAYaeT Makcumaibrocms no Ilapemo HeonpeaeeHHOCTH Z* B MHOTO-
KpUTEeprabHOI 3a/aue, KOTopyio nojaydaem u3 (2.2) upu U = U*.

Bameuanme 2.2. [lapa (U*, Z*) € U x Z, yaosiersopsiomas Tpebosanusm 1° u 2° onpe-
nesenns 2.1, waseiBaercst |1, p. 175] cedaosot mouxot no Iapemo 3amaaun (2.2). Ilostomy
[OCTPOEHHNEe TapaHTUPOBaHHOTO 1o pucKy pemenus (U*, ®*) samaan (1.1), B KoHedHOM cUere,
CBOJIUTCS K HAXOXKJIEHUIO ceiIoBoit Toukn 1o [lapero mis 3amaqan (2.2).

3ameuanwue 2.3. Vcnonb3ys crpareruto U*, JIIIP obecnieunBaer cebe BEKTOPHYIO rapaHTHIO
®* | mMeHHo, npu KaxKI0il buKcupoBaHHON HauasbHOi nosunmu (tg, 7o) € [0,9) X R™ u mo-
Goit meonpesesennoctu Z € Z xkomnonenTbl Bektopa ®(U*, Z, tg, xy) HE MOTYT cTaTh GOJIbIIe
®*(tg, xo) OJHOBPEMEHHO O BCEM KOMIIOHEHTAM.

3. ITOCTPOEHUE BEKTOPHOUN ®YHKIIUU PUCKA

Hanee st cummverpuanoii marpuisl D < 0 (< 0) o3navaer, uro Kajparundnas dhopma v’ Du
OIPEJIETIEHHO OTPUIATEIbHA (HEIIOJOKUTEIBHA).
VYrBepkaenue 3.1. Ecim B 3a1aqe (1.1)

D; <0, CV <0, G;— M!D;"M; <0 (i € N), (3.1)

To BekTopHasi dyukiws pucka (U, Z, tg, xg) = (P1(U, Z,to, x0), ..., Pn(U, Z, to, z0)) umeer
BT

B,(U, 2, to,10) = [{Z[E0) D) — KID; Kol +
2 (D]0.(1) D 0(t) — M{D; MiJe() + 2 (1)[6,(1) D; " =i(1) - (3.2)
—M!D; Ky 2[t] — '[t][Diult] + 2K;2[t) + 2Mx(t) + 2d;]+ '
+2[&(8) D, "0:(1) — d;D; Ml (t) + 2[6(6) D '0:(t) — di D Kol [t]+
+[&i(t) + d]D7 (&) — di] bt (i € N),
rje marpuiibt 0;(t), Z;(t) u Bekrop &;(t) yaonerBopsiior cucreme juddepeHIuaabHbIX ypaBHe-
Huit:

0; + 0;,JA — DM, + [A' — M!D;Y0; — 6,D;710; + Gi—

3.3
—M!D; M; = 0pyn, 0;(0) = CY, (3.3)
Ei + Zi[A — K/D;"(6; + M;)| + B'E; + Ni— (3.4)
~K!D;7H(0; + M;) = Oy Zi(9) = C2, '
& + [A' — (6 + M)D7YE + gi — (6; + M[)D; d; = 0,,, &(9) = ¢V, (3.5)

rie 0,xx— HyJleBag n X k-marpuna, a 0,— HYJIE€BOI 1-BEKTOP.
HokazarenbcrBo. [Ipexie dem nepeiitu K nocrpoennto dbyHKImn prcka (2.1) Haiigem

max Ji(U, Z, to, ) (i € N). (3.6)
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[Ipu sTOM mCmoIB3yeM JPYroit BHJL CTpATEril, UMEHHO, KOHTPCTPATEIHI, BBEJCHHbIE B |4, TUI.
XIV| npu mcciieoBaHIN MUHUMAKCHBIX aHTATOHUCTHYECKUX JuddepeHnnaabHbix urp. Vmven-
HO, Konmpcempamezuro U, GyjeMm oToxkaecTBiasaTh ¢ dbyukimeit u(t, z, z) (U, + u(t, z, z)) Taxoii,
q100bl pu u = u(t,x,z) u goboit z = z(t,z), Z =+ z(t,x), Z € Z cucrema (1.2) nmemna
eJINHCTBEHHOe perenne x(t), TPOJoIKUMOe Ha uHTepBas [ty,¥]. MHOKecTBO KOHTpCTpaTernii
U, obosnaunm udepes U,. Tenepn pacemorpum 3ajady (3.6) npu orpanndenusix (1.2), (1.3) u
U=U, eU,, ZcZ,re. 3agauy

max J (U., Z,to, z0) = J(UW, Z, ty,20) VZ € Z, (3.7)
npu orpanndenusx (1.2), (1.3). s ee perernst mpuMeHUM IIPUHITUT JTTHAMAIECKOTO TIPOIPaM-
mupoBanus. Vmenno, Beenem ckaispHyo (OyHKITHIO

/
Wi = 2% 4[24 ] Azt dus] + (94| B2+ w/[Diu + 2Kz + 2Mia )+

(3.8)

BVz

rJe, HalpuMmep, O3HAYaeT 7M—BEKTOpP, KOMIIOHEHTHI KOTOPOTO €CTh YaCTHBIE ITPOU3BOJIHBIE
dbyuxiym Vi(t, x z) 10 KOOpJMHATaM N—BEKTOPa .

Nmeer mecto anasiormunoe |5, p. 240-241] ciemyromee BerioMoraTeabHOe YmeepicoeHue:
yCTh YJIAJOCh HAWTH n—BeKTOp-QyHKIMO u*(t, x, z,V;) U eIMHCTBEHHYIO HEIMPEPBIBHO -
dbepennupyemyio ckassipayto dyukmuio V;(t, z, z) Takue, 910

1° mpu Bcex € R™, z € R™ crpaBeyInBO TOKIECTBO

V(ﬁxz)—xC( x—i—?zC’ a:+zC’(3)z+2[ 1(1)]20—1—2[ 1(2)] z; (3.9)

20 uMeeT MecTo

Wit z,u*(t,z, 2, V;), 2, V;) = max W;(t, z,u, 2, V) (3.10)

i mobwix t € [0,19), v € R, V; € RY, 2 € R™;
3% s kaxapix (t,x,2) € [0,9) x R® x R™ BpinosHsercs

Wi(t,x,u*(t,x, 2, Vi(t,x, 2)), 2, Vi(t, z, 2)) = 0; (3.11)

4° pexrop-dyukuus u*(t,z, 2, Vi(t, 2, z)) = uD(t,z, 2) Takosa, uro mwia UL + u@(t, z, z)
BBIIIOJIHEHO BKJIIOYUEHIE Uz(i) e U,.
Torma npu ar060M BbIOOpEe HavdaIbHON mo3uun (ty, zg) € [0,9) x R™ KouTpcrparerns Ugi)
ecThb perienue 3aaaqn (3.7).
C 1OMOIIBIO 9TOI0 YTBEPKIEHNUA IIOCTPOUM FBHBINA BHJT Uz(i). Jl1st 5TOrO Mcmosb3yeM pyHK-
muto Vi(t, x, z) B Buse
Vi(t,z,z) = 2'0;(t)x + 22'Z; () + 2" x4 (¢) 2 + 28, () + 2n(1) 2, (3.12)

rJie COOTBETCTBYIONMX pasMepHocreii marpurbl 0;(t), Z;(t), x;(t) u Bekropa & (t), n;(t) nome-
JKAT OIIPeJIeJIeHNI0; penoiaraeM, 9ro 6;(t) u x;(t) cuMMeTpuyHbI.
Yeaosue (3.10) umeer mecro, ecin

ow; oV
“(t,x,2, Vi) + 2K;z + 2M;x + 2d; = 0,,, (3.13)
ou - Ox
u*(t,x,z,V;)
O*W;
=2D,; <0. 3.14
( ou? ) ( )
(t,x,2,V;)
Tpebosanue (3.14) Bomosnmsercs serencrsue D; < 0, a n3 (3.13)
ov;
*(t Vi ——D 3.15
U ( 7"%7 Z7 ) 2 a ( )
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Cormacuo (3.12) 6yzer

94 = 20w + 2z + 24,
W om0 4 9vaz + 2m,
L = 25w + 2x:z + 2.
[Moncrasias (3.15) B (3.11) u (3.8), mosmyuaaem

W(t r,ut(t,x, 2, Vi(t, x, 2)), 2 V(t x,2)) = 94 + [Z4)[Az + A2)—
[8‘/'+2Kz+2Mx+2d]D [a‘/’+2Kz+2Mx+2d] [8‘/’]Bz+
—i—z[Lz—l—ZNx]—i—x’Gx—i—Ql’z—i—ngx—x’Hx—i—Qzu,x—l—lez—kaZx—l—
120z + 2['6; + 2’2 +§][Ax+A1z] [/ (0; + M)+
+z(_Z+K’)+£’+d’] M0 + M)z + (S + Ki)z + & + di)+

+2(a l+zxz+nZ)Bz—|—z’Lz+2z’Nx—|—x’Gx+2l;z+2glx—0.

(3.16)

[Tpupasuusas 3/echb u B (3.9) Hy110 KO3hDMUIUEHTDI TIPU OJJHOTUITHBIX CJIANAEMbBIX, TI0JIyYaeM,
aro toxkaectBa (3.11) u (3.9) Beinosnens npu Beex (¢, x,z) € [0,9) x R*™™ ecau marpuript
0;(t), Zi(t), x:(t) m Bexropa &(t), n;(t) sBisirorcst pereHnsMu cucreMbl auddepeHImanTbHbIX
ypaBHEHUI

0; + 0;[A — D7IM;) + [A — 16, — 6;D;10,+
D1 (1) (3.17)
+Gz‘ - Mz i Mz - Onxm 91(19) = C@ )
B+ A+ AL — (54 K)D;7 (6; + M;) + B'E; + N; = O, Z(0) = C2, (3.18)
Xi +ZiA + AE — (B + K;)D;l(E; + K;) + xi B+
) 3) (3.19)
& — (0:+ M)D7Y (& + dy) + A'@ + g =0, &(9) =Y, (3.20)
i — (Zi+ KD)D;7NE + di) + By + A& + 1 = O, mi(9) = 2. (3.21)

Cormacuo (3.1) u [8, 6. 208] MarpudHoe uddepenimaibHoe ypaBHeHne Tuia Pukkaru
(3.17) umeer enmHCTBEHHOE HempepbiBHOE, Ipojgoskumoe Ha [0,V] permenue 6;(t). Iloxcras-
ngst 0; = 0;(t) B (3.18), momygaem mMarpudaHoe JuddepeHiaibHoe HeOJHOPOIHOE YPaBHEHNE
¢ HenpepbiBHbIMU (110 t) KO3 dunmentamu. Takas cucrema nmeer [6, ¢. 29| HempepbIBHOE pe-
menne =;(t), mpomomkumoe Ha [0,1]. Barem nomoxuMm Z; = Z4(t), 0; = 0,(t), rme Z;(t), 0;(t)-
ykazaHHble Bbiite pemtenus (3.17), (3.18), B cucremax (3.19) u (3.20). Ilo anasormanoit npu-
YKHE CYIIECTBYET eJIMHCTBEHHOe, HenpepbiBHOe perenne Y;(t), &;(t), npogokumoe Ha [0, V).
Haxkomner, eciu B (3.21) 6yzner =; = =;(t), & = &(t) (ykazanmsie Bblie), To u (3.21) Takzxke nme-
eT eIIMHCTBEHHOE HenpepbiBHOE, npopokumoe Ha [0,9] perenne n;(t). CiemoBarenbro, npu
BhITIOTHEeHNH orpannderuii (3.1) cucrema (3.17)—(3.21) gomyckaeT eIMHCTBEHHOE, HETPEPBIBHOE
perterne (0;(t), Z;(t), xi(t), & (t), n:i(t)), npomomkumoe Ha [0,9]. Ucnonb3yst 510 perenne, u3
(3.15), (3.16) momy1aem, 910

ud(t,z,z) = w(t,x, 2, Vit z, z)) = =D [(0:(t) + M;)a+

7

+(E(t) + Ki)z + &i(t) + dil.

Haxowmer, Tax kax cucrema (1.2) mpun u = u (t,z,2) u z = 2(t,2), Z + 2(t,x), Z € Z, umeer

(3.22)

[POJIOJIZKIMOE Ha [to, V] perenne z(t), To Haiinennas B (3.22) kourperparerus U. @ gy (t,z,z)
sBJIsIeTCs perenneM 3azadn (3.7) mpu Jo0BIX HadaJbHBIX mo3urmsax (to,xo) € [0,9) x R™
(coryiacHO IPUBEIEHHOMY BBIIIE BCIIOMOTaTeIbHOMY yTBEP2K IeHu0 ). Hakorerr, mojcraBisst u =

uD(t,z,2) w3 (3.22) B (2.1) u (1.4), momygaem serbI Bus (3.2) bynxman pucka ®;(U, Z, to, ),
rie 0;(t), Z;(t) u &(t) onpenensiores u3z (3.3)—(3.5) (koropsie copnagator ¢ (3.17), (3.18) u
(3.20)).

3ameuvanme 3.1. C yuerom yrBepkKIeHUsS 3.1, YTOOBI MOCTPOUTH @-YIO KOMIIOHEHTY
O, (U, Z, ty, x9) BexTopHOI dbyukimu pucka (U, Z, ty, xg) cremxyer

a) u3 (3.3) maittu 0;(t) u, noxcrasus 6,(t) B (3.4), (3.5), nocrponts =;(t), &(t);

b) ucnonbays naitaennsie 0;(t), Z;(t) u &(t), somucars ®;(U, Z, tg, x9) B siBHOM BHIE (3.2).



187

4. ITTOCTPOEHUE TAPAHTUPOBAHHOTO 1O PUCKY PEIIEHUSA

Bynem manee npejnosarars, aro s 3agaan (1.1) umeer mecto
Ycaosue 4.1. Ilpu Becex 1 € N

D; <0, ¢ <0, G; — M/D;'M; <0, (4.1)

T.€. BbIosIHeHO (3.1).

Torpa, coracuo yreepKennio 3.1, Bekropuas dyukius pucka ®(U, Z, ty, xo) cyiecrByer u
ee i-Tasi KOMIIOHEHTa OIpe/ie/sercs GyHKIoHagoM (3.2).

Beenmem MHOXKECTBO

A={a=(a,...,an) | a;=const >0 (i € N)}. (4.2)
Jlnst BekTOpa v € A BBesieM 0003HAYEHUST

La(t) = 3 eilZi(t) D '=i(t) — KiD; K,

ieN
Go(t) = Y o;[6:(t)D;'0,(t) — M!D; " M),
iEN
No(t) = Y au[0:i(t) D' E4(t) — M!D; 'K,
i€EN
D, = Z a; D;,
ieEN
Ka - Z aiKia
ieN
ieN
da = Z aidi7
iEN
ga(t) = > aul€l(t)D;10,(t) — djD; ' M),
ieEN
() = > ai[€(t)D; 10 (t) — diD; ' K],
iEN
aa(t) = ZIJ\I a;[E/(t) + d] Dy [&:(t) — di].
ic

Torna dyHKIMoOHAT

q)a(UJ Z? t(],l'o) = Z azq)l(Ua Z7 t(],.l'o) =

= j{Z'[t]La(t)Z[t] +2()Ga(t)(t) + 22" (8) Na(t)2[t] - (4.4)

—u'[t] Dyult] — 20/ [t| Ko 2[t] — 20 [t) My (t) — 2d. ult]+
+2g!, (t)x(t) + 2l () 2[t] + aq(t)}dt.

B [1, c. 222] ycraHOB/IeHA CIPABEIMBOCTE CJIEYOIIETrO
VYrBepxkaenue 4.1. Eciu cymecrsyer N-Bektop o € A u napa (U*, Z*) € U x Z raxue,
4TO

%lea‘%{q)Oz(U 7Z7 thxO) - (I)a(U 7Z )t07x0) = {]né{l]q)a(U7Z ,to,Io), (45>

to (U*, Z*) asnserca ceagosoii Toukoii mo [Tapero 3amaun (1.1) ¢ navanbroit mosurmeit (o, o)
u nosromy (U*, ®(U*, Z* tg, x0)) (tne ® = (Py,...,Py), ®; = ©,(U*, Z*, 19, x0) (i € N)) Gyzer
rapaHTUPOBAHHBIM [0 PUCKY DEIIeHUEeM STOH 3a/1auu.

JIemma 4.1. [ycrs ms 3agasan (1.1) Beimosaenst yeaosus (4.1), Kpome TOro, m = n u XOTd
OBl 17151 OJTHOTO MHjIeKca J € N

Kj = Onxma d6t53<t) 7£ 0Vt e [0719] (46)

Torma cymecrByer Habop qmcesa o = (aq,...,ay) € A takux, 910 Lo(t) < 0 upm Bcex
t €10,9].
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HoxkazarenbcTBo. 13 yrBepx ienus 3.1 cie/lyer, 9To CyIeCTBYIOT U OIIPEIEJICHBI BCE 11 X 11—
matpunst =;(t), t € [0,9]. Cormacto orpanndennsm (4.6),

a;[Z;(t) Dy E(t) — KjD; K] = a,Z;(t) Dy ' Ej(t),
U, BCJIEJICTBHE HEBBIPOZKIEHHOCTU MATPHIBLI =;(t), ClIpaBeInBa [EM0YKa IMILIIKAITHIL

D; <0=D;' <0=E;(t)D;'Ej(t) < 0= o;E;(t)D; 'E(t) <0

npu Beex t € [0,9]. Duementsl Marpunsl =;(t) (i € N) HenpepsIBHBI 110 ¢ (Kak pelleHus
MaTpUUHbIX b depeHnnaibHbIX HEOJHOPOIHbIX ypasHeHuii (3.4) ¢ HenpepbIBHbIME KO3 du-
[IUEHTAMU) ¥ TI09TOMY OrpaHUYeHbl. Ternephb moJIoKum

£
N -1
Torna, eo-nepswz, o = (af,...,a},...,ay) € A (mMuoxkecTBo A ompeseneno B (4.2)), 60-
8MOPHIL,

*_

J

ai=1-¢, af = (k=1,....,j—1,j+1,...,N).

Lo+ (t) = (1 — 5)Ej(t)Dj_lE;-(t)+
N
+¥T 2 [E:(t)D; ', (t) — K;.D; ' K] < 0
k=1, kj

[pU JIOCTATOYHO MaJsoii nocrosuuoit € € (0,1) (3Hak KBaapaTwIHONH (BOPMBI HE U3MEHUTCS,
ecu K Heli j106aBUTh KBAIPaTuIHy0 OPMY € JOCTATOYHO MasbiMu KoddduimenTamn).
JIemma 4.2. Tlycrs B 3aade (1.1) Marpuiist

D; <0, CY =Gy = M; = 0y (i € N). (4.7)
Torna D, < 0 u dyuknnonasn (4.4) npumer Bu

O, (U, Z, by, o) = j{z/[t]La(t)z[t] — W[t] Doult] — 2u/[t] Ku2[t] -

(4.8)
—2d! ult] + 2 2[t] + aq(t)}dt,
rie Lo (t), Dy, Ko, do, ao(t) Te xe, ato u B (4.4), a
lo=—Y oKD 'd;. (4.9)

iEN
JeiicTBuTebHO, U3 C’i(l) =G = M; = 0,xp (1 € N) mosryuaem, ato (3.3) uMeeT eIMHCTBEHHOE
u npudeM mysesoe perenne 0;(t) = O,xp, t € [0,9] (1 € N). Orciona n u3 (4.3) upu M; = 0%,
(i € N) caemyer, aro
Ma - 0n><n7 Ga(t) - 0n><n7 Na(t) - Om><na ga(t) - On Vt € [0719]7

a lo(t) npumer Bug (4.9). Ilogcrasus ux B (4.4), npuxomum K cupasepiusoctu (4.8). Bame-
THM, 9TO, COIVIACHO yTBepxKaeHuto 3.1, npu Beimosnnennu (4.7) npojgoimxumoe Ha [0, Y] perenne
cucremsl (3.17)—(3.21) cymecrsyer. Hakomern, cripaBe/iiinBa MMIUIHKAITH

DZ-<O(ieN):>Da:ZaiDi<OVaeA.
iEN
Haee mpenmosiaracM BBITOTHEHHBIM
Vceaosue 4.2. CymiecTByoT HOJOKHUTENIbHBIE ocTosgHEbIE ; (i € N) Takue, aTo mpu ¢t €
[0, 7]
Lo(t) <0, Ko = O0pxm- (4.10)

Tpebosanne L, (t) < 0 MOXKHO 06eCHEIUTh, HAIPUMED, BOCIIOIB30BABIINCH JTeMMOii 4.1, BTO-

N
poe ycnosue Ky = 0% B IPEANOIOKeHUsX JeMMbl 4.1 Boimosasiercst tpu— » . K = Opxm.
k=1,k#j
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Hamnee npezmonaraem, aro B 3azgade (1.1) umetor mecro orpannuenus (4.7) u (4.10). IIpex-
Jie 9eM repeiitu K HOCTPOeHHo ceiiioBoil Toukn 1o [lapero, mpeobpasyem dyukimonasn (4.8),
Bocrosb3oBasiucs (1.3). U3 (1.3) nomyqaem 7, c. 100]

2[t] = B0 5, (4.11)
rie zo— Jiroboit Bekrop u3 R™. 3amernm, 9To
Z'[t] = zpeB 1), (4.12)

C yuerom (4.11) u (4.12), dyukiumonan (4.8) npumer Bu

9
S, (U, Z, ty, x0) = f{—u’[t}Dau[t] —2d, u[t]}dt + z{ Lzo+
to

(4.13)
+2U'z + a = B (U, 20, to, 20),
re
9
L= [ePttor, (t)eBtt0dt,
to
l=—> auK!D; (0 — ty), (4.14)

ﬁieN
a= [ alg(t) + &) D E(t) — dild;
to 1EN
3aMeTuM, 9To Marpuiia L cummerpudna u, ecan L, (t) < 0, o L < 0.
Torma 3ama4a (4.5) cBOAUTCS K HAXOXKICHUIO CEJJIOBOM TOUKU
(U*, z5) € U x R™, 1.e. K pemieHuio JAByX 3ajad: JJis JIIOObIX HAYAJbHBIX mo3urmit (to, xg) €

[0,9) x R™

O, (U", 25, to, x0) = max O, (U*, 29, to, o), (4.15)
zop€ER™
H p— p—
O, (U, 25, to, o) = rUnei[r}(I)a(U, 25, to, o) (4.16)

upu orpanndennsx (1.2), U € U un z; € R™.
VYrBepxkaenue 4.2. [lycrs B 3amaqe (1.1)

1°m =n, D; <0, CY =G = M; = 0,xp (i € N); (4.17)
20 cymecTByIoT MOsTOXKUTENBHBIE TIOCTOstHEBIE (y; > 0 (i € N) Takme, 9ro

Lo(t) = X ou[Zi(t) D1 20(t) — KID K] < 0Vt € [0, 9];
i eN

1€
Ka - Z aiKi - Onxm-
€N

(4.18)

Torpa cepioBas Touka o Ilapero (U*, Z*) € U x Z nna 3anaun (1.1) cymecrByer u umeer
BUJT
U* +—-D;Yd,, 7"+ —ePUto -1 (4.19)

e D, = Y. a;D;, do = > «yd;, nocrosiaabie Marpuna L u BekTop | onpejesenst B (4.14),

i€EN 1EN
(4.18).

HokazarenbcrBo. Cornacho yreepxaenuio 4.1, mocrpoenne ce/ioBoii Touku no [lapero
st 3agaqu (1.1) cBogmTest, B KOHEUHOM cuere, K HaxoxkzaeHuio mapbl (U*, z5) € U x R™ u3
pasercts (4.15), (4.16). Beaeacrsue crerpranbroro suga dbynknnonasna (4.13) stn 3agadu pas-
JICTIAIOTCA Ha JIBE HE3aBUCHMBIC 32,191

max [z Lzg + 21'20] = (2) Lz + 21’2, (4.20)

zoER™

a+ /(—u/[t]Dau[t] — 2d ult])dt — m&n (4.21)
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npu orpanndenusx U € U,
T =Ar +u+ AleB(t’tD)zS, x(tg) = o,

u Jo6bIx (tg, zo) € [0,7) x R™.
Benencrsue L < 0 pemtenne (4.20) nmeer Buj

* —1
1 TOTJIa
Z* . _eB(t—to)L—ll
Pemenne 3amaan (4.21) mpoBejieM MeTOJOM JAMHAMUYIECKOrO TpOrpaMMupoBaHus. VmeHHO,

cocTaBUM (DYHKITHIO
/

Wi(t,z,u,V) = aa—‘t/ + [Az +u — AP0 L] — o/ Dou — 2d.,u. (4.22)

ov

ox

Benencreue D, < 0 6ymer —D, > 0 u Torma JOCTATOYHBIE YCIOBUsI CBOISITCS K CYIIECTBO-
Baumio u(t,z, V) u HenpepsiBHO Tuddepenimpyemoit ckaaspHoii dyukiwm V (t, ) Takux, 910
npu JiroobIx (t, z) € [0,9] x R”

(a_W> —_ a—v — 2Dau(t,1’, V) - 2da — On;
u(t,z,V)

ou - Ox
il = 2D, >0 (4.23)
8“2 - (07 ) .
u(t,z,V)
W(t,x,u(t,z,V(t,z)),V(t,z)) =0 (4.24)
u 1pu Bcex x € R”
V (¥, x) = a. (4.25)
I3 pasencrsa (4.23) naxonnum
1 ov
t,x,V)==D1|— —2d,]|. 4.26
ult,r,v) = 107t | 2 ] (4.26)
[Moncrassis (4.26) B (4.24) u (4.22), nosnyqaem, ¢ yaerom (4.25),
/!
Pt |9V [Az — APt L)+
(4.27)
+4 % —2d, | Dt | %L — 2da] =0,V(¥,z) = a.

Pemenne (4.27) umem B Buje
V(t,z) = 2'0(t)x + 28 (t)x + n(t), (4.28)
rje cuMMeTpudHas n X n—marpuna 0(t), n-Bekrop £(t) u ckanspras dbyakius 7)(t) HomIe)RAT

Haxoxkaernio. [loncrasiss (4.28) B (4.27), moayuaem, arto (4.27) umeer mecto, ecau 0(t), £(t),
n(t) ynosaersopsior nuddepeHuaibHbIM ypaBHEHHIM

0+ 0A+ A0+ 0D;'0 = Opsn, 0(9) = O,
£+ AL — 0A P LT =0, £(9) = 0,
7 — 26" AP L7 1+ d! DI, = 0, n(Y) = a.
OuesuHoe perienue nepsbix JBYyX: 6 = 0,5y, £ = 0,, t € [0,9], a nocuiennero, ¢ yaerom

§ = On, Gyzer
n(t) = —d. D, 'd, (9 —t) +a.
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[oxcrapngas naienusie 0 = 0,,x,, £ = 0, B (4.28), (4.26), nonyuaem U* + —D_1d,,.

o
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O PEAJIN3AIINN YHUBEPCAJIbHBIX BYJIEBBEIX ®YHKITNI
IIJIOCKMU CXEMAMMN.

H. A. IIIKAJIMKOBA,
CYHIL MI'V um. M. B. JIOMOHOCOBA

PaccmarpuBatorcs cxembl n3 (pyHKIITMOHABHBIX 3JIEMEHTOB, PACIIOJIOKEHHBIX HA ILIOCKOCTH.
B ompeiesiennn coXKHOCTH yINTBIBAIOTCS TLIOMAM (DYHKIIMOHAIBHBIX JIEMEHTOB, Y3/I0B U Ka-
HAJIOB CBS3U. BXOJBI M BBIXOJIBI CXEM PACIIOJIOXKEHBI HA TPAHUIIE MPSIMOYTOJIBHUKA, B KOTOPOM
pacriojioykera cxema. CII02KHOCTBIO CXeMBI HA3bIBAETCS ILIONIA)Ih TAKOTO MPSIMOYTOJIbHUKA.

O6ozHaunM depes3 I HEKOTOPOe MHOKECTBO Oys1eBbIxX byHKIM (nan cucreM OyieBbIX (yHK-
it .

MpuoxkecrBo K HabopoB u3 Hyseil u eauHull OyjeM Ha3bIBATH KOJIOM MHOXKecTBa M, ecu
MezK/ly dJjieMeHTaMu MHOkecTBa K u 91 MOXKHO yCTAHOBUTH B3aUMHO OJIHOZHAYHOE COOTBET-
CTBUE.

[Lnockyto cxemy S(K,9) Oynem Ha3blBaTh YHUBEPCATIbHON 11 MHO)KecTBa M ¢ KojoM K,
ecmn

(1) MHOXKECTBO BXOJIOB CXEMbl MOYKHO Pa30MTh Ha J[Ba MOJMHOXKECTBA: OCHOBHBIX U yIpaB-
JISTIOTITX

(2) mpu mojade Ha yIPaBJIAIONIME BXObI HAOOPa, COOTBETCTBYIOMEro jiementy F, F € I,
cxeMa OyzieT peasm3oBbIBaThH (GyHKIWMIO (mim cuctemy (yHKIHit) F OT mepeMeHHbIX,
MTO/TAHHBIX Ha OCHOBHBIE BXO/IHI.

Bseném ciemyrorniue o003HATEHUSI.

L(S(K,9M)) — cnoxuoctsb cxembl S(K, M);

o L(K,9M) = min L(S(K,9M)), rae MunuMyM GepéTcs MO0 BCEM YHUBEPCATIBHBIM CXEMaM
Juist MmuokecTBa I ¢ Kosom K

L(OM) = min L(K, M), rie murumyM Oepércs 1mo BeceM KojaM MHoxKecTBa T;

R(n) — MHOXKECTBO  BCeX  IEPECTAHOBOK  Tj,, Ti,, ..., L;, ~ HabOpa  I[epeMeHHBIX
T1, T2, - .. T

B(n) — muO)KecTBO OyJieBbIX (DYHKIHUI OT 1 IepeMEHHBIX;

D(n) — MHOXKecTBO OyJieBbIX (DYHKIHNIA, peaan3yeMbix cxeMaMi u3 (GyHKIMOHAIbHBIX
9JIEMEHTOB CO CJIO’KHOCTBIO, HE HPEBBIIIAIOICH N.

n

Teopema 1.
L(R(n)) < n*log,n.

Teopema 2.
L(B(n)) < n2".
Teopema 3.
L(D(n)) < n*log, n.
H. A. IIKATUKOBA, CIHELUAJU3UPOBAHHBIN YYEBHO-HAYYHBIN IHEHTP MOCKOB-
CKOT'O ['OCYIAPCTBEHHOI'O YHUBEPCUTETA M. M. B. JIOMOHOCOBA

E-mail: shkalikova@yahoo.com



R-OPTIMAL SUBGAMES IN NON-COOPERATIVE GAME OF
THREE PERSON

ALEXANDR E. BARDIN
INSTITUTE OF TEXTILE AND LIGHT INDUSTRIES
Moskow, Russia

The notion of R-optimal subgame of the non-cooperative three-person game under
uncertainty is formalized. It is based on the concept of Nash equilibrium (from the game theory),
the concept of minimax regret (devised by Savage [6]) and notion of minimal element of the
partially ordered set. The properties of new notion are investigated.

Consider a three-person non-cooperative game under uncertainty

I'= <N7 {Xi}iENa Y7 {fz('xv y)}Z€N>7 (]-)
where N = {1,2,3} is a set of players’ numbers. The game (1) passes in next manner. Each
player i following by somehow rules picks the strategy z; € X; € compR™. The collection of

strategies * = (z1,22,73) € X = [] X, is called the set of situations of the game I'. The
iEN

uncertainties are y € Y € compR™, the payoff of player i is given by the function f;(x,y) is

continuous over X x Y. The player i employs a strategy z; € X; such that payoff function

fi(z,y) will be the largest possible.

At the set X x Y we determine the functions [4]

Qi(z,y) = lax fi(zi ey, y) — filw,y), i €N, (2)

where ZL’N\{l} = (ZL’l, ey L1y Lty ey xN).

Consider an ordered set of subgames with inhibited situation generated by the game I and
some partial ordering. The order induced by the concept of Nash equilibrium. The notion of
optimal subgame is introdused and the properties of such subgames are examined.

The subgame with inhibited situations is called the system

FM: <NaM7Y7 {fl(xay)af2(x7y)vf3(xay)}>v (3)

where the set M is nonempty compact subset of the set X, the other elements of the game (3)
is described in the game (1).

The players select own strategies such that the three (x1, 29, 23) € M. Let T' = {['y, | M €
X, M ## ()} is the set of all subgames generated by the game I'. The binary relation R on the
set I' is discribed in next manner.

Let [y, E 'y, are the subgames such M, ; M,. The first player in the situation z* =

(%, 25, 2%5) € My has "® — threat”, if there exists the strategy x} € X; thus the situation
(%, a3, 23%) € My \ My and for each (z1, x5, x3) € M be realised

r;leag@l(rcﬁ,xé,w?,,y) < max Dy (21, 25, 235, Y) (4)

By analogy in the situation z* = (xF,x3,2%) € M, for second (third) player "® — threat” is
defined. On the set I" the binary relation is introdused.

Definition 1. The subgame I'y;, € T is more preferable then Iy, € T' (denote 'y, R T'ag,),
if

19 M, ; M,

20, for each situation (x1, 3, 23) € M; there is no "® — threat” for all players.

If the subgame 'y, is not preferable then I'yy,, we denote I'y;, R Ty,

Lemma 1. Binary relation R is strict order, i.e. the relation R is antisymmetric and transitive.
This statement follows from definition 1.
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Definition 2. The subgame I'y;+ € T is called R - minimal subgame I' if there is no
I'yy € T such that I'y; R I'y/«. R-minimal subgame is called R — optimal in ordered set
(T R) if Tpye #1 = Ty« R T

Property 1. The set M* of the situations of R-optimal subgame I'j;+ cannot contains the
three (x7, 3, x%) such that

min max ©;(;, T piy, y) < max i(ay, 5, 25, y) (5)

for any i € N. Here (230 (11, y) = (27, ., Ty, T741, -, TN)-
Proof. Let there exists R-optimal subgame I'j/« and the three a* = (z3, 23, 23) such the
inequality (5) is correct for any ¢ € N. Since the functions max ®,(x,y) are continuous on X,
ye

there exists an open ball B(z*,r) C R™ x R™ x R" such that for any x = (x1, o, x3) € B(z*, )
it follows

P, D, € N.
ZHél)l(l rgleagi i(zi, o\ i), ) < maX (1, 0, 23,y), 1€ (6)
Let the set My = M*\(B(z*,r) N X) and the subgame I'y;, € T such

19 M, ; M,

20, for each situation (1,2, x3) € M; there is no "® — threat” for all players.

The second condition it follows from the set M* contains the three (z;, 2 {i}) for any = € N,
where

—_— * y
x; = arg zznéanl Iz,rlleag(d) i(z Ty ¥), 1 EN.

Then I'y;, R T'p+ and 'y« is R-optimal subgame. This is a contradiction.
Property 2. If T'j/ is R-optimal game thus M* = {(x7, x3, %)} then the situation z* =
(xF, x5, 2%) is Nash equilibrium in the game I'y

Fl = <N7 {Xi}i€N7 {IyIél}I/l(—q)l(.Tl, T2,T3, y))}i€N>7 (7>
and for each equilibrium z¢ = (2%, x5, %) in the game I'; there exists the R-optimal game
F{xe}.
Property 2 directly follows from definition 2.
Example

Let in the game I' the set Y = {yo} is one-element set and X; = {xl : 52), xi )}. The payoff
functions are defined:

1 (2) 1
F@®) o) = f@P, 20, 2P o) = fi(2*) y0) = fi(alP, 2, 28 yo) = 1,
2 2
fl(l'(k4,y0):f1($1 7xg)7xé)7y) fl(aj(l€2 ?J) fl(zl 7$2 axé)ay) 17
f2(37(k1 :?/0) fZ(xl axgl)ﬂf:(a):?/o) ]02(95(]€5 3/) f2<5U1 7352 ’917:(;),3/0) 1,
f2($(k3 ,Yo) = f2(131 ,xf),xé),yo) fz(l’(k“ Yo) = f2(x1 71‘2 aﬂfz(az)ayo) L,
f3(x(k3 ) f3(xl a$(22)717:(52),yo) f3(x(k6 ) f3(l’§2),l’2 axg1)7y0> ]-7
2
fa(x®2) yg) = f3(1'1)7l"g)7553 o) = f3(z®) yo) = f3($1)>$§)a93§),yo) L.
In all other cases f;(z1,22,23,9) = 0,7 € N. In this game there exists nine R-optimal

subgames F{z%}, where situation Ty k € {1,2,...9} is Nash equilibrium in the game I". Let
M* = {z®*) ;i € {1,2,...,6}}. Collection of all situation of R-optimal subgame T'j;- coincide
the all Pareto-maximal solutions [7]| in the multicriterial problem

<X,f<l’,y0) = (fl(xvyo)v f2<l’,y0), f3(x7y0>>>7 <8>
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where the set X of solutions x is the set of the situations in this game, the components of vector
f(z,y0) are described above.

Property 2 and example show that the concept of "R-optimality"in special cases be the same
as the concept of Nash equilibrium.

Property 3. If the set of all situations of R-optimal game I"y;« € T is not one-element set
then for each situation (z7, x5, 2%) € M* the strategy one of players (for example, second) is
the best for him, i.e.,

Jnin max ;(22, Tnga), ) = max &(a7, 23, 75, y).

At least, one player (for example, third) has the threat 2 € X3 in the situation (z7, z3, x%)
thus there exists the situation (z7, 23, x%) € M* realizes the threat of the third player

1 a (I)l A — a. (I)z *7 *7 ta .
Jnin max &i(zs, 2y ga), ¥) = max 8i(a1, 53, 05, y)
In the situation (x}, 23, z4) € M* the first or second player has the threat.

The proof of analogical property is in the paper [2].

Consider the formalization of compact metrix space of games (T, d}).

Let (M., d)-a metrix space, where d is Euclidean distance and M, is the set of all nonempty
compact subsets of the set X; x X5 x X3. For any two elements My, My € M, we shall define
Hausdorf distance d;, § M,

dy (M, Ms) = mazx{max d1<l’,M2),m%4Xd1(I, M)}, (9)
reMa2

xeM;
where dy(xg, M) = mlj\r} d(xg,x) for any zo € X; x Xo x X3 and the set M € M,.
S

Definition 3. Let T. = {['y; | M € compX; x Xy x X3, M # 0} is the set of all nonempty
compact subgames of the game I'. The distance in T, we shall call the function dg T.xT, - R
such that

VFMM FM2 (d£<FM1> FMQ) - dh(Mlv MQ)):

where the distance d (M, M) is called in (9).

Lemma 2. The pair (T, d}) is a compact metrix space.

Proof. The distance in T, is the distance between the compact sets of the situation of these
games. It is well known that the set of all nonempty compact subsets of compact set and
Hausdorf distance form the compact metrix space.

Further we shall proof the continuity of the order R (definition 1) relative to the topology of
metrix space (Te,d},).

The game I'y;+ € T, is lower (upper) bound of the set Q C T, if for any element I'y; € Q
either I'y;« R Ty, or Tppe =Ty (Cpp R Ty« or Tyye = T'py). The order relation be continuous
relative to the topology of metrix space (T, d}) if any lower (upper) bound of any set Q C T,
is lower (upper) bound of the closure.

Lemma 3. The order R is continuous relative to the topology of metrix space (T, d]},).

Lemma 3 is proved by analogy with method in [1].

Theorem 1. Let in the game I’

19 the sets X; € compR™ i € {1,2,3},

20 the function f;(xy, s, x3,y) are continuous on X; x Xy x X3 x Y.

Then there exists the game I'y/+, which be R-optimal game of the ordered set (I', R), thus
M GCOmel XX2 XXg X Y.

Proof. The conclusion of a theorem follows from lemma 3 and next statement: if T is compact
metric space and relation < is strict continuous order then for each element ¢ € T' there exists
minimal element tg € T" such that tg <t or t; = t.

Remark .
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The formalization of the notion of R-optimal subgame for non-cooperative two-person game
under uncertainty is realized in papers [1]-[3]. In the same place the properties and structure
of R-optimal subgames are investigated.
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